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CSI-¢+- RIEMANNIAN SUBMERSIONS FROM LORENTZIAN
PARA-KENMOTSU MANIFOLDS

SUSHIL KUMAR AND PUNIT KUMAR SINGH *

ABSTRACT. The purpose of this article is to examine the characteristics of Clairaut semi-
invariant-£+ (CSI-¢ in brief) Riemannian submersions from Lorentzian para-Kenmotsu man-
ifolds onto Riemannian manifolds and also enrich this geometrical analysis with specific
condition for a semi-invariant £-Riemannian submersion to be CSI-£*-Riemannian sub-
mersion. Furthermore, we discuss some results about these submersions and present a

consequent non-trivial example based on this study.
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1. INTRODUCTION

Let N; be a semi-Riemannian manifold endowed with a semi-Riemannian metric gy;,.
A Lorentzian manifold is a subclass of semi-Riemannian manifold. Since the Lorentzian
manifold has many applications in science and technology, especially in the theory of relativity
and cosmology, therefore it attracts many researchers to do the research in this area. The
different classes of Lorentzian manifolds have been studied in ([15], [16], [17], [25], [26]) and

by many others.
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The concept of Riemannian submersions is studied extensively together with starting the
study of Riemannian geometry. In fact, the theory of Riemannian submersion was initiated
by O’ Neill [27] in 1966, and it has been further studied by Gray [13], in 1967. Watson
[40] popularized the knowledge of Riemannian submersions considering almost Hermitian
manifolds in terms of almost Hermitian submersions. The Riemannian submersions play
a vital role not only in the differential geometry but also in science and technology. It is
noticed that the theory of Riemannian submersions are capable to handle many issues of
the singularity theory, Yang-Mills theory, quantum theory, Kaluza-Klein theory, relativity,
superstring theories, mechanics, modelling, robotics etc. (see, [4], [7], [6], [10], [11], [18],
[19], [20]). For more details, we cite the books ([12], [35]) and the references therein. The
Riemannian submersions motivate the researchers to define the semi-Riemannian submer-
sions and Lorentzian submersion [12], almost Hermitian submersions [40], almost contact
submersions [26], anti-invariant Riemannian submersions [34], semi-slant submersion [28],
conformal anti-invariant submersions ([21], [29]), conformal semi-invariant submersion [22],
conformal semi-slant submersions ([22], [30]), para-contact submersions [14], quasi bi-slant
submersion ([31], [32], [33]).

In 1972, Bishop [8] presented the hypothesis and conditions of a Clairaut submersion in
terms of a natural generalization of a surface of a revolution. Let c¢ is any geodesic defined
as c: 1 C R — M, ¢(s) is the angle between ¢(s) and the meridian curve through c(s),
s € I;. Under these conditions, the product rsin¢ is constant on the revolution surface M
along geodesic c. Hence, it is apart from s. Afterwards, this idea has been considered in
Lorentzian spaces, timelike and spacelike spaces ([24] [37], [38]).

In 1981, Allison [3] proposed Clairaut submersions in case the total manifold is Lorentzian.
In addition, it is discovered that Clairaut submersions are used for static spacetime appli-
cations. Furthermore, Clairaut submersions have been generalized in [5]. The concept of
anti-invariant Riemannian submersions was initiated by Lee [23] in 2013. On the other hand,
Sahin [36] introduced Clairaut Riemannian map and studied it’s geometric properties in 2017.

In 2017, Akyol, Sari and Aksoy [I] introduced the notion of semi-invariant £ —Riemannian
Submersions as well as semi-slant £ —Riemannian Submersions [2], as a generalization of anti
invariant ¢ —Riemannian Submersions and discussed the geometry of the total space and

the base space for the existence of such submersions.
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The above studies inspire us to introduce the notion of CSI-¢1-Riemannian submersions
from the Lorentzian para-Kenmotsu (a subclass of semi-Riemannian) manifolds to the Rie-
mannian manifolds and characterize its geometrical properties. Throughout the paper, we
denote the Lorentzian para-Kenmotsu manifold of dimension n by (Ni,gn,). It is noticed
that Akyol et al. [I] has been studied the properties of semi-invariant ¢+ —Riemannian Sub-
mersions from a class of Riemannian manifold (almost contact manifold) to a Riemannian
manifold but in this paper, we are going to characterize the properties of CSI-¢+- Riemann-
ian submersions from a class of semi-Riemannian manifold to a Riemannian manifold, which
is an extension of [IJ.

