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ON ULTRAMETRIC PSEUDOSPECTRA OF THE DIRECT SUM OF
LINEAR OPERATOR PENCILS
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ABSTRACT. In this paper, we introduce the concepts of pseudospectra, condition pseu-
dospectra, determinant spectra and trace pseudospectra of the direct sum of bounded linear
operator pencils on ultrametric Banach spaces. We prove numerous results about them and
we give some examples to illustrate our work.
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1. INTRODUCTION AND PRELIMINARIES

In ultrametric operator theory, Ammar et al. [I] introduced and studied the concept of
pseudospectra of closed linear operators on ultrametric Banach spaces. The notion of ultra-
metric condition pseudospectra of bounded linear operators was introduced by the authors
[2].

Throughout this paper, F' is an ultrametric Banach space over an ultrametric complete
valued field K with a non-trivial valuation |- |, L(F") denotes the collection of each continuous
linear operators on F' and M,,(K) is the collection of any n x n matrices with coefficients in K.
If S € L(F), R(S) and N(S) denote the range and the kernel of S respectively. Remember
that, an unbounded linear operator S : D(S) C F — F will be called closed if for each
(zn) C D(S) with nh_{rolo |z, — x| = 0 and nh—>HOl<> |Azy, — y|| = 0 for some z € F and y € F,
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hence z € D(A) with y = Sz. C(F) is the set of all closed linear operators on F. If A € L(F')
and B is an unbounded operator, hence S + B is closed if and only if B is closed [4]. For
more details on ultrametric pseudospectra and condition pseudospectra of linear operators,
we refer to [1], [2], [6], [8], [9], [IO], [11], [12], [13] and [I4]. We continue by recalling some

preliminaries.

Definition 1.1. [4] Let F' be a wvector space over K. A function || -] : FF — Ry is an
ultrametric norm if:
(i) For each v € F, ||v|| = 0 if and only if v =0,
(ii) For each v € F and X € K, || v|| = |Al||v]],
(iii) For all v,y € F, |lv+yll <max(|[v], [[y])-

Definition 1.2. [4] An ultrametric normed space is a pair (F, || - ||) where F' is a vector space

over K and || - || is an ultrametric norm on F.
Definition 1.3. [4] An ultrametric Banach space is a complete ultrametric normed space.

Proposition 1.1. [] The direct sum of two ultrametric Banach spaces is an ultrametric

Banach space.

Definition 1.4. [4] An ultrametric Banach space F is said to be a free Banach space if there
is a set (v;)ier of F indexed by a set I such that all element v € F can be written uniquely

as follows v = Z)\ivi and ||v|| = sup |\l ||vi]|.
icl el
The family (v;)ier is called an orthogonal basis for F. If, for each i € I, |lv;|| = 1, hence

(vi)ier is called an orthonormal basis of F.

Definition 1.5. [4] Let S € L(F). The resolvent set p(S) of S is
p(S)={AeK:(S—-\)"'eL(F)}. (1.1)

The spectrum o(S) of S is K\p(S5).

Lemma 1.1. [5] Let F be an ultrametric Banach space over a spherically complete field K.

If S € ®(F) and C € C.(F), then S+ C € ®(F).

Lemma 1.2. [2] Let F be an ultrametric Banach space over a spherically complete field K.

If S € ®(F), hence for each C € C.(F), we get S+ C € ®(F) and ind(S + K) = ind(S).

We have the following definition.
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Definition 1.6. [I] Let F' be an ultrametric Banach space over K let S € L(F') and & > 0.

The pseudospectrum o.(S) of S is
0-(8) =c(SYU{NeK: ||[(S—= A7 >},
with the convention ||(S — A\) 7| = co if A € o(9).

Theorem 1.1. [I] Let F' be an ultrametric Banach space over a spherically complete field K
such that ||F|| C |K|, let S € L(F) and € > 0. Then

0.(S) = U es+0).
CeL(F):||C|<e

Theorem 1.2. [2] Let F be an ultrametric Banach space over a spherically complete field K
and let S € L(F). Then

oe(S)= (] o(S+0).
CeC.(F)

We generalise the Definition 3.7 of [I]: this definition remains valid for any ultrametric

Banach spaces over a non-trivally complete ultrametric valued field K not only E,,.

