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FINITE TIME BLOW-UP FOR FRACTIONAL TEMPORAL
SCHRODINGER EQUATIONS AND SYSTEMS ON THE HEISENBERG
GROUP

FATIHA BENIBRIR AND ALI HAKEM *

ABSTRACT. The aim of this research paper is to establish sufficient conditions for the nonex-
istence of global weak solution to the nonlinear Schrédinger equation on the Heisenberg

group. The results are shown by the use of test function theory and extended to systems of

the same type.

1. INTRODUCTION

The main purpose of this paper is to present results concerning the local nonexistence of
solutions for the following nonlinear time fractional Schrodinger equation posed in Heisenberg
group

i 8Df‘u+AHu: MulP + pa (n) .Vglul?, (1.1)
equipped with the initial data
u(n,0) =g (n),
where u (1, t) is a complex-valued function, Ay is the Kohn-Laplace operator on the (2N +1)-
dimensional Heisenberg group, 0 < a < 1, % is the principal value of %, 8 Dy is the Caputo

fractional derivative of order o, A = A1 +i\a, (A1, A2) € R? — {(0;0)},
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p=p1 +ipg, (p1,p2) € R? and p > g > 1. The symbol Vi denotes the gradient over H

and a(n) = (A1(n); A2(n);...; An(n)) € RY is a given vector function, assumed to satisfy

a(T% )| =T, |Divig(a(T% )| = T7. (1.2)

Therefore a () .V|u|? is the scalar product of a (1) and Vyl|u|? and g (n) = g1 (n) + ig2 (1),
(g1 (1) ;92 (n)) € R?, g € L'(H). Then we extend our analysis to the 2 x 2 system:

@G D{u+ Agu = ANo|P + pa () .Vm|v|?
i? 0 Dﬁv + Agv = Mul¥ 4+ ub () .Va|ul (1.3)
u(m0)=g(n); v(n0)=~h(n),

where 0 < 8 < a < 1; k > 0 > 1. The vector functions a(n) = (A1(n); A2(n);...; An(n)) and
b(n) = (B1(n); B2(n); ...; Bn(n)) are assumed to satisfy

( ) ( )
Q a+ﬂ )| ~ Tyl |D1VH(CL(TQ a+p

(T ) =Tm,

(1.4)

|b(TQ(a+B )| ~ T, |DiVH(b(TQ(a2+6)

=T

Our method of proof relies on a method due to Baras and Pierre [4]. It had been remained
dormant until Zhang ([I6], [17], [18]) revived it. Later, this method has been successfully
applied in a great number of situations by Mitidieri and Pohozaev [12] and Hakem et al []].

This work is organized as follows. In Section 2, we present some fundamental and basic

results. In section 3, we prove our main results.

2. PRELIMINARIES

For the reader convenience, some background facts used in the sequel are recalled.
The Heisenberg group H whose points will be denoted by n = (z,y, ), is the Lie group

(R2N+10) with the non-commutative group operation o defined by
non =@+, y+y, 7+ +2a-y —2' - y))

for all n = (z,y,7),17 = (2,9, 7") € RY x RV x R, where - denotes the standard scalar
product in RV,
This group operation endows H with the structure of a Lie group.

The Laplacian Ap over H is obtained from the vector fields X; = 6%1 + 2yi% and Y; =

8y 2%1 oro by
N

AH:Z(XiQ—i-Y?).
i=1
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Observe that the vector field T = a% does not appear in the equality above. This fact
makes us presume a ”loss of derivative” in the variable 7. The compensation comes from the
relation

[X;,Y;] = —4T, i,j€1,2,3,...,N.

The relation above proves that H is a nilpotent Lie group of order 2. Explicit computation
gives the expression
Yooz o2 02 82 , g 02
Apg = ; (ax%—i—ay?—i—élyiw —4%%"‘4(% +yi)872> .

A natural group of dilatations on H is given by
() = Az, Ay, N°1), A >0,

whose Jacobian determinant is A%, where Q = 2N + 2 is the homogeneous dimension of H.
The operator Ay is a degenerate elliptic operator. It is invariant with respect to the left

translation of H and homogeneous with respect to the dilations §). More precisely, we have
Au(u(non’)) = (Agu)(non), Au(uo dy) = N (Agu) o 6y, 7,7 € H.