We exhibit our work as follows: Section 2 contains some basic results of Lorentzian para-
Kenmotsu manifold, a non-trivial example of Lorentzian para-Kenmotsu manifold. In Sec-
tion 3, we give the basic definitions related to semi-invariant £+ — Riemannian Submersions
and well-known Lemma. In section 4, we define CSI-(é*- Riemannian submersions from
the Lorentzian para-Kenmotsu manifolds and discuss some geometrical properties of such
submersions. The last section is concerned with a non-trivial example of Lorentzian para-

Kenmotsu manifold with CSI-£1- Riemannian submersion.

2. LORENTZIAN PARA-KENMOTSU MANIFOLDS

Let N1 be an n—dimensional Lorentzian metric manifold if it is endowed with a structure
(6,€,m, 9N, ), where ¢ is a (1,1) tensor field, £ is a vector field, 7 is a 1—form on N; and gn;,

is a Lorentzian metric satisfying:

P*=I+n®&pol=0,m0¢=0, (2.1)
IN, (W1, oWa) = gn, (W, Wa) + n(W1)n(Wa), gn, (6W1, W2) = gn, (W1, ¢Wa),  (2.2)

77(5) =—-1l,9m5 (W27 5) - n(WQ)? (23)

for any vector field Wi, W5 on Ny, then it is called Lorentzian almost para-contact manifold.

In the Lorentzian almost para-contact manifold following relations hold:
O(W1, W) = &(Wo, W1) = gn, (W1, Wa), (2.4)

where ® is symmetric (0,2) tensor field and vector fields W; and Ws on Nj.

If £ is a killing vector field, the para-contact structure is called K —para contact.
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A Lorentzian almost para-contact manifold N is called Lorentzian para-Kenmotsu man-
ifold [9] if
(Vw, 9)Wa = —gn, (9W1, W2)§ — n(Wa)opWh, (2.5)
for any vector field Wy, Wy on Nj.

In the Lorentzian para-Kenmotsu manifold, we have
V€ = —Wa — n(W2)¢, (2.6)

(V)W = —gn, (Wi, Wa) = n(W1)n(Wa), (2.7)
where V denotes the operation of covariant differentiation (Levi-Civita connection) with

respect to the Lorentzian metric gp;,.

In a Lorentzian para Kenmotsu manifold, it is clear that
rank¢ =n — 1.

Example 2.1. [39] We consider (2n+1) dimensional manifold R*"*' = {(z', 2%, ..., 2", y',
vh oyt z) = (249, 2) € R (2t gtz € Ryi = 1,2,....,n)}. Consider R**! with the
following structure:

$(Xi) = Y3, o(Yi) = X3, ¢(§) = 0,

which are linearly independent at each point of Nyi. Let gn, is Lorentzian metric defined by
n
gn, = —(n@n) + €22 Z(d:ci ® dz' + dy' @ dy),
i=1
¢*X = X +n(X)¢, g, (X, €) = n(X),
for all vector fields X on R?"t1.
Then, (R*™* ¢ € n,gn,) is a Lorentzian para-Kenmotsu manifold. The vector fields
X, = e_Z%, Y, = e_Za‘Zi and £ = % form a ¢—basis for Lorentzian para-Kenmotsu mani-
fold R*™*1, where i =1,2,.....,n.

3. SEMI-INVARIANT ¢+ — RIEMANNIAN SUBMERSIONS

An essential background of Riemannian submersions (F' : N; — Nz) and definition of
semi-invariant £ — Riemannian submersions are given at this section. It is well-known that

the fundamental tensors 7 and A, define by O’Neill’s [27] by
-AZl Ul = HVHZ1VU1 + VVHZlHUb (38)

'TZI Uy =HVyz, VUL + VVyz, HU; (3.9)
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for any vector fields Z;,U; on Ni, where V is the Levi-Civita connection of gy, .