Definition 1.7. Let S € L(F) and € > 0. The essential pseudospectrum of S is
Oee(S)=K\{AN€eK:S+ M-\ € &(F) forall M € L(F), | M| < e},

where ®o(F) is the set of each bounded Fredholm operators on F of indez 0.
We generalise the Theorem 3.8 of [I] as follows.
Theorem 1.3. Let S € L(F) and € > 0. Hence

Oec(S) = U 0e(S + M).
MeL(F):||M|<e

We have the following:

Theorem 1.4. Let F be an ultrametric Banach space over a spherically complete field K.

Let S € L(F) and ¢ > 0. Hence,

Oec(S) =0ec(S+K) foreach K € C.(F).
Proof. Let S € L(F) and € > 0, let A € 0¢(S5), hence for any C' € L(F) with ||C|| < ¢,
S+C— XM € ®(F)andind(S+C — ) =0.
From Lemma [1.2] for each K € C.(F) and C' € L(F) such that ||C|| < &, we have

S+C+ K — M € &F) and ind(S + C + K — AI) = 0. (1.2)
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By , we get
A 0ee(S+K).
Then

Oee(S+ K) Coee(9).

The opposite inclusion follows from symmetry. O

Remark 1.1. The Theorem showed that the essential pseudospectra of bounded linear
operators is invariant under perturbation of completely continuous linear operators on ultra-

metric Banach space over a spherically complete field K.

Theorem 1.5. Let F' be an ultrametric Banach space over a spherically complete field K

such that |F|| C |K|. Let S € L(F) and € > 0. Then

Oes(S) = m o:(S + K).
KeC.(F)

Proof. Let S € L(F) and € > 0, let A & m 0:(S + K), hence there exists K € C.(F)

KeC.(F)
such that A ¢ 0.(S+ K). By Theorem[L.1] we have A € p(S+ K +C), for all C € L(F) such

that ||C|| < e. We have

S+C+K—-X € ®(F)andind(S+C+ K — \) =0. (1.3)

By Lemma and Lemma we have

S+C— X € ®(F)and ind(S+ C — AI) =0. (1.4)
We get
A& e (S).
Then,
oee(S) S () oe(S+K). (1.5)
K€C.(F)

Conversely, if A € o .(S). Using Theorem we have for all C' € L(F') such that |C| < e,
A & 0e(S + C). By Theorem there is K € C.(F) with A & o(S + K + C), hence for all
C € L(F) such that ||C|| <&, A € p(S+ K + C). Hence

\e (1 PS+EK+0O) (1.6)
CeL(F):||C|<e
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From Theorem A & 0.(S + K). Consequently,

\ ¢ ﬂ (S + K).

KeC.(F

Thus

We generalise the Proposition 3.13 of [1] as follows.

Proposition 1.2. Let F' be an ultrametric Banach space over a spherically complete field K
such that |F|| C [K|. If S € L(F) and € > 0, then
(1) 0ee(S) C 0:(95).

(ii) For each €1 and eo with 0 < £1 < €2, 0c(S) C 0, (S) C ey ().
Similarly to the proof of Proposition 3.14 of [I], we have the following:

Proposition 1.3. Let F' be an ultrametric Banach space over a spherically complete field K

such that ||F|| C |K|. Let S € L(F) and € > 0. Hence
= ﬂ Oes(S)

Definition 1.8. [6] Let S € L(F) and € > 0, the condition pseudospectrum A-(S) of S is
_ 1
A(S) = o(S) U A €K (S = ADII(S = AD T > -},
with the convention ||(S — AI)||||(S — )| = oo if A € o(S).

We generalise the results of [14] as follows.

Definition 1.9. Let S € C(F), B € L(F') and € > 0. The pseudospectrum o.(S, B) of (S, B)
on F is defined by

0:(8,B) =0(S,BYU{N €K :|(S=AB)|| >}
The pseudoresolvent p.(S, B) of (S, B) is defined by

pe(S,B) = p(S, B)N{A e K:[|(S=AB) ! <e7'},
by convention ||(S — AB)~Y| = oo if X € (S, B).

Proposition 1.4. Let S € C(F), B € L(F) and € > 0, we get
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(i) o(S,B) = (] 0=(S. B).

e>0
(ii) For any &1 and 9 such that 0 < g1 < €9, (S, B) C 0,(S, B) C 0,(S, B).