The natural distance from 7 to the origin is introduced by Folland and Stein, see [?]

1
N 4

2
Il = [ 7% + (Z(?E? + y?))

=1

The gradient Vi over H is defined by
Vi = (X1; X2; .. Xn; Y13 Yo 5 Yiv).

Let
Iy O 2y

0 Iy —2z

M =
where I is the identity matrix of size N. Then
Vin = MVganii.
A simple computation gives the expression

ou\2 X ou \ 2 ou\ 2 ou ou ou
2 _ 2 2y [ U 2 : el .

The divergence operator in H is defined by

Divy(u) = Divgan+1 (Mu).
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To derive the nonexistence of results for the problem , we shall state some results
about fractional derivative and fractional integral which will be used in the proof of our main
results (see for instance [10], [14]).

Let f € L'(0;T), T > 0, be a given function. The Riemann-Liouville left-sided fractional
integral oI f of order o > 0 is defined by

1

DO = Fos /O (t— 5% f(s)ds; for ae. te[0:T],

where I' is the Gamma function.

The Riemann-Liouville right-sided fractional integral ;I f of order o > 0 is defined by

1 T
ISf) (t) = = — 1) f(s)ds; e te[0;T].
WD) (1) = o | =07 s or e te[0:T)

Let 0 < a < 1and f € ACY0;T], T > 0. The Caputo left-sided and right-sided fractional
derivatives of order a of f are defined, respectively, by

(6DRF) (&) =0 Li=f'(t) for ae. te[0;T],
and

(CDaf) (t) =_¢ IX°“f'(t) for a.e. te[0;T]

t =T —t L .€. ; .

The following fractional integration by parts will be used later to define the weak solutions

to and .

Lemma 2.1. Let 0 < a < 1. If f € C[0;T], §D¢f € LY(0;T), g € C0;T] and g(T) = 0,
then

T T
| Eoen watoa = [ (10 - 1000 € D3) (1
The following results will be used several times.

Lemma 2.2. Let T >0, r>1 and f: [0;T] — R be the function given by

Then, for any 0 < o < 1, we have

L(r+1)

C na _ -r r—o
(tDTf)(t)—mT (T —t)" 7, 0<t<T.

Given a complex number z € C. We denote by Rez its real part and by I'mz its imaginary

part.
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Lemma 2.3. [I] Let f € £ (R*M) and [poni1 fdn > 0. Then there exists a test function
0 < <1 such that

/ Jedn > 0.
R2N+1

Let us set Hy =H x (0,7) and H = H x (0, 00) for 7' > 0. We put

Gr(asg(n) = cos (5 ) g1(m) = sin (%) ga ()
Galasg(n) = cos (5 ) g2(m) + sin () 1 ().

3. MAIN RESULTS
3.1. Case of a single equation.

maz{p;q}
loc

tion to in Hr subject to the initial data g € L'(H) if the equality

Definition 3.1. A locally integrable function u € L (Hr) is called a local weak solu-

c c
/\/ |ulPodndt + z’a/ g(n) t DFedndt = / u <z’a t DFo + AH<p> dndt
Ho Hr Hy

u / ultpdivn(a(n))dndt + / a(n). Viglultdndt
Hr Hr

(3.5)

is satisfied for every test function ¢ € C’tln2 (H7) with ¢(.,T) = 0.
Moreover, if T > 0 can be arbitrarily chosen, then u is said to be a global weak solution to

.

Now, we are in position to announce our first result:

Theorem 3.1. Let p > q > 1 and g € L'(H). Suppose that one of the following cases holds:

(1)

/\1/ Gi(a; g(n))dn > 0, (3.6)
H
and
=0 l<p<1l+ ;
H1 = U, b N—|—1’
or
1 T o — 2V
0, N<-2+p min{ ; ; }
i # p—1 alp—q) 20(p—q)
(11)

)\2/HG2(0459(77))CZ77 >0, (3.7)
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and
=0 l<p<1l+ L
M2 = U, p N—{—l’
or
1 T a—2v
po # 0, N<-2+4p min{ ; ; }
p—1 alp—q) 2a(p—q)

Then the problem admits no global weak solution.

