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ABSTRACT. In this paper, our main objective is to study the notion of Clairaut semi-
invariant submersions (C'SI— submersions, in short) from Cosymplectic manifolds onto
Riemannian manifolds. We investigate some fundamental results pertaining to the geome-
try of such submersions. We also obtain totally geodesicness conditions for the distributions.
Moreover, we provide a non-trivial example of such Riemannian submersion.
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1. INTRODUCTION

Firstly, O’ Neill [16] and Gray [9] separately studied the concept of Riemannian submer-
sions between Riemannian manifolds in the 1960s. Using the notion of Riemannian submer-
sions between almost complex manifolds, Watson [34] studied almost Hermitian submersions.
Further, the concept of anti-invariant submersion was first defined by Sahin [23] from almost
Hermitian manifolds onto Riemannian manifolds. Later, he introduced semi-invariant sub-
mersion [25] from almost Hermitian manifolds onto Riemannian manifolds as a generalization
of holomorphic submersions and anti-invariant submersion. Further, different kinds of Rie-
mannian submersions on different structures have been studied, such as: slant submersions
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[24], semi-slant submersions [17], conformal semi-slant submersion ([12],[20]), hemi-slant Rie-
mannian submersions [31], conformal hemi-slant submersion [11], quasi-bi-slant submersions
[18] (see also [13], [19], [21], [26], [28], [29]) etc.

Presently, the Riemannian submersions have abundant applications in pure mathematics
and physics, for example, Kaluza-Klein theory [7], Yang-Mills theory []], Supergravity and
superstring theories [I0] etc. C. Altafini [2] commenced using the notion of Riemannian
submersions for the modeling and control of redundant robotic chain and proved that Rie-
mannian submersion gives a close relationship between inverse kinematic in robotics and the
pull back vectors.

In the theory of surfaces created by rotating the curves, we note that, for any geodesic
clc: I € R — Nj on Np) on the rotating surface N, the product rsin® is constant
along geodesic ¢, where ©(s) is the angle between ¢(s) and the meridian curve through c(s),
s € I, called Clairaut’s theorem [5]. It means that it is independent of s. In 1972, Bishop [5]
applied this idea to the Riemannian submersions and introduced the concept of Clairaut sub-
mersion. Afterwards, Clairaut submersions have been studied in Spacelike spaces, Timelike
and Lorentzian spaces ([15], [32], [33]) and its applications in Static spacetimes [I]. Later on
this notion has been generalized in [3] and [I5]. Kumar et al., in [14], introduce the notion
of Clairaut semi-invariant Riemannian map and Gupta and Singh in [22] initiate the notion
of Clairaut semi-invariant submersion from Ké&hler manifold and investigate some interesting
geometric properties of these submersions.

In the present paper, our focus is on investigating the notion of the C'ST—submersions
from Cosymplectic manifolds onto Riemannian manifolds. The paper is organized as fol-
lows: In the second section, we gather main notions and formulae for other sections. In the
third section, we give the definition of the C'ST—submersions from Cosymplectic manifolds
onto Riemannian manifolds. We investigate differential geometric properties of such submer-
sions. In the last section, we illustrate a non-trivial example of the C'ST—submersions from

Cosymplectic manifolds onto Riemannian manifolds.

2. PRELIMINARIES

A (2n + 1)-dimensional smooth manifold N is said to have an almost contact structure

[26] if there exist on N7, a tensor field ¢ of type (1, 1), a vector field £ and 1-form 7 such that
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91(8,6) =n() = 1. (2.2)

If there exists a Riemannian metric g; on an almost contact manifold N7 satisfying:

G1(dZ1,9Z2) = g1(Z1, Z2) — n(Z1)n(Z2), (2.3)
91(Z1,022) = —q1(¢Z1, Z2),
91(Z1,§) = n(Z1), (2.4)

where 71, Z5 are any vector fields on AV;. Then N is called almost contact metric manifold
[6] with almost contact structure (¢,&,n) and is represented by (N1, ¢, &, 1, g1).

An almost contact structure (¢, &, n) is said to be normal if the almost complex structure
J on the product manifold N7 x R is given by

N, F ) = (67~ Fen() 5),

= (2.5)

where J2 = —I and F is a differentiable function on A; x R that has no torsion, i.e., J is
integrable. The form for normality in terms of ¢, £ and 7 is given by [¢, @] + 2dn ® & = 0 on
N1, where [, ¢] is the Nijenhuis tensor of ¢ . Further, the fundamental 2-form ® is defined
by ®(Z1, Z2) = 91(Z1, $Z3).