Theorem 1.6. Let F' be an ultrametric Banach space over a spherically complete field K

such that ||F|| C |K|, let S € C(F),B € L(F) and € > 0. Hence

0.(S,B) = U es+cB).
CeL(F):||C|<e

The condition pseudospectra of operator pencils is defined as follows:

Definition 1.10. [§] Let F' be an ultrametric Banach space over K, let B,S € L(F) and

e > 0. The pseudospectrum o-(S, B) of the linear operator pencil (S,B) on F is
Ac(S,B) = a(S,B)U{A € K: (S = AB)[[[(S = AB)!|| > &1},
with the convention ||(S — AB)||||(S — AB)7Y|| = o if A € o(S, B).

Proposition 1.5. [8] Let B, S € L(F) and € > 0, we get

(i) o(S,B) = (] A=(S, B).
e>0
(ii) For any €1 and €2 such that 0 < g1 < €2, 0(5,B) C A, (S, B) C A, (S, B).

Theorem 1.7. [8] Let F' be an ultrametric Banach space over a spherically complete field K
such that ||F|| C |K|, let B,S € L(F) and € > 0. Hence,

A-(S,B) = U o(S +C,B).
CeL(F):||Cll<e||S=AB|

2. MAIN RESULTS

Let (Xi)1<i<n be a sequence of ultrametric Banach spaces over K. The space X = &I | X;

endowed by for all ¢ € {1,--- ,n}, z; € X, [|[r1 D x2® - By = {max }”sz is an
ie{l,,n

ultrametric Banach space over K [4]. One can see that if for each i € {1,--- ,n}, 4; € L(X)),
hence A=A; ® Aa®--- @ A, € L(X). We get the following definition.

Definition 2.1. Let A;,T; € L(X;). The spectrum o(A,T) of (A,T) is given by
0(A,T)={X e K:A— AT is not invertible in L(B}_,X;)},

where A = @ |A; and T = @}, T;. The resolvent set of (A, T) is

p(A,T)={NeK: (A=)t e L(@™,X;)}.

For ¢« = 2, we obtain the following proposition.
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Proposition 2.1. Let X, Y be two ultrametric Banach spaces over K. Let A, S € L(X),
B,T € L(Y). The spectrum of (A& B) —ANS&T) € LIX®Y) is given by

c(AeB,Se®T)=0(A,S)Uc(B,T).

Proof. f A€ 0(A@® B,S®T), hence (A® B) — A(S&T) is not invertible, then A — \S is not
invertible in £(X) or B — AT is not invertible in £(Y), consequently A € o(A,S)Uo(B,T).
Hence c(A® B,S®T) C 0(A,S)Uo(B,T). Similarly, we obtain that o(4,S)Uo(B,T) C
o(A® B,S & T). Consequently,

c(AeB,SeT)=0(A,S)Ua(B,T).

More generally, one can see that.

Proposition 2.2. Let A;, B; € L(X;). Set A= @} |A; and B = &}, B;, then

-

U(A, B) = J(AZ,BZ)

=1

and

-

p(A,B) = (| p(Asi, Bi).

=1

Now, we define the pseudospectra of the operator pencil (A, B) on @} ;X; where A =
" A, B=@®! B;and forallie {1,---,n}, A;, B; € L(X;), we have the following:

Definition 2.2. Let A;, B; € L(X;) and € > 0. The pseudospectrum o.(®}_, A;, ®I1B;) of
the bounded linear operator pencil (B}, A;, B B;i) on & | X; is given by
n
0-(A,B) = o(®"_ A;, @I B;) U {\ € ﬂ p(Ay, B)):  sup ||(A; —AB) Y| > 1Y,
where A = @7 | A; and B = &} B;.

n
Remark 2.1. It is easy to check that o (B}, Ai, &' 1B;) = U oe(Ai, By).
i=1

Proposition 2.3. Let (X;)i1<i<n be a sequence of ultrametric Banach spaces over K, let
A;,B; € L(X;) and e > 0. Set S =@ |A; and B = @} | B;, then
(i) 0(S,B) = () oc(&}y A, &1 Bi).