For simplicity, we use C to denote a positive constant which may vary from line to line.
Proof. The proof is by contradiction. For that, let u be a solution and ¢ be a smooth

nonnegative test function such that:

o(n;t) = p1(t)p2(n), (3.8)

where for T' > 0, we take

" S (T bl
a0 =(1-7) e =or (THEEEIDY,

o
where w >> 1, m > max {1; pl} and ¢ € C{)’O(RN) be a cut-off nonincreasing function
p

such that
1,0<r<1
Dr)=4 \(,1<r<2 (3.9)
0,r>2
Let us set

R2a
Then we have
Apd® = 4w(TJ\2f;r4) (|x]2 + !y|2) o' w1
i ((121° 4 191°) + 27 (Jal? = |yP) 2.y + 72 (jaf> + ) @72 (3.10)

T (217 +191°) + 27 (12l = |P) 2y + 72 (12 + ) @202,

Using the formula [3.5] we get

C
Re {)\/ |ulPpdndt + io‘/ g(n) t D%gpdndt} = Re {,u/ a(n).VH80|u|qd77dt}
Hr Hr

T (3.11)

c
+ Re {/ u <z’°‘ t DTy + Ach)) dndt + u/ |quoDiVH(a(n))dndt} ,
Hr Hr
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which implies

1 c
/ |u|Ppdndt + )\1/’}-[ G1(a;9(n)) t Dypdndt =
T

Hr
1
A1

+ % /HT |u|? (¢Divi(a(n)) + a(n).Vmp) dndt.

1
(Re(u)cos(%r) —Im(u )sm(a2 )) t Dypdndt + N Re(u)Anpdndt  (3.12)
T

Then we find
C
/ |u|Ppdndt + / Gi(a;9(n)) t DT pdndt < |)\ 1, ]uH t D pldndt
" ) el (3.13)
M1 .
1l L |ull Ampldndt + 75— o |U|q(|<P||D1VH(a(77))| + [a(n)||Vepl) dndt.
-
By applying e— Young’s inequality
ab < ea” + CW ,p+p' =pp,a,b,e,Cc > 0,
to the right-hand side of the above inequality, we obtain
3—-2 1 C
<1 - w)/ |ulPedndt + / Gi(as 9(n)) t Dedndt <
|)‘1| Hr >\1 Hr
C. __1 C P __1 _p_
2/ p It D%wlp-ldndt+/ @ P | App|p-Tdndt
‘)‘1‘ Hr HTr
- (3.14)
e _a P P
gl [ @ e D) 5 dnt
F gl [, T e el
. A
Taking € = m, we get
1 1 c
/ |ulPedndt + / Gi(asg(n)) t Dipdndt <
2 'HT Al ’HT
C _1 C _p_ __1 »_
oY <2/ p it D%wlpldndﬂr/ @ PllAHsolpldndt>
HA T "r (3.15)

C S p_
gl [ @ e i) 7

bl [ &) Ve .

Now, we estimate each term of the right hand side of the above equality. By ({3.8]), we have

S B O p T —%1 ¢ . p
/ @ 71| ¢ Dy|r—Tdndt = / ©a2(n)dn / 01 "7 | t Dypr|r-tdt ) . (3.16)
Hr H 0

On the other hand, from Lemma [2.2] we arrive at

T _1 ¢ ) F'(m+1) o= p—1
p—1 [e] 1 _
t D p=1dt =
/0 1 | 1l [F(m—l—l—a)} pm+1—a)—(m+1)

T'"5 1. (3.17)



42 FATIHA BENIBRIR AND ALI HAKEM *

Therefore, by using the scaled variable

we obtain
C o
| 771§ Diel T dndt = iy,
Hr
where
T(m+1) |71 1
m P p— L
C(m;p) = / ¥ (p)dp.