From equations (3.8)) and (3.9)), we have

Ny, Zs = Ty, Zs + VVy, Zs, (3.10)
Vy, Ui = Ty, Us + HVy, Uy, (3.11)
Vo Yi = Au, Y1 + VYV, Y4, (3.12)
Vi, Wa = HVy, Wa + Ay, Wa (3.13)

for all Y1, Zy € T'(ker F}.) and Uy, Ws € T'(ker F,,)*, where HVy,U; = Ay, Y1, if Uj is basic.
It is easy to notice that A performs on the horizontal distribution and estimates the inter-
ference to the integrability of this distribution and 7 performs on the fibers as the second
fundamental form. .

Here F' between two Riemannian manifolds called totally geodesic if
(VF,)(Up,Ws) =0, for all Uy, Wy € T'(T'Ny) (3.14)
and F' is called totally umbilical if [6]
Ty Y2 = gn,y (Y1, Y2)H (3.15)

for all Y7,Y;5 € I'(ker Fy), where H represents the mean curvature vector field of fibers.

The the second fundamental form of F' is given by
(VE) (W1, Wa) = Viy, Fu(Wa) — Fu (Vi W) (3.16)

for vector field Wi, Wy € T(T'Ny), where VI denotes the pullback connection [6] and it is

easy to see that the second fundamental form is symmetric.

Lemma 3.1. [6] Let (N1, gn,) and (N2, gn,) are two Riemannian manifolds. If F': Ny — Na
Riemannian submersion between Riemannian manifolds, then for any horizontal vector fields

Y1, Yo and vertical vector fields Z1, Zs, we have

(a) (VF.)(Y1,Y2) =0,
(b) (VE)(Z1,Za) = =Fu(Tz, Z2) = —Fu(V}! Z2),
(¢) (VF)(V1,Z1) = —Fu(V{! Z1) = —Fu(Ay, Z1).
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Definition 3.1. [35] Let (Ni,gn,) be an almost Hermitian manifold and (Na,gn,) be a
Riemannian manifold. Then we say that F' is a semi-invariant Riemannian submersion if

there 1s a distribution D1 C ker F, such that
ker F, = Dy @ D, J(Dy) = D1, J(D3) C (ker F,)*.

We can write
(ker F\)* = J(Dy) @ p,

where,  is an invariant subbundle of (ker F})*.

Definition 3.2. [23] Let F': (N1,¢,&,1,9n,) — (N2,9n,) be a Riemannian submersion in
such a manner that & is normal to (ker Fy) and (ker Fy) is anti-invariant with respect to ¢.

Then F is called an anti-invariant £+-Riemannian submersion.

Definition 3.3. [I] Let F': (N1, ¢,&,1,9n,) — (N2, gn,) be a Riemannian submersion from
an almost para-contact metric manifold onto a Riemannian manifold. F is called a semi-

invariant £+ -Riemannian submersion if Dy C (ker Fy) is such that
(ker F,) = Dy @ Dy, $(D1) = Dy, ¢(Ds3) C (ker F,)*.

4. CSI-¢+-RIEMANNIAN SUBMERSIONS FROM A LORENTZIAN PARA-KENMOTSU

MANIFOLDS

In this section, we define and study CSI-¢+-Riemannian submersion from Lorentzian para-
Kenmotsu manifolds onto a Riemannian manifolds.
In the theory of Riemannian submersions, Bishop [§] defines the notion of Clairaut sub-

mersion:

Definition 4.1. Let a is any geodesic on Ny, r is a positive function on N1 and 0(t) is
the angle between & and the horizontal space at a(t) for any t. If the function (r o a)sin@
is constant on Ny, then a Riemannian submersion F' : (Ni,g9n,) — (N2,gn,) is called a

Clairaut submersion.

Theorem 4.1. [§] Let F': (N1,gn,) — (N2, 9n,) be a Riemannian submersion with connected
fibers. Then, F is a Clairaut Riemannian submersion with r = ef if each fiber is totally
umbilical and has the mean curvature vector field H = —V f is the gradient of the function

f with respect to gn, .
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Definition 4.2. A semi-invariant &*--Riemannian submersion F from a Lorentzian para-
Kenmotsu manifold (N1, ¢, €,m,gn,) onto a Riemannian manifold (Na, gn,) is called Csi-£+-
Riemannian submersion if it satisfies the condition of Clairaut Riemannian submersion i.e.,
if each fiber is totally umbilical with mean curvature vector field H = —V f with respect to

gn,, then F is a Clairaut Riemannian submersion with r = e/.