A manifold N7 with the structure (¢, &, 7, g1) is said to be Cosymplectic [26] if

(V2,0)Z2 =0 (2.6)

for any vector fields Zy, Zs on Ni, where V stands for the Riemannian connection of the

metric g; on M. For a Cosymplectic manifold, we have
V€ =0 (2.7)

for any vector field Z; on M.
O’Neill’s tensors [16] 7 and A are given by

Ax, Xo = HVyx, VX2 + VVyx, HXo, (2.8)

TXlXQ =HVyx, VXo +VVyx, HX> (2.9)

for any X1, Xo on Nj. For vertical vector fields Y7, Ys, the tensor field 7 has the symmetry
property, that is,
Ty, Y2 = Ty, Y1, (2.10)

while for horizontal vector fields X7, Xo, the tensor field A has alternation property, that is

Ax, Xo = —Ax, X. (2.11)
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From the equations (2.8)) and (2.9)), we have

Vy,Ys = Ty, Ya + VVy, Yo, (2.12)
Vv, Z1 = Ty, Z1 + HVy, Z1, (2.13)
VoY1= Az Y1 +VV, 1, (2.14)
V2 2o =MV 5,20 + Az, Zs (2.15)

for all Y1,Ys € I'(ker F,) and Zy, Zo € I'(ker F},)*, where HVy, Z1 = Az Y1, if Z; is basic.
It can be easily seen that 7 acts on the fibers as the second fundamental form, while A
acts on the horizontal distribution and measures the obstruction to the integrability of this
distribution.

The Riemannian submersion F' between two Riemannian manifolds is totally geodesic if
(VF*)(Ul, Ug) =0V U,U; € F(TNl).

Totally umbilical Riemannian submersion is a Riemannian submersion with totally um-
bilical fibers ([], [5]) if
Tz 2o = 91(Z1, Z2)H (2.16)

for all Zy,Z, € I'(ker Fy), where H denotes the mean curvature vector field of fibers.

Let F: (M1,91) = (N2, g2) be a Riemannian submersion between Riemannian manifolds.
The differential map F of F can be viewed as a section of the bundle Hom/(T Ny, F~1TNs) —
N1, where F~1T N is the pullback bundle whose fibers at ¢ € N is (F~1TN2), = Tr(q)Na,q €
Ni. The bundle Hom(T Ny, F -l N3) has a connection V induced from the Levi-Civita con-
nection VM and the pullback connection V. Then the second fundamental form of F' is
given by

(VE)(Vi, Vo) = Vi, Fu(Va) — Fu(VIV2) (2.17)

for the vector fields Vi, Vo € T'(TN7).

3. THE C'ST—SUBMERSIONS FROM COSYMPLECTIC MANIFOLDS

In the theory of Riemannian submersions, Bishop [5] initiated the concept of Clairaut
submersion as: a submersion F' : (N1, g1) — (N2, g2) is called a Clairaut submersion if there
exist a function r : N1 — RT in such a way that any geodesic that makes an angle © with a
horizontal subspace, r sin © is constant.

On the other side, Sahin [27] generalized the concept of Clairaut submersion and initiated

the study of Clairaut Riemannian maps and investigated its geometric properties.
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Theorem 3.1. [5] Let F : (N1,91) = (N2, g2) be a Riemannian submersion with connected
fibers. Then, F is a Clairaut Riemannian submersion with r = e® if each fiber is totally
umbilical and has the mean curvature vector field H = —Vh, where Vh is the gradient of the

function h with respect to gi.

Definition 3.1. [26] Let F' be a Riemannian submersion from an almost contact metric
manifold (N1,®,€,m,91) onto a Riemannian manifold (N2, g2). Then we say that F is a

semi-invariant submersion if there is a distribution 1 C ker F}, such that
ker F, =01 & Dg, ¢(D1) = D1, d(D3) C (ker F,)*,
where ©1 and Do mutually orthogonal distributions in (ker F).

Let p denotes the complementary orthogonal subbundle to ¢(®5) in (ker F)*. Then we

have
(ker ) = 6(D,) & .

Obviously p is an invariant subbundle of (ker F,)+ with respect to the contact structure ¢.

We say that a semi-invariant submersion F' : N7 — N5 admits a vertical Reeb vector
field ¢ if it is tangent to (ker Fy) and it admits horizontal Reeb vector field £ it is normal
to (ker Fy). One can easily observe that u contains the Reeb vector field in case of the
Riemannian submersion admits horizontal Reeb vector field.

We now define the notion of C'SIT— submersion in contact manifolds as follows:

Definition 3.2. A semi-invariant submersions from a Cosymplectic manifold (N1, ¢,&,1,g1)
onto a Riemannian manifold (N2, g2) is called CST— submersion if it satisfies the condition

of Clairaut Riemannian submersion.

