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Abstract. In this paper, we introduce the concepts of pseudospectra, condition pseu-

dospectra, determinant spectra and trace pseudospectra of the direct sum of bounded linear

operator pencils on ultrametric Banach spaces. We prove numerous results about them and

we give some examples to illustrate our work.
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1. Introduction and preliminaries

In ultrametric operator theory, Ammar et al. [1] introduced and studied the concept of

pseudospectra of closed linear operators on ultrametric Banach spaces. The notion of ultra-

metric condition pseudospectra of bounded linear operators was introduced by the authors

[2].

Throughout this paper, F is an ultrametric Banach space over an ultrametric complete

valued field K with a non-trivial valuation | · |, L(F ) denotes the collection of each continuous

linear operators on F and Mn(K) is the collection of any n×n matrices with coefficients in K.

If S ∈ L(F ), R(S) and N(S) denote the range and the kernel of S respectively. Remember

that, an unbounded linear operator S : D(S) ⊆ F → F will be called closed if for each

(xn) ⊂ D(S) with lim
n→∞

∥xn − x∥ = 0 and lim
n→∞

∥Axn − y∥ = 0 for some x ∈ F and y ∈ F,
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hence x ∈ D(A) with y = Sx. C(F ) is the set of all closed linear operators on F. If A ∈ L(F )

and B is an unbounded operator, hence S + B is closed if and only if B is closed [4]. For

more details on ultrametric pseudospectra and condition pseudospectra of linear operators,

we refer to [1], [2], [6], [8], [9], [10], [11], [12], [13] and [14]. We continue by recalling some

preliminaries.

Definition 1.1. [4] Let F be a vector space over K. A function ∥ · ∥ : F → R+ is an

ultrametric norm if:

(i) For each v ∈ F, ∥v∥ = 0 if and only if v = 0,

(ii) For each v ∈ F and λ ∈ K, ∥λv∥ = |λ|∥v∥,

(iii) For all v, y ∈ F, ∥v + y∥ ≤ max(∥v∥, ∥y∥).

Definition 1.2. [4] An ultrametric normed space is a pair (F, ∥ · ∥) where F is a vector space

over K and ∥ · ∥ is an ultrametric norm on F.

Definition 1.3. [4] An ultrametric Banach space is a complete ultrametric normed space.

Proposition 1.1. [4] The direct sum of two ultrametric Banach spaces is an ultrametric

Banach space.

Definition 1.4. [4] An ultrametric Banach space F is said to be a free Banach space if there

is a set (vi)i∈I of F indexed by a set I such that all element v ∈ F can be written uniquely

as follows v =
∑
i∈I

λivi and ∥v∥ = sup
i∈I

|λi|∥vi∥.

The family (vi)i∈I is called an orthogonal basis for F. If, for each i ∈ I, ∥vi∥ = 1, hence

(vi)i∈I is called an orthonormal basis of F.

Definition 1.5. [4] Let S ∈ L(F ). The resolvent set ρ(S) of S is

ρ(S) = {λ ∈ K : (S − λI)−1 ∈ L(F )}. (1.1)

The spectrum σ(S) of S is K\ρ(S).

Lemma 1.1. [5] Let F be an ultrametric Banach space over a spherically complete field K.

If S ∈ Φ(F ) and C ∈ Cc(F ), then S + C ∈ Φ(F ).

Lemma 1.2. [2] Let F be an ultrametric Banach space over a spherically complete field K.

If S ∈ Φ(F ), hence for each C ∈ Cc(F ), we get S + C ∈ Φ(F ) and ind(S +K) = ind(S).

We have the following definition.
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Definition 1.6. [1] Let F be an ultrametric Banach space over K, let S ∈ L(F ) and ε > 0.

The pseudospectrum σε(S) of S is

σε(S) = σ(S) ∪ {λ ∈ K : ∥(S − λI)−1∥ > ε−1},

with the convention ∥(S − λI)−1∥ = ∞ if λ ∈ σ(S).

Theorem 1.1. [1] Let F be an ultrametric Banach space over a spherically complete field K

such that ∥F∥ ⊆ |K|, let S ∈ L(F ) and ε > 0. Then

σε(S) =
⋃

C∈L(F ):∥C∥<ε

σ(S + C).