Now, using definition (4.1), we have
(ker F,) = Dy @ Dy, $(Dy) = Dy, ¢(Ds) C (ker F,)*.
Thus for any Vi € (ker Fy), we put
Vi =PVi+QVi, (4.17)

where PV} € I'(Dy) and QV; € T'(Da).
In addition, for Y] € (ker Fy), we get

oY1 = YY1 + wYr, (418)

where ¢Y; € I'(D;) and wY; € I'(¢pD2).

I'(ker F})* is decomposed as
D(ker )" = ¢(D2) @ p.

Here p is invariant and contains £.

Also for X5 € I'(ker F,)*, we have
¢ X9 = BXy + CXo, (419)

where BXs € I'(D2) and C X, € T'(p).

Lemma 4.1. Let F be a semi-invariant £&--Riemannian submersion from a Lorentzian para-

Kenmotsu manifold (N1, $,&,m,gn,) onto a Riemannian manifold (N2, gn,). Then, we get

VVYll/)Zl + 73/1(,021 = BTYI Z1 + l/JVVyl Z1, (4.20)
TY1¢Zl -+ HVy1w21 + gnN, (le, Zl)f = CTYI Zl + WVVY1Z1, (4.21)
VVVlel + .Avlcwl + 77(W1)BV1 = BHVV1W1 + ¢AV1 Wi, (4.22)

Ay, BW1 + HVy, CW; + n(Wy)CVy + gN, (CV1, W)€ = CHVy, Wi + wAy, Wi, (4.23)
VVy, BVi + Ty, CVi +n(V1)pY1 = Ty, Vi + BHVy, V1, (4.24)

Ty, BVi + HVy,CV; + U(Vl)wyl + gn, (le, Vl)f =wTy,Vi + CHVy, V1, (4.25)
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VVVI YY1 + .Avlel = B.AV1 Y; + ¢VVV1Y1, (426)
Ay Y1 + HV v, wYi + gny (BVL, Y1)E = CARY; + wVV, i, (4.27)

where Y1, 7y € T'(ker F,) and V;, Wy € T'(ker F,)*.

Proof. Using equations (2.5)), (3.10))-(3.13)), (4.18) and (4.19), we get Lemma 4.1.

Lemma 4.2. Let F be a semi-invariant £--Riemannian submersion from a Lorentzian para-
Kenmotsu manifold (N1, ¢,&,m, gn,) onto a Riemannian manifold (N2, gn,). Ifa: Is C R —
Ny is a regular curve and Z,(t) and Uy(t) are the vertical and horizontal components of the
tangent vector field & = E of a(t), respectively, then « is a geodesic if and only if along a

the following equations hold:
VYV 02y + VV  BUL + (Tz, + Av, )wZi + (Tz, + Au, )CUL +n(Ur) (W Z1 + BZy) =0,
Hvdwzl—FHdeUl—i-(El"i‘AUl)1/121+(7-Zl + Ay, ) BU1+gn, (¢, @)é+n(Uy ) (wZ1+CZy) = 0.

Proof. Let o : I — Nj is aregular curve on Ny and «(t) is the tangent vector field. If

Z1(t) and U, (t) are the vertical and horizontal parts of the tangent vector field, respectively.
Then &(t) = Z1(t) + Uy (t). From equations (2.5)), (3.10)-(3.13)), (4.18) and (4.19)), we get

OV .
= Vaoa — (Vad)a,
= VptZ1 +VgwZy +Vz BU + V7, CU + V¢ Z + Vy,wZy +

Vi, BU1 + Vi, CUL + gn, (¢, )& +n(Ur) (0 Z1 + BZy) + n(Uy)(wZy + CZy),
= Tz¥Z1 + V2 0Z1 + TzwZi + HV zywZ1 + Tz, BU1 + VV 2, BU +

Ty CUL +HY 2,CUL + Ay b Zy + VN1, 021 + HV pwZy + Av,wZy +

Ap, BU + VWi, BUL + HV 1, CUL + Ay, CUy + g, (66, )€ +

n(Uh)(vZ1 + BZ1) +n(Z2)(wZ1 + CZy).