e>0
(ii) If 0 < €1 < 9, hence o(S, B) C 0,(S, B) C 0,(S5, B).
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Proof. (i) From Definition for each € > 0, o(S,B) C 0.(S, B), hence o(S,B) C
ﬂ 0:(S, B). Conversely, if A € ﬂ o:(S, B), since

e>0 e>0

()o=(5,B)=0(S,B)U[ |{\ € ﬂ (A, B;):  sup ||(Ai—AB) Y| >e 1}
e>0 e>0 16{17"'7”}

and ﬂ{)\ € ﬂ (A;, B) sup  ||(A; = AB;) 7| > e} = 0 because of for all i €
>0 z€{1,~~- n}
{1,---,n}, ( i — AB;)~! are bounded linear operators, hence we get a contradiction,

thus A € o(S, B).
(i) f0 < €1 < g2 and \ € 0., (S, B), consequently, sup [[(4;—AB;) 7| > ;! > &5,

i€{1,-,n}
hence A € 0., (S5, B).

Lemma 2.1. Let A;, B; € L(X;) and € > 0, hence

sup Al < sup Al
)‘EU(@;L:lAiv@?:lBi) )‘606(@?:1142‘7@?:131‘)

Proof. Set S = @' |A; and B = @} | B, since o(S5, B) C 0.(S5, B), we get

sup [A| < sup [l
Ao (S,B) Meoe(S,B)

Put ro (@], A, @ B;) = sup |A|, we have the following:
)\60’5(69?:1142‘,@?:131‘)

Lemma 2.2. Let A;, B; € L(X;) and € > 0, hence r- (@] 1 A;, &)1 B;) = sup r:(4;, By).
ZE{I,,TL}

n
Proof. By Remark o (®] 1 Ai, @1 By) = U 0:(A;, B;). It is easy to see that
i=1
re(®im14i, Bi) = sup re(4i, By).
i€{1, n}

We get the following examples.

Example 2.1. Let (Ax)1<k<n and (By)i<k<n be two linear operators defined on K2 by

Ae 0
A= |""

0 e



200 J. ETTAYB

and

ar 0
Bk = ‘ )
0 Bk
where A\, px € K, oy, B € K\{0} for each k € {1,--- ,n}. Then

n

A
(@k 1Ak’@k 1Bk U {OT]]:’%}

and

n A _ 1
0=( @ Ar, By Ar) = U{ G UK s [y~ 2B > )
— k<n

Example 2.2. Let F' be an ultrametric free Banach space over K with an orthogonal basis
(ém)men. Consider the linear operators (Ag)i<k<n and (By)i<k<n given by for all x € F' and
for each k € {1,--- ,n}, Arx = Mgz and Brx = ppx where A\, € K and p, € K\{0}. Put
A =®}_ A, and B = ®}_,By. One can see that

T
_kLJl{Mk}

and for all k € {1,--- ,n} and for each \ € p(Ay, By), ||[(Ax — ABg) || = m, then
oA B) = (2} UBCE, ),
S e ||

Consequently,
n

0-(A, B) = U{ ol BEE S,

2 ek k|

Definition 2.3. Let (X;)i<i<n be a sequence of ultrametric Banach spaces over K and let
Ai,B; € L(X;) and ¢ > 0. The condition pseudospectrum of the bounded linear operator
pencil (B 1 A;, ® 1 B;) on & X; is
A(S,B)=0(S,B)U{AeK: sup |[(4—ABj)l sup |[[(A4i—AB) ' >e},
i€{1,- n} i€{l,m

where S = &' | A; and B = @', B;. With the convention sup |[(A;i—AB;)| sup ||(Ai—
ie{l, n} ie{1, n}
AB) 7Y = o0 if A € o(@1 A, T, B;).

n
Remark 2.2. [t is easy to see that U A(Ai, B;) C A(Bj1 Ai, By Bi).
i=1

Proposition 2.4. Let A;, B; € L(X;) and € > 0, then

(1) o(®r, Ai, @1 Bi) = () Ac(S71 Ai, B, Bi).
e>0
(i) If0 < &1 < €9, then o(®]_ Ai, ®_ 1 Bi) C Aey (B Ai, B 1 B;) C A, (8], Ai, &7, By).
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Proof. Put S = ®}_A; and B = @}, B;.

(i) From Deﬁnition foreache > 0, o(S, B) C A.(S, B). Conversely, if A € ﬂ A (S, B)
e>0
and A € 0(S, B). Using lim  sup |[(4; —AB;)|| sup ||(4; —AB;) ™| = oo, we
e==04e{1,. n} i€{1, n}
get a contradiction.