Theorem 1.2. [2] Let F be an ultrametric Banach space over a spherically complete field K

and let S ∈ L(F ). Then

σe(S) =
⋂

C∈Cc(F )

σ(S + C).

We generalise the Definition 3.7 of [1]: this definition remains valid for any ultrametric

Banach spaces over a non-trivally complete ultrametric valued field K not only Eω.

Definition 1.7. Let S ∈ L(F ) and ε > 0. The essential pseudospectrum of S is

σe,ε(S) = K\{λ ∈ K : S +M − λI ∈ Φ0(F ) for all M ∈ L(F ), ∥M∥ < ε},

where Φ0(F ) is the set of each bounded Fredholm operators on F of index 0.

We generalise the Theorem 3.8 of [1] as follows.

Theorem 1.3. Let S ∈ L(F ) and ε > 0. Hence

σe,ε(S) =
⋃

M∈L(F ):∥M∥<ε

σe(S +M).

We have the following:

Theorem 1.4. Let F be an ultrametric Banach space over a spherically complete field K.

Let S ∈ L(F ) and ε > 0. Hence,

σe,ε(S) = σe,ε(S +K) for each K ∈ Cc(F ).

Proof. Let S ∈ L(F ) and ε > 0, let λ ̸∈ σe,ε(S), hence for any C ∈ L(F ) with ∥C∥ < ε,

S + C − λI ∈ Φ(F ) and ind(S + C − λI) = 0.

From Lemma 1.2, for each K ∈ Cc(F ) and C ∈ L(F ) such that ∥C∥ < ε, we have

S + C +K − λI ∈ Φ(F ) and ind(S + C +K − λI) = 0. (1.2)
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By (1.2), we get

λ ̸∈ σe,ε(S +K).

Then

σe,ε(S +K) ⊆ σe,ε(S).

The opposite inclusion follows from symmetry. □

Remark 1.1. The Theorem 1.4 showed that the essential pseudospectra of bounded linear

operators is invariant under perturbation of completely continuous linear operators on ultra-

metric Banach space over a spherically complete field K.

Theorem 1.5. Let F be an ultrametric Banach space over a spherically complete field K

such that ∥F∥ ⊆ |K|. Let S ∈ L(F ) and ε > 0. Then

σe,ε(S) =
⋂

K∈Cc(F )

σε(S +K).

Proof. Let S ∈ L(F ) and ε > 0, let λ ̸∈
⋂

K∈Cc(F )

σε(S + K), hence there exists K ∈ Cc(F )

such that λ ̸∈ σε(S+K). By Theorem 1.1, we have λ ∈ ρ(S+K+C), for all C ∈ L(F ) such

that ∥C∥ < ε. We have

S + C +K − λI ∈ Φ(F ) and ind(S + C +K − λI) = 0. (1.3)

By Lemma 1.1 and Lemma 1.2, we have

S + C − λI ∈ Φ(F ) and ind(S + C − λI) = 0. (1.4)

We get

λ ̸∈ σe,ε(S).

Then,

σe,ε(S) ⊆
⋂

K∈Cc(F )

σε(S +K). (1.5)

Conversely, if λ ̸∈ σe,ε(S). Using Theorem 1.3, we have for all C ∈ L(F ) such that ∥C∥ < ε,

λ ̸∈ σe(S + C). By Theorem 1.2, there is K ∈ Cc(F ) with λ ̸∈ σ(S +K + C), hence for all

C ∈ L(F ) such that ∥C∥ < ε, λ ∈ ρ(S +K + C). Hence

λ ∈
⋂

C∈L(F ):∥C∥<ε

ρ(S +K + C). (1.6)
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From Theorem 1.1, λ ̸∈ σε(S +K). Consequently,

λ ̸∈
⋂

K∈Cc(F )

σε(S +K).

Thus

σe,ε(S) =
⋂

K∈Cc(F )

σε(S +K).

□

We generalise the Proposition 3.13 of [1] as follows.

Proposition 1.2. Let F be an ultrametric Banach space over a spherically complete field K

such that ∥F∥ ⊆ |K|. If S ∈ L(F ) and ε > 0, then

(i) σe,ε(S) ⊂ σε(S).

(ii) For each ε1 and ε2 with 0 < ε1 < ε2, σe(S) ⊂ σe,ε1(S) ⊂ σe,ε2(S).