Taking the vertical and horizontal components in above equation, we have

quvdd = Vvd¢Zl + VVdBUl + ('TZ1 + -AUl )le + (7-21 + .AUl)CUl + U(Ul)(¢Z1 + BZl),

HOV ;v
= HV,wZi +HV,CUi + (Tz, + Av, W21 + (T, + Av,)BU:L +

gN, (qbd, Oz)é + n(Ul)(le + CZl),
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Hence, « is a geodesic on N if and only if V¢V & and HpV & both are vanish, which

gives our result.

Theorem 4.2. Let F be a semi-invariant £--Riemannian submersion from a Lorentzian
para-Kenmotsu manifold (N1, ¢,&,m, gn,) onto a Riemannian manifold (N2, gn,). Then F is
a Csi-&+-Riemannian submersion with r = el if and only if
(g, (V f, Z1) = n(Z0)DIVall?
= —gny(VVBZ1, V1) — gn, (HV,CZ1,wVh) — gn ((Tv + Az, )CZ1, 9 V1) —
9N, ((TV1 + Azl)BZthl)

where o : Io — Ny is a geodesic on N1 and V1,21 are vertical and horizontal components of

a(t).

Proof. Let a : Iy — Np be a geodesic on Ny with Vi(t) = Va(t) and Z1(t) = Ha(t).
Let 6(t) denote the angle in [0, 7] between (t) and Zi(t). Assuming v = ||a(t)||? then we

get,

gn, (Vi(t), Vi (1)) = vsin® 0(t), (4.28)
gn, (Z1(t), Z1(t)) = vcos? O(t). (4.29)

Now, differentiating (4.28)), we get

d . do
&gNl(Vl(t), Vi(t)) = 2v cos6(t) sin H(t)a.
Using equation (2.2)), we get
. de
N, (OV 3 V1, 0V1) = vcosB(t) sin G(t)a. (4.30)

Now, using equation ([2.5)), we get

VoW1 = ¢V Vi + g (0a, S,

gn, (sta‘/lv d)Vl)
= 4gN; (vad)‘/la ¢V1)a
= gy (VV VL9V + gy (Y (wVi, Vi) + gny ((Azy + T )Y Vi, wVa) +

gn, ((AZ1 + Tvl)w‘/l) 7!)‘/1)
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Using Lemma 4.2 in above equation, we get

gn, (V5 Vi, 001) (4.31)
= —gnv(VV4BZ1,9V1) — gn, (HV,CZ1,wV7) —
gN1((TV1 + AZ1)02171/}V1) - gNl((TVI + AZl)BZhWVl) -

W(Zl)g]\ﬁ (V17 Vi)
From equations (4.30) and (4.31)), we have
df
vecosO(t)sinf(t)— (4.32)

dt
= —9m (VvaBZIa ¢V1) —gN, (HVdC’Zl,le) —

gN1((TV1 + AZ1)CZI>¢V1) - gN1((TV1 + -AZl)BZIaWVI) -

U(Zl)gl\h (V17 Vl)

Moreover, F is a Csi-¢é-Riemannian submersion with r = ef if and only if

d
—(e’°*sinf) =0

dt
de d,
e°%(cos HE + sin Gd—J;) =0.
(4.33)
Multiplying with non-zero factor v sinf on both sides, we have
d d
—v cos@sin@a = ovsin® Gd—J;,
de d
Ucosﬁsinea = —gNl(Vl,Vl)d—J;,
. do . 9
UCOS@S]H@E = —gn,(Vf,a)|IV1]|7,
. db 9
vcosﬂsmea = —gn, (Vf, Z1)|IVA]|*. (4.34)

Thus, from equations (4.32) and (4.34]), we have

(9m (V £, Z1) = n(Z0)) [l ?
gn, (VvdBZhwvl) + 9N (Hvdczlﬂwvl) + gN1((TV1 + AZI)0217 ¢V1) +

gn, ((Tvy + Az, )BZ1,wVh).

Hence the theorem 4.2 is proved.
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Corollary 4.1. Let F be a semi-invariant £--Riemannian submersion from a Lorentzian
para-Kenmotsu manifold (N1, ¢,&,n,9n,) onto a Riemannian manifold (N2, gn,). Then, we

get

g (Vf,€) = -1

Theorem 4.3. Let F be a Csi-¢*--Riemannian submersion from a Lorentzian para-Kenmotsu

manifold (N1, $,&,1m,gn,) onto a Riemannian manifold (No, gn,) with r = ef. Then, we get
Apri oY1 = Y1(f)V (4.35)

for Y1 € (1) and Vi € T'(Da), such that ¢Y1 is basic.