Similarly, we get

T __1
/ so_PlleHsOIP%ldndt = (/ sol(t)dt> </ P9 p_llAmwzlf’fldn)-
Hr 0 H

A simple computation yields
T T
t)ydt = ——.
/0 1lt) m+1

Taking into account (3.10f), we deduce
__1 2 C _a
/ ¢ T | Agp| P Tdpdt < —— T e TN
Hr m—+1

From the condition (|1.2)) and using the same argument, we obtain

| ool Diva(a(m)[Frdnde < T,

Hr
and
/ @ i la(n) |77 Vil 7adndt < OT' 700 7 HHDe,

Hr

Combining (3.15) . - and , we get

é/ \u|Pdndt + / Gi(a;9(n)) 7 DFpdndt <

Hr

%(T“ﬁ“N“ |7 e T 2<35w+%+(“”“).
1

Furthermore, it is not difficult to see that

1 1 F(m + 1) 1—
— ; D%pdndt = — —————T"7¢ ; D (p)dndt.
" Gi(a;9(n)) i Tedndt = < e ) . G1(a; g(n)) 2% (p)dn
Hence, we conclude
1 I'(m+1)

1 ulPpdndt + — ————2— Gi (o Y (p)dndt <
Q/HTIWW N T(m +2 ) Joo. 1(a; g(n))@“(p)dndt <

1 (T NIRRT N e e )

First, we suppose that

A G1(c; g(n))dn > 0.
Hr

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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This implies that

St [ O otn) o)anit <

% (T 1+(N+2 4T 7 L (N+2)a+’M T sz tta t(N+2)a )

(3.29)

We have to discuss two cases:
Casel: yy =0and 1 <p <1+ ﬁ In this case passing to the limit as T' — 400 in 1 ,

we obtain

1
A/ Gi(a; g(n))dn <0,
1 JH
which contradicts (3.28)).

Case 2: 7 # 0and N < -2+ p min{pll ﬁ; 22‘(1)2”(1)}. Passing to the limit as
T — 400 in (3.29), we get

1
+ [ Gatasgnnin <o
1 JH

which contradicts (3.28)). Next we suppose that

Ao 3 Ga (s g(n))dn > 0. (3.30)

Observe that
u(n,t
v(n;t) = <. ),

7

is a global weak solution to the problem
[0} ¢ « / /
0 Do+ Agv = X [o]? + 'a (n) .Valvl?,

v(n,0)=g(n),
where
N=Xo+Hi(=M) =N +idy; p' = po+i(=M) = py +ius,

and

g(n) = g2(n) +i(=g1(n)) = g1(n) + ig2(n).

It can be easily seen that (3.30)) is equivalent to

X, /H G (0 (n))dn > 0.

Therefore, from the previous case, if yg =0and 1 <p < 1+ ﬁ we obtain the contradic-

. . o . . 1 . . _9
tion with (3.30]). Similarly with the case s # 0and N < —24+p min {]Tl7 a(pT_q)’ m} :

we get the contradiction with (3.30]).
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3.2. Case of the system.
Definition 3.2. We say that the pair (u,v) is a local weak solution to if the equalities

C C
)\/ [v|Pdndt + 730‘/ g(n) t DFpdndt = / u (io‘ t DT + AH<p> dndt
Hr Hr HTr

(3.31)
b [ ltpdivs(otn)indt-+u [ folta(o) Vupdnds,
HT Hr
and
)\/ lulFedndt +i® | h(n) t DEpdndt = / (5 t D ¢+AH¢> dndt
Hr Hr Hr (3.32)

u / ol pdivig (b(n))dndt + 1 / | (). Ve,
Hr

are satisfied for every test function ¢ € C't,;7 (H7) with o(.,T) = 0.