Similarly to the proof of Proposition 3.14 of [1], we have the following:

Proposition 1.3. Let F be an ultrametric Banach space over a spherically complete field K

such that ∥F∥ ⊆ |K|. Let S ∈ L(F ) and ε > 0. Hence

σe(S) =
⋂
ε>0

σe,ε(S).

Definition 1.8. [6] Let S ∈ L(F ) and ε > 0, the condition pseudospectrum Λε(S) of S is

Λε(S) = σ(S) ∪ {λ ∈ K : ∥(S − λI)∥∥(S − λI)−1∥ >
1

ε
},

with the convention ∥(S − λI)∥∥(S − λI)−1∥ = ∞ if λ ∈ σ(S).

We generalise the results of [14] as follows.

Definition 1.9. Let S ∈ C(F ), B ∈ L(F ) and ε > 0. The pseudospectrum σε(S,B) of (S,B)

on F is defined by

σε(S,B) = σ(S,B) ∪ {λ ∈ K : ∥(S − λB)−1∥ > ε−1}.

The pseudoresolvent ρε(S,B) of (S,B) is defined by

ρε(S,B) = ρ(S,B) ∩ {λ ∈ K : ∥(S − λB)−1∥ ≤ ε−1},

by convention ∥(S − λB)−1∥ = ∞ if λ ∈ σ(S,B).

Proposition 1.4. Let S ∈ C(F ), B ∈ L(F ) and ε > 0, we get
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(i) σ(S,B) =
⋂
ε>0

σε(S,B).

(ii) For any ε1 and ε2 such that 0 < ε1 < ε2, σ(S,B) ⊂ σε1(S,B) ⊂ σε2(S,B).

Theorem 1.6. Let F be an ultrametric Banach space over a spherically complete field K

such that ∥F∥ ⊆ |K|, let S ∈ C(F ), B ∈ L(F ) and ε > 0. Hence

σε(S,B) =
⋃

C∈L(F ):∥C∥<ε

σ(S + C,B).

The condition pseudospectra of operator pencils is defined as follows:

Definition 1.10. [8] Let F be an ultrametric Banach space over K, let B,S ∈ L(F ) and

ε > 0. The pseudospectrum σε(S,B) of the linear operator pencil (S,B) on F is

Λε(S,B) = σ(S,B) ∪ {λ ∈ K : ∥(S − λB)∥∥(S − λB)−1∥ > ε−1},

with the convention ∥(S − λB)∥∥(S − λB)−1∥ = ∞ if λ ∈ σ(S,B).

Proposition 1.5. [8] Let B,S ∈ L(F ) and ε > 0, we get

(i) σ(S,B) =
⋂
ε>0

Λε(S,B).

(ii) For any ε1 and ε2 such that 0 < ε1 < ε2, σ(S,B) ⊂ Λε1(S,B) ⊂ Λε2(S,B).

Theorem 1.7. [8] Let F be an ultrametric Banach space over a spherically complete field K

such that ∥F∥ ⊆ |K|, let B,S ∈ L(F ) and ε > 0. Hence,

Λε(S,B) =
⋃

C∈L(F ):∥C∥<ε∥S−λB∥

σ(S + C,B).

2. Main results

Let (Xi)1≤i≤n be a sequence of ultrametric Banach spaces over K. The space X = ⊕n
i=1Xi

endowed by for all i ∈ {1, · · · , n}, xi ∈ Xi, ∥x1 ⊕ x2 ⊕ · · · ⊕ xn∥ = max
i∈{1,··· ,n}

∥xi∥ is an

ultrametric Banach space over K [4]. One can see that if for each i ∈ {1, · · · , n}, Ai ∈ L(Xi),

hence A = A1 ⊕A2 ⊕ · · · ⊕An ∈ L(X). We get the following definition.

Definition 2.1. Let Ai, Ti ∈ L(Xi). The spectrum σ(A, T ) of (A, T ) is given by

σ(A, T ) = {λ ∈ K : A− λT is not invertible in L(⊕n
i=1Xi)},

where A = ⊕n
i=1Ai and T = ⊕n

i=1Ti. The resolvent set of (A, T ) is

ρ(A, T ) = {λ ∈ K : (A− λT )−1 ∈ L(⊕n
i=1Xi)}.

For i = 2, we obtain the following proposition.