Proof. Let F be Csi-¢'-Riemannian submersion from a Lorentzian para-Kenmotsu
manifold onto a Riemannian manifold. For X, Xe € I'(Ds), using equation (3.15) and

Theorem 4.1, we get

Tx, X2 = —gn, (X1, X2)gradf. (4.36)
Now, we take inner product with ¢V; in equation (4.36|),
gn, (TX1X2> ?Z)VI) =—9m (Xla X2)9N1 (gradf, ¢V1)7 (4'37)

for all V; € F(Dg).
From equations ([2.2)) and (2.5)), we obtain

9N, (VXI $ X2, Vl) = —9n (Xl’ X2)gN1 (gradf, val)

Here V is metric connection, so we can use equations (3.15)) and (4.37)) in above equation

and get
gny (X1, Vi)gn, (gradf, 9 X2) = —gn, (X1, X2)gn, (gradf, ¢V1). (4.38)

Now, we take V7 = X5 and obtain the following equatin by interchanging the role of X3
and Xo,

gn, (X2, Xo)gn, (gradf, X1) = gn, (X1, X2)gn, (gradf, $ Xz). (4.39)

Using equation (4.39) with V; = X3 in (4.38)), we have

(gn, (X1, X2))?

g, (gradf, o Xy). (4.40)
[ X0 Pl Xl 7

gn (gradf, ¢ X1) =

If gradf € T'(¢(D2)), then equation (4.40) and the condition of equality in the Schwarz

inequality implies that either f is constant on ¢(D2) or the fibers are one dimensional.
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On the other hand, using equation ({2.5)), we get

9N (VY x, V1, 0Y1) = gn, (Vx, 6V1, 9Y1)
for Y1 € I'(p) and Y7 # . Now, using equation (2.2)), we obtain
gn, (Vx,6V1, 0Y1) = gn, (Vx, V1, Y1),
Using equations and in above equation, we get
9N (Vx, 01, 0Y1) = —gn, (X1, Vi)gn, (grad f, Y1).
Since ¢Y1 is basic and using the fact that HV x, V1 = Ay, X1, we get
g (Vx, 0V1, 0Y1) = —gn, (X1, Vi)gn, (gradf, Y1),
gn (A X1,0Y1) = —gn, (X1, Vi)gn, (gradf, Y1),
gn (Apvi 0Y1, X1) = gn, (X1, Vi)gn, (grad f, Y1)
gn, (Agvi oY1, X1) = gn (X1, Vi)gw, (Vf, Y1), (4.41)

Since Ay, @Y1 and V; are vertical and V f is horizontal, we obtain equation (4.35]).

Theorem 4.4. Let F be a Csi-¢*-Riemannian submersion from a Lorentzian para-Kenmotsu
manifold (N1, ¢,&,m, gn, ) onto a Riemannian manifold (Na, gn,) with r = e/ and dim(Dy) >
1. Then, for all Yy € T'(D3) and Vi € T'(ker F,)*,

Vi Fu(6Y1) = Vi (/) Fu(612).

Proof. Let F be a Csi-¢+-Riemannian submersion from a Lorentzian para-Kenmotsu
manifold onto a Riemannian manifold. Since each fiber is totally umbilical with mean cur-

vature vector field H = —gradf, then from theorem (4.1), we have
—gn (Vi V1, Y2) = gn, (Vy, Y2, V1),
—9n (VyiV1,Y2) = —gn, (Y1, Ya)gn, (gradf, V1),

for all Y1,Ys € I'(D2) and V; € T'(ker F,)*.
Using equations (2.2)),(2.5) and (3.15)) in above equation, we get

9N, (VV1 ¢Y17 ¢Y2) =9n (stia CZ)}/Z)gNl (gradf, Vl) (442)

Since F' is the semi-invariant Riemannian submersion and using equation (4.42)), we have

IN (B (Vv Y1), Fi(0Y2)) = g, (Fi(0Y1), Fi(0Y2)) g, (gradf, Vi). (4.43)
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From (3.16)) in , we obtain
F
IN> (vvlF*(¢Y1)7 F*((Z)Y?)) = 9N, (F*(Qﬁ}/l)? F*(¢}/2))9N1 (gradf, Vi)v (4'44)
F
which implies Vy; Fi(¢Y1) = Vi(f)Fi(¢Y1), for all Y1 € T'(Ds) and Vi € T'(ker F,)*, hence

the proof.