Moreover, if T > 0 can be arbitrarily chosen, then (u,v) is said to be a global weak solution

to (3.
Our second main result is given by the following theorem:

Theorem 3.2. Let 0 < B<a<1;p>q>1; k>0 >1 and g,h € L'(H). Suppose that

one of the following cases holds:

(1)
=8 M [ (Gulesgln)+ GalBih(n)))dn > 0. (3.33)
and
i =0, Q<mm{pil;ki1},
or
[mp—alp—q) ag—vip mk—alk—0) ac—wrk
m#0 i @< min{ MNP, O B
(11)
<a A [ Gushn)in >0, (3.34)
H
and
B 2 a PBp—alp-1)
M1_07 Q<a+ﬁ{]€17 pfl }7
or 1 # 0 and
2
@< a+p

min{ﬁp_a(p_q> 2aqg — (v + B+ 2v1)p Tk —a(k—0) (a+ﬁ)k—2a(k—a)—2u2k}
p—q 2(p —q) ’ k—o 20k — o) :
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(I1I)
a=B /H (G (0 g(n)) + Ga(B: h(n))] dn > 0, (3.35)
and

. 1 1
p2 =0, Q<mm{p_17 k_l}a

or

np—a(p—q) ag—vip nk—alk—o) aa—yzk}

p2 # 0, Q<min{ ap—q) ‘alp—q) alk-0) alk-o)

(1V)
a<B e[ Gishn)dn >0, (330
H
and
_ 2 ) a PBp—alp-1)
w2 =0, Q<0¢—|—6 mm{k_17 — }7
or
o =0  and
2

Q<m
mm{ﬂp—a(p—Q) 200 — (a4 B+ 2v1)p Tk —alk— o) (a+,6)k—2a(k—0)—2y2]{;}

p—q 2(p—q) ’ k—o 20k — o) ~

Then the system admits no global weak solution.

Proof. Let ¢ be the test function defined by (3.8) where @9 is given by

w (T 2|t 4yl
pa2(n) = @ (W) )

where @ is given by formula(3.9).
Suppose that (u,v) is a global weak solution to (1.3). By using the definition of weak solution,

we get,

C
Re <)\/ [v[Podndt + ia/ g(n) t D%cpdndt) = Re <,u/ |v|qa(n).Vngdndt>
Hr Hr Hr

(3.37)
C
Re (/ u (ia t Dy + AHgo) dndt) + Re (u/ ]v\qudiVH(a(n))dndt> .
HTr Hr
First we repeat the same calculation as above, we obtain
1 c 2 c
/ wlPedndt + — [ Gi(as g(n)) t Dypdndt < / lul| t DFp|dndt

Hr M Hr ‘/\1’ Hr (3 38)

1 .
s [ B+ S o (ol Divs )] + o) Vo) .
A1l Jrer (A1l Jrer
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Also, using the arguments of the previous theorem, we arrive at

1 C
(1-258) [ topodnt+ - [ Gitasgn) ¢ Dggdndt <
Hr 1 JH+

c _ ([ C .k _k_ € k
el @ 1 ||t DF@|*T + |Agp|F1 | dndt + 3— |u|*pdndt (3.39)
U\ S, R .
J _p_ . _p_ _p_ _p_
+[pu /H @77 (J¢l7 |divis (a(m) |77 + la(n)| 77 [Vip|75 ) dndt
T

Similarly, we have

1 c
(1 — 25||/<“|>/ |u|*pdndt + / G1(B,h(n)) t D’Bcpdndt <
’H

o (/H o7 (\ t Do|7T + |Agep|T 1>dndt+3‘>\ )

+{pu / "7 (Jio|77 Divia(b(n))| ¥~ + b >|kfa|vHso\kfvdndt).

Hr

|v|Ppdndt. (3.40)

Next, adding (3.39)) to (3.40) and taking ¢ = %, we get

1 c 1 c
— [ Gi(e;g(n)) t Dypdndt + — | G1(B,h(n)) t Dipdndt
M Ja, Y

1 C, _1 [ C K _k_
+ / (‘”’p+ ’“‘k> < (/ o ( t Dol T + \AHw\kk1)> dndt
2 Hr |)\1| HT

il [ 677 (1675 Diva(aln) 757 + lal)| 77 Vil ) dnde (3.41)
Hr

1
+/ @ p-1 <\ { DP go]p T+ |Agp|r—T 1>d77dt
Hr

__ao _k_ . _k_ _k_ _k_
il |77 (ol | Divia (b)) 77 () 7 Vil 77 dnr).
T

At this stage, we use the scaled variable

5= T*(Oﬁﬂ)T’ =T "2 z, =T 2z y, (3.42)
to obtain
1 1 c .
2/ (Iv|p+ IUI’“) pdndt + | Gi(asg(n)) t Dipdndt
HT 1 JHS
+ % _Gi(B. k() t Dijpdndt < C (! ) D ) )
1
L C (T PN+ (atB) | pl= +(N+1)(a+6)> (3.43)