198 J. ETTAYB

Proposition 2.1. Let X,Y be two ultrametric Banach spaces over K. Let A,S ∈ L(X),

B, T ∈ L(Y ). The spectrum of (A⊕B)− λ(S ⊕ T ) ∈ L(X ⊕ Y ) is given by

σ(A⊕B,S ⊕ T ) = σ(A,S) ∪ σ(B, T ).

Proof. If λ ∈ σ(A⊕B,S⊕T ), hence (A⊕B)−λ(S⊕T ) is not invertible, then A−λS is not

invertible in L(X) or B − λT is not invertible in L(Y ), consequently λ ∈ σ(A,S) ∪ σ(B, T ).

Hence σ(A ⊕ B,S ⊕ T ) ⊆ σ(A,S) ∪ σ(B, T ). Similarly, we obtain that σ(A,S) ∪ σ(B, T ) ⊆

σ(A⊕B,S ⊕ T ). Consequently,

σ(A⊕B,S ⊕ T ) = σ(A,S) ∪ σ(B, T ).

□

More generally, one can see that.

Proposition 2.2. Let Ai, Bi ∈ L(Xi). Set A = ⊕n
i=1Ai and B = ⊕n

i=1Bi, then

σ(A,B) =

n⋃
i=1

σ(Ai, Bi)

and

ρ(A,B) =
n⋂

i=1

ρ(Ai, Bi).

Now, we define the pseudospectra of the operator pencil (A,B) on ⊕n
i=1Xi where A =

⊕n
i=1Ai, B = ⊕n

i=1Bi and for all i ∈ {1, · · · , n}, Ai, Bi ∈ L(Xi), we have the following:

Definition 2.2. Let Ai, Bi ∈ L(Xi) and ε > 0. The pseudospectrum σε(⊕n
i=1Ai,⊕n

i=1Bi) of

the bounded linear operator pencil (⊕n
i=1Ai,⊕n

i=1Bi) on ⊕n
i=1Xi is given by

σε(A,B) = σ(⊕n
i=1Ai,⊕n

i=1Bi) ∪ {λ ∈
n⋂

i=1

ρ(Ai, Bi) : sup
i∈{1,··· ,n}

∥(Ai − λBi)
−1∥ > ε−1},

where A = ⊕n
i=1Ai and B = ⊕n

i=1Bi.

Remark 2.1. It is easy to check that σε(⊕n
i=1Ai,⊕n

i=1Bi) =

n⋃
i=1

σε(Ai, Bi).

Proposition 2.3. Let (Xi)1≤i≤n be a sequence of ultrametric Banach spaces over K, let

Ai, Bi ∈ L(Xi) and ε > 0. Set S = ⊕n
i=1Ai and B = ⊕n

i=1Bi, then

(i) σ(S,B) =
⋂
ε>0

σε(⊕n
i=1Ai,⊕n

i=1Bi).

(ii) If 0 < ε1 < ε2, hence σ(S,B) ⊂ σε1(S,B) ⊂ σε2(S,B).
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Proof. (i) From Definition 2.2, for each ε > 0, σ(S,B) ⊂ σε(S,B), hence σ(S,B) ⊂⋂
ε>0

σε(S,B). Conversely, if λ ∈
⋂
ε>0

σε(S,B), since

⋂
ε>0

σε(S,B) = σ(S,B) ∪
⋂
ε>0

{λ ∈
n⋂

i=1

ρ(Ai, Bi) : sup
i∈{1,··· ,n}

∥(Ai − λBi)
−1∥ > ε−1}

and
⋂
ε>0

{λ ∈
n⋂

i=1

ρ(Ai, Bi) : sup
i∈{1,··· ,n}

∥(Ai−λBi)
−1∥ > ε−1} = ∅ because of for all i ∈

{1, · · · , n}, (Ai−λBi)
−1 are bounded linear operators, hence we get a contradiction,

thus λ ∈ σ(S,B).

(ii) If 0 < ε1 < ε2 and λ ∈ σε1(S,B), consequently, sup
i∈{1,··· ,n}

∥(Ai−λBi)
−1∥ > ε−1

1 > ε−1
2 ,

hence λ ∈ σε2(S,B).

□

Lemma 2.1. Let Ai, Bi ∈ L(Xi) and ε > 0, hence

sup
λ∈σ(⊕n

i=1Ai,⊕n
i=1Bi)

|λ| ≤ sup
λ∈σε(⊕n

i=1Ai,⊕n
i=1Bi)

|λ|.