Theorem 4.5. Let F be a Csi-¢--Riemannian submersion with r = e/ from a Lorentzian
para-Kenmotsu manifold (N1, ¢,€,1,gn,) onto a Riemannian manifold (N2, gn,). If T is not
equal to zero identically, then the invariant distribution Dy cannot defined a totally geodesic

foliation on N7.

Proof. For W1, Wy € I'(Dy) and X; € I'(D3), using equations ([2.2)), (2.5)), (3.11)) and
BI3), we get

gn, (Vi Wo, X1) = gn, (Vw,oWa, 0X1),
= gn, (Tw,oWa, 0.X1),

= —9gn (Wl, ¢W2)gN1 (gT’adf, ¢X1)

Thus, the assertion can be seen from above equation and the fact that gradf € ¢(Ds).

Theorem 4.6. Let F be a Csi-¢--Riemannian submersion with r = ef from a Lorentzian
para-Kenmotsu manifold (N1, ¢,€,1m, gn,) onto a Riemannian manifold (N, gn,) with r = e”.

Then, D is not totally geodesic foliation on Ny.
Proof. For Z1, 7, € T'(Ds) and ¢ € I'(ker )", using (2.6)), we get

9Ny (V2. 29,8) = —gni (V2. Z2) = gny (21, Z2) # 0.

Hence D- is not totally geodesic foliation on Vj.

Using Theorems (4.5) and (4.6), one can give the following Theorem.

Theorem 4.7. Let F be a Csi-¢--Riemannian submersion with r = e/ from a Lorentzian
para-Kenmotsu manifold (N1, ¢,&,n, gn, ) onto a Riemannian manifold (N, gn, ) withr = el .

Then, (ker ) is not totally geodesic foliation on Nj.

Theorem 4.8. Let F be a Csi-¢*--Riemannian submersion with v = e/ from a Lorentzian
para-Kenmotsu manifold (N1, $,&,m,gn,) onto a Riemannian manifold (Na, gn,). Then, the

anti-invariant distribution Do one-dimensional.
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Proof. Since F is a Clairaut proper semi-invariant submersion, then either dim(Dy) =

1 or dim(D3) > 1. If dim(D3) > 1, then we can choose Z1, Zs € I'(D3) such that {Z1, Z»} is

orthonormal. From equations (2.5)), (3.10), (4.18) and (4.19)), we get

Tz,0Z2 + HN 2,022 = Nz ¢Zs,

T2,0Z2 + HN 2,020 = BTz Zo+ CTz Zo +YVV 2,25 + wVV 2, Z5.
Now, we take inner product with Z; in above equation and obtain
Ny (T2, 022, Z1) = gny (BT 2,22, Z1) + 9N, (WVN 2, 22, Z1).
From equation , and , we have

9Ny (T2, 21,0 22) = —gny (T2,0Z2, Z1) = —gn, (gradf, 9Z2) = gy, (Tz, Z2, $Z1).

From above equation, we obtain

gn (gradf, ¢Zy) =
gy (gradf,¢Zz) =

gn, (gradf, ¢ZQ) -

So, we get

gn, (7-21227 ¢Zl)7

9N, (21, Z2)gny (gradf, ¢ Zy),

0.

gradf L ¢(Da).

Therefore, the dimension of Dy must be one.

5. EXAMPLE

Let N7 be a 5-dimensional space given by the following;:

R® = {(z1, 22,1, 9, 2) € R’|(21,22,y1,92) # (0,0,0,0) and z # 0}.

(4.45)

(4.46)

Let 1 be a 1-form defined by 1 = dz. The vector field £ is given by % and its Lorentzian

metric gy, and tensor field ¢ are given by

N, = €2Z(d$1)2 + 622(d$2)2 + eQz(dyl)Q + eQz(dy2)2 _ (dZ)Q,

0
0

01
0 0
0 0
10
0 0

0
1

o o O

0
0
0
0
0




128 S. KUMAR AND P. K. SINGH

This gives a Lorentzian para-Kenmotsu structure (¢,&,n, gn,) on Nj.