+ |l (Tl—%HNH)(aw) L q+;”;+(N+1)(a+6))

1/2k

+ |l (Tl P2 N+ (atp) | i+ 720 (N+1)(a+ﬁ))_

Furthermore, we have

1 1 I +1
L[ Giasg) € Dppdnat = = _EmtD
Hr

" T | Gi(e; g(n)@“(p)dndt, (3.44)

)\1 ( —|—2—a) Hr
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and
1 ¢ _3 _ i I'(m+1) 1-8 . w
M G1(B,h(n)) t Dypedndt = MTmt2-5) _ﬂ)T o G1(B; h(n))®* (p)dndt. (3.45)

Therefore, we get

1 T'(m+1)
MIE(m+2—a) Jy,

1 T'(m+1) . y |
Nzl . C1(B5h(n)) (o)t (3.46)

< C (T 4+ 1% 4 7% 4+ T%) + Clun | (T% + T% + 7% + T%) |

G1(a; g(n))®“ (p)dndt

where
elza—%+(z\7+1)(a+ﬁ), ezza—ka—fl+(N+1)(a+ﬁ),
03:()4—2%1—1—(]\74—1)(0[4—5), 04:04—%4—(1\74-1)(04—1—5),
_ T1D _ (a+B)p  mp
65_a—p_q+(N+1)(a+ﬁ), 0 = a 20— ) +p_q+(N+1)(a+6),
07 = a— ﬁka + (N +1)(a+p), Os = a — (2‘2‘;_5:)“ + kTikJ (N +1)(a+B).

Suppose now that

a=F and A /H (G (s g(n)) + Ga(B: h(m)] dy > . (3.47)

We distinguish two cases:
Case 1: 1 =0, Q < mz’n{}ﬁ; ﬁ . In this case, passing to the limit as 7' — +o0 in

(3.46)), we obtain a contradiction with (3.47)).

. —a(p— _ k—a(k— _ - .
Case 2: u; # 0; Q < min {HZ(;[EI;) 9, Z%p_”;*;’; 2 a(?ﬁa) o). i((rk—;’;} Similarly, passing to
the limit as T — +o0 in (3.46[), we obtain a contradiction with ((3.47]).

Suppose now that
s<ai M [ GuBihlm)d > o (3.48)
H

We have to distinguish to cases:

Case 1: ;3 =0, Q < aQT,B mm{ﬁ, [m%(’;_l)}. In this case, passing to the limit as

T — +oco in (3.46)), we get a contradiction with (3.48]).

Case 2: 111 7& 0,Q < oai—l—ﬁ min {Tlp—poi(é?—Q); 2aq—(20(é;-_ﬁ;)-2u1)p; Tzk—ka_(j—a); (a+ﬁ)k—22((]:(_kg—)a)—2y2k} .
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Similarly, passing to the limit as T' — 400 in (3.46]), we obtain a contradiction with (3.48)).

Next, we consider the case Ay # 0. Observe that

U 1), Vb)) = (“Wﬁ D vl “) ,

7 1

is a global weak solution to the system
i 0 DYU + Al = NV + la (n) Vel V]",
# 6 DV + AgV = XN|U|* + /b (n) .Vu|U|,
U@m0)=gm; V(0 =hmn),
where
A= Xo +i(=M) = A + Xy, 1" = o +i(=A1) = py + ips,

(m) = g2(n) + i(=g1(n) = g1(n) + ig2(n), h(n) = ha(n) +i(~h1(n)) = ha(n) + iha(n).
Therefore, from the previous study, if one of the cases (III) or (IV) holds, we obtain a

contradiction.
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