Proof. Set S = ⊕n
i=1Ai and B = ⊕n

i=1Bi, since σ(S,B) ⊆ σε(S,B), we get

sup
λ∈σ(S,B)

|λ| ≤ sup
λ∈σε(S,B)

|λ|.

□

Put rε(⊕n
i=1Ai,⊕n

i=1Bi) = sup
λ∈σε(⊕n

i=1Ai,⊕n
i=1Bi)

|λ|, we have the following:

Lemma 2.2. Let Ai, Bi ∈ L(Xi) and ε > 0, hence rε(⊕n
i=1Ai,⊕n

i=1Bi) = sup
i∈{1,··· ,n}

rε(Ai, Bi).

Proof. By Remark 2.1, σε(⊕n
i=1Ai,⊕n

i=1Bi) =

n⋃
i=1

σε(Ai, Bi). It is easy to see that

rε(⊕n
i=1Ai, Bi) = sup

i∈{1,··· ,n}
rε(Ai, Bi).

□

We get the following examples.

Example 2.1. Let (Ak)1≤k≤n and (Bk)1≤k≤n be two linear operators defined on K2 by

Ak =

λk 0

0 µk


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and

Bk =

αk 0

0 βk

 ,

where λk, µk ∈ K, αk, βk ∈ K\{0} for each k ∈ {1, · · · , n}. Then

σ(⊕n
k=1Ak,⊕n

k=1Bk) =
n⋃

k=1

{λk

αk
,
µk

βk

}
and

σε(⊕n
k=1Ak,⊕n

k=1Ak) =
n⋃

k=1

{λk

αk
,
µk

βk

}
∪ {λ ∈ K : sup

1≤k≤n
∥(Ak − λBk)

−1∥ >
1

ε
}.

Example 2.2. Let F be an ultrametric free Banach space over K with an orthogonal basis

(em)m∈N. Consider the linear operators (Ak)1≤k≤n and (Bk)1≤k≤n given by for all x ∈ F and

for each k ∈ {1, · · · , n}, Akx = λkx and Bkx = µkx where λk ∈ K and µk ∈ K\{0}. Put

A = ⊕n
k=1Ak and B = ⊕n

k=1Bk. One can see that

σ(A,B) =
n⋃

k=1

{λk

µk
}

and for all k ∈ {1, · · · , n} and for each λ ∈ ρ(Ak, Bk), ∥(Ak − λBk)
−1∥ = 1

|λk−λµk| , then

σε(Ak, Bk) = {λk

µk
} ∪B(

λk

µk
,

ε

|µk|
).

Consequently,

σε(A,B) =
n⋃

k=1

{λk

µk
} ∪

n⋃
k=1

B(
λk

µk
,

ε

|µk|
).

Definition 2.3. Let (Xi)1≤i≤n be a sequence of ultrametric Banach spaces over K and let

Ai, Bi ∈ L(Xi) and ε > 0. The condition pseudospectrum of the bounded linear operator

pencil (⊕n
i=1Ai,⊕n

i=1Bi) on ⊕n
i=1Xi is

Λε(S,B) = σ(S,B) ∪ {λ ∈ K : sup
i∈{1,··· ,n}

∥(Ai − λBi)∥ sup
i∈{1,··· ,n}

∥(Ai − λBi)
−1∥ > ε−1},

where S = ⊕n
i=1Ai and B = ⊕n

i=1Bi. With the convention sup
i∈{1,··· ,n}

∥(Ai−λBi)∥ sup
i∈{1,··· ,n}

∥(Ai−

λBi)
−1∥ = ∞ if λ ∈ σ(⊕n

i=1Ai,⊕n
i=1Bi).

Remark 2.2. It is easy to see that
n⋃

i=1

Λε(Ai, Bi) ⊂ Λε(⊕n
i=1Ai,⊕n

i=1Bi).

Proposition 2.4. Let Ai, Bi ∈ L(Xi) and ε > 0, then

(i) σ(⊕n
i=1Ai,⊕n

i=1Bi) =
⋂
ε>0

Λε(⊕n
i=1Ai,⊕n

i=1Bi).