: : . _ -z 0 _ -z 0 _ ,—z 0 _
A ¢-basis for this structure can be given by {e; = e ZE)T:p es = e 287:2’ ez =e Za—yl, eq4 =

—z 0 _ ¢ _ 0
920 = &= gz )

e
Let No be {(u1,u2) € R*lus = 2z # 0}. We choose the Riemannian metric gy, =
e?*(duy)? + (duz)? on No.

Now, we define the map F': (N1, ¢,&,m,9n,) — (N2, gn,) by the following:

T2 + Y2
F(x1,22,91,92,2) = ( 7 ,2).

By direct calculations, we have

ker F, = span{X; =e1,Xo = (e2 —e4), X3 =e3},
Dy = span{X; =e1,X3=-e3}, Dy = span{Xa = (e2 — e4)},

(kerF*)L = span{Vi = (ex + e4),Vo =& =e5}.

After some computations, we find that

0
F*(‘/l) = \/567'237“/17
0

gNl(Vi7 V]) = gN, (F*V;, F*V])

(5.47)

for all V;,V; € T'(ker F.)*,i,j = 1,2. Thus F is semi-invariant {*-Riemannian submersion.
Now, we will obtain smooth function f on R which satisfy the condition Tx X = ¢1(X, X)Vf,
for all X € I'(ker ).

Using the given Kenmotsu structure, we find

le1,e1] = [e2,e2] = [e3, €3] = [eq, e4] = [e5,e5] =0, (5.48)
[617 62] — 07 [617 63] — 07 [61a 64} — 05 [61? 65] = €1,
lea,e3] = 0,[ez,eq] =0, ez, e5] = e2,[es,eq] =0,

les,e5] = e3,[eq, e5) = ey,
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The Levi-Civita connection V of the metric gy, is given by the Koszul’'s formula which is
29N, (Vx Z, W) (5.49)
= XgNl(Z? W) + ZgN1(W>X) - ng\h(Xv Z) +gN1([X7 ZL W) -

gN1([Z7 WLX) +9N1([W7X]7Z)'

Using (5.48) and (5.49), we get

Veer = Veea =Vee3=Veeq = (‘98,2’ (5.50)
Ve ea = Veez3=Vees=Vee1 =Ve,e3 =Ve,eq =0,
Vese1 = Vesea =Vees =Vee1 =V, e0 =Vee3 =0.
Therefore
Vx, X1 = Ve = Q,VXQXQ = Ve,—es62 — €4 = 22 (5.51)
0z 0z
Vx, X3 = Veez= %,Vxng =0,Vx,X3=0,
Vx, X5 = 0,Vx, X1 =0,Vx, X1 =0,Vx, X5 =0.
Now, we have
TxX = Thxi 20X+ 25X A1 X1 + A2 X2 + A3 X3, A1, A2, Az € R.
TxX = MNTx, X1+ NTx, Xo + M Tx, X3 + (5.52)
AMATx, Xo + M AsTx, X3 + AaAsTx, X3 +
AMATx, X1 + M AsTx, X1 + A3 Tx, Xo.
Using , we obtain
ToXi = o TaXp=20 T Xs= o (5.53)

Tx, X2 = 0,Tx,X3=0,Tx,X3=0,Tx,X1 =0,

TXgXl = 07TX3X2 =0.

Next, using (5.52) and (5.53]), we get

0
TxX = (A +2X3+ 23 + /\3)&.
Since X = M X7 + X Xo + A3X3, so gN, ()\1X1 4+ XoXo + A3 X3, M X7 + A Xo + )\3X3) =

A2 4+ 2\3 + A2, For any smooth function f on R?, Vf with respect to the metric gy, is given
1 2 3 y 1
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sze—QZﬁi_Fe—Qzaif a _’_G—QZﬂi_f_e—Qzﬁi_'_ of 8

ox1 Ox1 Oz Oxo Jy1 0y1 Oy2 Y2 0z 0z "

Therefore, Vf = % for the function f = z. Now, we can see that TxX = gn, (X, X)Vf and

by Theorem (4.1), it is clear that F is a CSI-¢--Riemannian submersions.
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