(ii) If0 < &1 < egand X € A, (S, B), thus  sup |[(Ai=AB;)|| sup |[(4;—AB;) Y| >
ie{lv""n} ie{lv'“:n}
et > ey, then A € A, (81, A, @1 By).

O
We conclude the following:
Lemma 2.3. Let A;, B; € L(X;) and € > 0, hence
sup Al < sup Al
Neo (D1 A, D71 B;) AEA:(BI1 A, B, Byi)
Proof. Since (@' 1 A;, & B;) C Ac(®]_,Ai, &I 1 B;), then
sup Al < sup Al
Neo (D1 A, D71 Bi) AEA (DI A, B, By)
O

Now, we introduce a new definition of condition pseudospectra of the direct sum of the

operator pencil (@' A;, ' 1 B;) as follows.

Definition 2.4. Let (X;)i1<i<n be a sequence of ultrametric Banach spaces over K and let
A;,B; € L(X;) and € > 0. The condition pseudospectrum of the bounded linear operator
pencil (B A;, ® 1 B;) on &, X; is

NS, B)=o(S BUNER: ap (4= AB)]I(4 = AB) ! > <,
ie{l,n

where S = @} A; and B = ®]_ B;.

n
Remark 2.3. (i) It is easy to see that AL(®! | A;, I B;) = U AL(A;, B).
i=1
(ii) o (i, Ai, iy Bi) = ﬂ AL(® Ai, ©71 Bi).
e>0
(i) If0 < &1 < &9, then O'(@?:lAi, @?ZIBZ') C Alel( T A @?:131') C AISQ( T LA @?ZlBi).
(iv) For any e > 0, hence sup A < sup |
Aeo(@7_, Ay @7 B;) AEAL(S1L, Ai®i, Bi)
(v) The condition pseudospectrum AL(®I_,A;, ® B;) of the pencil (®F_A;, & | B;)

gives nice properties than A (®]_, A, &1 B;).
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We obtain the following examples.

Example 2.3. Let (Ag)i<k<n and (By)i<k<n be two linear operators defined on K2 by

and

where ag, € K, A\, € K\{0} for any k € {1,--- ,n}. Set A = @®}_, A, and B = ®}_, By, then

and
ap o _ 1
U{ k k}u{)\eK sup |Ar — ABy|| sup ||(Ax — ABy) Y| > =},
<k<n 1<k<n €

where for all k € {1,--- ,n}, ||Ax — ABg|| = max{|ag|, [A\|} and for each X € p(Ay, By),

|| AL

(A, — ABg,) || = max{ ,
[(AM)2 = o2|” [(Ag)? — aj

}.

We begin with the following:

Definition 2.5. [3] Let S,B € M, (K),e > 0, the e-determinant spectrum d.(S, B) of the

matriz pencil (S, B) is
d-(S,B) ={A € K: |det(S — AB)| < ¢e}.
We get the following:

Proposition 2.5. Let S, B € M, (K),e > 0, then
de,(S)Nd.,(B) C d-(S @ B),
where € = £1&9.
Proof. Let X € d.,(S) Ndey(B), thus X € d.,(S) and X € d.,(B), hence |det(S — )| < ¢;
and | det(B — AI)| < ey. Consequently,
|det(S® B —-AXI® 1)) = |det(S— A )det(B— A
= |det(S — \I)||det(B — AI)|

< g1€9,
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thus A € d.(S @ B) where € = g1€9, hence d., (S) Nd.,(B) C d.(S & B) where ¢ = ¢1e9. [J

Proposition 2.6. Let S, B € M, (K) and € > 0, hence

(i) For all 0 < g1 < g9, we have d., (S ® B) C d,(S & B),
(ii) For each p € K, do(u(I @ I),IdI)={ e K:|A—pu| < 5%},
(iii) If det(B) # 0 and for each pn € K, then d-(u(I & B),I @ B) = {A €e K: |A —p| <

1

(raeiy) > 1

Proof. (i) Forall 0 < g1 < eg,let A € d., (S®B), hence |det(SEB—-AIDI))| <e1 < ey,
thus A € d., (S @ B).
(ii) Let p € K hence |det(ul — AI)| = |A — p|™, then
d-(uIel),Iel) = {NeK:|det(uIeI)-AXIaI))| <e}
= DeK:|A—p<e}

= {DeK:|A—p| <em).