(ii) If 0 < ε1 < ε2, then σ(⊕n
i=1Ai,⊕n

i=1Bi) ⊂ Λε1(⊕n
i=1Ai,⊕n

i=1Bi) ⊂ Λε2(⊕n
i=1Ai,⊕n

i=1Bi).
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Proof. Put S = ⊕n
i=1Ai and B = ⊕n

i=1Bi.

(i) From Definition 2.4, for each ε > 0, σ(S,B) ⊂ Λε(S,B). Conversely, if λ ∈
⋂
ε>0

Λε(S,B)

and λ ̸∈ σ(S,B). Using lim
ε→→0

sup
i∈{1,··· ,n}

∥(Ai−λBi)∥ sup
i∈{1,··· ,n}

∥(Ai−λBi)
−1∥ = ∞, we

get a contradiction.

(ii) If 0 < ε1 < ε2 and λ ∈ Λε1(S,B), thus sup
i∈{1,··· ,n}

∥(Ai−λBi)∥ sup
i∈{1,··· ,n}

∥(Ai−λBi)
−1∥ >

ε−1
1 > ε−1

2 , then λ ∈ Λε2(⊕n
i=1Ai,⊕n

i=1Bi).

□

We conclude the following:

Lemma 2.3. Let Ai, Bi ∈ L(Xi) and ε > 0, hence

sup
λ∈σ(⊕n

i=1Ai,⊕n
i=1Bi)

|λ| ≤ sup
λ∈Λε(⊕n

i=1Ai,⊕n
i=1Bi)

|λ|.

Proof. Since σ(⊕n
i=1Ai,⊕n

i=1Bi) ⊆ Λε(⊕n
i=1Ai,⊕n

i=1Bi), then

sup
λ∈σ(⊕n

i=1Ai,⊕n
i=1Bi)

|λ| ≤ sup
λ∈Λε(⊕n

i=1Ai,⊕n
i=1Bi)

|λ|.

□

Now, we introduce a new definition of condition pseudospectra of the direct sum of the

operator pencil (⊕n
i=1Ai,⊕n

i=1Bi) as follows.

Definition 2.4. Let (Xi)1≤i≤n be a sequence of ultrametric Banach spaces over K and let

Ai, Bi ∈ L(Xi) and ε > 0. The condition pseudospectrum of the bounded linear operator

pencil (⊕n
i=1Ai,⊕n

i=1Bi) on ⊕n
i=1Xi is

Λ′
ε(S,B) = σ(S,B) ∪ {λ ∈ K : sup

i∈{1,··· ,n}
∥(Ai − λBi)∥∥(Ai − λBi)

−1∥ > ε−1},

where S = ⊕n
i=1Ai and B = ⊕n

i=1Bi.

Remark 2.3. (i) It is easy to see that Λ′
ε(⊕n

i=1Ai,⊕n
i=1Bi) =

n⋃
i=1

Λ′
ε(Ai, Bi).

(ii) σ(⊕n
i=1Ai,⊕n

i=1Bi) =
⋂
ε>0

Λ′
ε(⊕n

i=1Ai,⊕n
i=1Bi).

(iii) If 0 < ε1 < ε2, then σ(⊕n
i=1Ai,⊕n

i=1Bi) ⊂ Λ′
ε1(⊕

n
i=1Ai,⊕n

i=1Bi) ⊂ Λ′
ε2(⊕

n
i=1Ai,⊕n

i=1Bi).

(iv) For any ε > 0, hence sup
λ∈σ(⊕n

i=1Ai,⊕n
i=1Bi)

|λ| ≤ sup
λ∈Λ′

ε(⊕n
i=1Ai,⊕n

i=1Bi)
|λ|.

(v) The condition pseudospectrum Λ′
ε(⊕n

i=1Ai,⊕n
i=1Bi) of the pencil (⊕n

i=1Ai,⊕n
i=1Bi)

gives nice properties than Λε(⊕n
i=1Ai,⊕n

i=1Bi).
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We obtain the following examples.

Example 2.3. Let (Ak)1≤k≤n and (Bk)1≤k≤n be two linear operators defined on K2 by

Ak =

αk 0

0 −αk


and

Bk =

 0 λk

−λk 0

 ,

where αk ∈ K, λk ∈ K\{0} for any k ∈ {1, · · · , n}. Set A = ⊕n
k=1Ak and B = ⊕n

k=1Bk, then

σ(⊕n
k=1Ak,⊕n

k=1Bk) =
n⋃

k=1

{−αk

λk
,
αk

λk
}

and

Λε(A,B) =

n⋃
k=1

{−αk

λk
,
αk

λk
} ∪ {λ ∈ K : sup

1≤k≤n
∥Ak − λBk∥ sup

1≤k≤n
∥(Ak − λBk)

−1∥ >
1

ε
},

where for all k ∈ {1, · · · , n}, ∥Ak − λBk∥ = max{|αk|, |λλk|} and for each λ ∈ ρ(Ak, Bk),

∥(Ak − λBk)
−1∥ = max{ |αk|

|(λλk)2 − α2
k|
,

|λλk|
|(λλk)2 − α2

k|
}.

We begin with the following:

Definition 2.5. [3] Let S,B ∈ Mn(K), ε > 0, the ε-determinant spectrum dε(S,B) of the

matrix pencil (S,B) is

dε(S,B) = {λ ∈ K : | det(S − λB)| ≤ ε}.

We get the following:

Proposition 2.5. Let S,B ∈ Mn(K), ε > 0, then

dε1(S) ∩ dε2(B) ⊂ dε(S ⊕B),

where ε = ε1ε2.

Proof. Let λ ∈ dε1(S) ∩ dε2(B), thus λ ∈ dε1(S) and λ ∈ dε2(B), hence |det(S − λI)| ≤ ε1

and |det(B − λI)| ≤ ε2. Consequently,

|det(S ⊕B − λ(I ⊕ I))| = |det(S − λI) det(B − λI)|

= |det(S − λI)||det(B − λI)|

≤ ε1ε2,
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thus λ ∈ dε(S ⊕B) where ε = ε1ε2, hence dε1(S) ∩ dε2(B) ⊂ dε(S ⊕B) where ε = ε1ε2. □

Proposition 2.6. Let S,B ∈ Mn(K) and ε > 0, hence

(i) For all 0 < ε1 ≤ ε2, we have dε1(S ⊕B) ⊆ dε2(S ⊕B),

(ii) For each µ ∈ K, dε(µ(I ⊕ I), I ⊕ I) = {λ ∈ K : |λ− µ| ≤ ε
1
2n },

(iii) If det(B) ̸= 0 and for each µ ∈ K, then dε(µ(I ⊕ B), I ⊕ B) = {λ ∈ K : |λ − µ| ≤

( ε
| det(B)|)

1
2n }.

Proof. (i) For all 0 < ε1 ≤ ε2, let λ ∈ dε1(S⊕B), hence |det(S⊕B−λ(I⊕I))| ≤ ε1 ≤ ε2,

thus λ ∈ dε2(S ⊕B).

(ii) Let µ ∈ K hence | det(µI − λI)| = |λ− µ|n, then

dε(µ(I ⊕ I), I ⊕ I) = {λ ∈ K : | det(µ(I ⊕ I)− λ(I ⊕ I))| ≤ ε}

= {λ ∈ K : |λ− µ|2n ≤ ε}

= {λ ∈ K : |λ− µ| ≤ ε
1
2n }.

(iii) We have

dε(µ(I ⊕B), I ⊕B) = {λ ∈ K : |det(µ(I ⊕B)− λ(I ⊕B))| ≤ ε}

= {λ ∈ K : |det((µ− λ)I)||det((µ− λ)B)| ≤ ε}

= {λ ∈ K : |λ− µ|2n|det(B)| ≤ ε}

= {λ ∈ K : |λ− µ| ≤ (
ε

|det(B)|
)

1
2n }.

□

Example 2.4. If

S =

a 0

0 b

 and B =

c 0

0 d

 ∈ M2(Qp),

where a, b, c, d ∈ Qp. Hence for any ε > 0,

dε(S ⊕B) = {λ ∈ Qp : |det(S ⊕B − λ(I ⊕ I))| ≤ ε}

= {λ ∈ Qp : |det(S − λI)||det(B − λI))| ≤ ε}

= {λ ∈ Qp : |(a− λ)(b− λ)(c− λ)(d− λ)| ≤ ε}.
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Example 2.5. If

S =

1 1

1 1

 and B =

1 0

0 −1

 ∈ M2(Qp).

Hence for each ε > 0,

dε(S ⊕B) = {λ ∈ Qp : | det(S ⊕B − λ(I ⊕ I))| ≤ ε}

= {λ ∈ Qp : | det(S − λI)||det(B − λI)| ≤ ε}

= {λ ∈ Qp : |λ(1− λ)(2− λ)(1 + λ)| ≤ ε}.