(iii) We have
de(uI®B),I®B) = {AeK:|det(u(I® B)—\I® B))| <e}
= {AeK:|det((p— NI)|[det((n — A)B)| < e}
= {AeK:|\— pu/*|det(B)| < ¢}

= AeK:A—p<( )an ).

| det(B)|

Example 2.4. If

a 0 c 0
S = ( )andB ( ) € M2(Qy),
0 b 0 d

where a,b,c,d € Qp,. Hence for any € > 0,
d:(S®B) = {AeQp:|det(SeB-AXIaI))| <ce}
= {AeQp:|det(S—A)||det(B — A))| <&}

= {AeQp:{la=AN)b=N)(c=N)(d—-N)| <e}
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Example 2.5. If

Hence for each € > 0,
d:(S®B) = {AeQp:|det(S&B-AXIaI))| <c}
= {A€Q,:|det(S — AD)||det(B — \I)| < ¢}

= {AeQp: M1 -N)2-XN)(1+)N)| <e}

We obtain the following proposition.

Proposition 2.7. Let Dy, Dy € L(Q}) be two diagonal operators with for eachi € {1, -

Die; = Nie; and Doe; = pie; with Ai, p; € Qp, N\j # Xiy1 and p; # 1. Hence
d=(D1 @ Da) ={A € Qp : [Ar = Al [An = A[JA = pua] -+ |A = pan| <€}
Proof. We have
foreachi € {1,--- ,n}, (D1 —Ne; = (A — Ne;
and
foreachi € {1,--- ,n}, (D2 —N)e; = (i — Ne,

where (ey)1<k<n is a basis of Q).

Thus |det(D1 —AI)| = |A1 =A< [A\— Al and |det(Dg — AI)| = |1 — A| - - - |en, — A|. Hence

for any € > 0,
d-(Dy @ Dy) = {A€Q,:|det(Dy @Dy~ NI@I))| <e}
= {Ae@Qp:|det(Dy — AI)det(Dy — AI)| < e}

= (A e@ A= Ml IA = Aalla = ALl — Al <€)

We have:

Definition 2.6. [3] Let S,B € M, (K),e > 0, the trace pseudospectrum Tr.(S,B) of the

matrixz pencil (S, B) is

Tr.(S,B) =0(S,B)U{A e K: |tr(S — AB)| < ¢e}.
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As the classical setting, we have.

Proposition 2.8. Let (A;)i<i<n € Mp(K), then the trace of the diagonal block matric

@A) Ztr

We conclude the following:
Proposition 2.9. Let (4;)i1<i<n € My(K) and e1,e9,--- ,e, > 0. Then
ﬂTTa ) C Tro(Bi, Ai),

where € = max &;.
1<i<n

Proof. It X\ € ﬂTTEi(Ai), then for each i € {1;--- ,n}, A € Tr.,(A;), hence for all ¢ €

=1
n

{1+ n}, A€ a(A) U{A € Kt |tr(4; — M) < &}, since A € [ o(4;) C | Jo(4A;) and

i=1 i=1
from Proposition we have
n
tr(@f, A = MNep D) = | D tr(A = AD))|
i=1
< max |tr(4; — )|
1<i<n
<  max g,
1<i<n

hence A € Tr. (@' {A;), where ¢ = max &;.
= 1<i<n

Theorem 2.1. Let S, B € My, (K) and e > 0. Hence

(i) If0<e1 <ey, Tre,(S®B) CTr., (S B),
(ii) For all € K and A is invertible and Tr(A) # 0, we get

g
Tr(B(A® A), A A) = {)\ eK:[A—f < !2tr(A)!}'

Proof. (i) Tt follows from Definition
(iii) If B, A € K, hence

[tr(B(A@® A) — MA@ A))| =|X—p||2tr(A)] < e.
Thus

Tr(B(Ae A), A A) = {)\ eK:[A— g < m}
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We finish with the following example.

1 2 2 5
Example 2.6. Lete > 0. If A= and B = € M3(Q2). Then
0 3 0 1

Tro(A® B) = ({1,3}U{L,2}) U{X € Q, : [T —4\| < e}
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