We obtain the following proposition.

Proposition 2.7. Let D1, D2 ∈ L(Qn
p ) be two diagonal operators with for each i ∈ {1, · · · , n},

D1ei = λiei and D2ei = µiei with λi, µi ∈ Qp, λi ̸= λi+1 and µi ̸= µi+1. Hence

dε(D1 ⊕D2) = {λ ∈ Qp : |λ1 − λ| · · · |λn − λ||λ− µ1| · · · |λ− µn| ≤ ε}.

Proof. We have

for each i ∈ {1, · · · , n}, (D1 − λ)ei = (λi − λ)ei

and

for each i ∈ {1, · · · , n}, (D2 − λ)ei = (µi − λ)ei,

where (ek)1≤k≤n is a basis of Qn
p .

Thus |det(D1−λI)| = |λ1−λ| · · · |λn−λ| and |det(D2−λI)| = |µ1−λ| · · · |µn−λ|. Hence

for any ε > 0,

dε(D1 ⊕D2) = {λ ∈ Qp : |det(D1 ⊕D2 − λ(I ⊕ I))| ≤ ε}

= {λ ∈ Qp : |det(D1 − λI) det(D2 − λI)| ≤ ε}

= {λ ∈ Qp : |λ− λ1| · · · |λ− λn||µ1 − λ| · · · |µn − λ| ≤ ε}.

□

We have:

Definition 2.6. [3] Let S,B ∈ Mn(K), ε > 0, the trace pseudospectrum Trε(S,B) of the

matrix pencil (S,B) is

Trε(S,B) = σ(S,B) ∪ {λ ∈ K : |tr(S − λB)| ≤ ε}.
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As the classical setting, we have.

Proposition 2.8. Let (Ai)1≤i≤n ∈ Mn(K), then the trace of the diagonal block matrix

⊕n
i=1Ai is

tr(⊕n
i=1Ai) =

n∑
i=1

tr(Ai).

We conclude the following:

Proposition 2.9. Let (Ai)1≤i≤n ∈ Mn(K) and ε1, ε2, · · · , εn > 0. Then

n⋂
i=1

Trεi(Ai) ⊂ Trε(⊕n
i=1Ai),

where ε = max
1≤i≤n

εi.

Proof. If λ ∈
n⋂

i=1

Trεi(Ai), then for each i ∈ {1; · · · , n}, λ ∈ Trεi(Ai), hence for all i ∈

{1; · · · , n}, λ ∈ σ(Ai) ∪ {λ ∈ K : |tr(Ai − λI)| ≤ εi}, since λ ∈
n⋂

i=1

σ(Ai) ⊂
n⋃

i=1

σ(Ai) and

from Proposition 2.8, we have

|tr(⊕n
i=1Ai − λ(⊕n

i=1I))| = |
n∑

i=1

tr(Ai − λI)|

≤ max
1≤i≤n

|tr(Ai − λI)|

≤ max
1≤i≤n

εi,

hence λ ∈ Trε(⊕n
i=1Ai), where ε = max

1≤i≤n
εi.

□

Theorem 2.1. Let S,B ∈ Mn(K) and ε > 0. Hence

(i) If 0 < ε1 ≤ ε2, T rε1(S ⊕B) ⊂ Trε2(S ⊕B),

(ii) For all β ∈ K and A is invertible and Tr(A) ̸= 0, we get

Trε(β(A⊕A), A⊕A) =
{
λ ∈ K : |λ− β| ≤ ε

|2tr(A)|

}
.

Proof. (i) It follows from Definition 2.6.

(iii) If β, λ ∈ K, hence

|tr(β(A⊕A)− λ(A⊕A))| = |λ− β||2tr(A)| ≤ ε.

Thus

Trε(β(A⊕A), A⊕A) =
{
λ ∈ K : |λ− β| ≤ ε

|2tr(A)|

}
.

□
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We finish with the following example.

Example 2.6. Let ε > 0. If A =

1 2

0 3

 and B =

2 5

0 1

 ∈ M2(Q2). Then

Trε(A⊕B) = ({1, 3} ∪ {1, 2}) ∪ {λ ∈ Qp : |7− 4λ| ≤ ε}.
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