For any vector field W; € T'(ker F}.), we put
W1 = PWy + QWh, (3.18)

where P and @) are projection morphisms [4] of ker F} onto ©; and D9, respectively.
For U; € (ker Fy), we get
oUy = Uy + WUy, (3.19)

where U € T'(D1) and wU; € T'(¢D3). Also for Va € I'(ker F,)*, we get
¢Vo = BVa + CVs, (3.20)

where BV, € I'(D2) and CVa € I'(p).
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Definition 3.3. [30] Let F' be a CSI— submersion from an almost contact metric mani-
fold (N1,¢,&,m,91) onto a Riemannian manifold (Na,g2). If p = {0} or p =< £ >, i.e.,
(ker F,)* = ¢(D3) or (ker F,)* = ¢(D2)® < & > respectively, then we call ¢ a Lagrangian

Riemannian submersion. In this case, for any horizontal vector field Z1, we have
BZ1 == qbZl and CZl = 0. (321)

Lemma 3.1. Let F be a CSI— submersion from a Cosymplectic manifold (N1, $,&,n,91)

onto a Riemannian manifold (Na, g2) admitting vertical or horizontal Reeb vector field. Then,

we get
VYV, vWa + TwywWa = BTy, Wa + V'V, Wa, (3.22)
T, vWa + HV w,wWe = CTwy Wa + wV Vi, Wa, (3.23)
VVu, BUs + Ay, CUs = BHV y,Us + 1 Ay, Us, (3.24)
Ay, BUs + HV,CUy = CHV y, Us + wAy, Us, (3.25)
VVw, BU1 + Tw, CUy = ¢ Tw,Us + BHVw, U, (3.26)
Tw, BU1 + HV y, CUy = wTw, Uy + CHV y, Uy, (3.27)
VWi, vWi + Ay,wWr = BAy, W1 + V'V, W, (3.28)
Ap, oW1 + HV y,wWy = C Ay, Wi + wVV, W, (3.29)

where W1, Ws € T'(ker F,.) and Uy, Us € T'(ker F,)*.

Proof. Using (2.12)—(2.15)),(3.19) and (3.20]), we get Lemma 3.1.

Corollary 3.1. Let F be a Lagrangian submersion from a Cosymplectic manifold (N1, ¢,&,n,
g1) onto a Riemannian manifold (N2, g2) admitting vertical or horizontal Reeb vector field.

Then we get
VVv, Vo + Tv,wVa = BTy, Vo + 0 VVy, Vo, Ty, Y Va + HV ywVa = wVVy, Vo,

VVy, BYy = BHVy,Ya + ¢ Ay, Ya, Ay, BYs = wAy, Ya,
VYV BY: = T, Y1 + BHV v, Y1, Tv, BY: = wTy, Y1,

VVyl"Lﬂvl + .Aylwvl = B.Ayl Vi + IpVVylvl, .Ayllbvl + HVylwvl = wVVylvl,

where Vi, Vy € T'(ker F,) and Y1,Ys € I'(ker F,)*.
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Lemma 3.2. Let F be a CSI— submersion from a Cosymplectic manifold (N1, $,&,1,91)
onto a Riemannian manifold (N2, g2) admitting vertical or horizontal Reeb vector field. Then

we have
72,6 =0,A2,¢=0 (3.30)

for Zy € T(ker F,)* and Zy € T'(ker F,)*.

Proof. Using (2.12)—(2.15)) and (2.7)), we get Lemma 3.2.

Lemma 3.3. Let F be a CSI— submersion from a Cosymplectic manifold (N1, $,&,n,91)
onto a Riemannian manifold (N3, g2). If v : Iy C R — N7 is a regular curve and Z1(t) and
Zs(t) are the vertical and horizontal components of the tangent vector field v = E of (1),

respectively, then ~v is a geodesic if and only if along v the following equations hold:

Vv;\/BZQ + VVWZl + (Tzy + Az,)CZs + (Tz, + Az,)wZi =0, (3.31)
MV, CZy + HV w2y + (Tz, + Az,)BZy+ (Az, + Tz,)0Z1 = 0. (3.32)
Proof. Let v : Iy — N7 be a regular curve on Ni. Since ¥(t) = Z1(t) + Za(t), where

Z1(t) and Zs(t) are the vertical and horizontal components of ¥(t). Using (2.6)),(2.12)—(2.15)),
(3.19) and (3.20), we have

$Viy = Vidy
= V021 + Vw2 + Vg, 2 + VzwZi +
V2uBZy +V 2,C 23+ N 2,BZs + ¥ 2,C Zs,
= VV, BZy + VV b2y + (Tz, + Az))CZa + (T2, + Azy)wZy +

MV CZy + HV w2y + (Tzy + Az) BZ2 + (Az, + T2y )W 21
From above, vertical and horizontal components are:

VoV = VV:BZy + VV. b Zy + (Tz, + Az,)CZa + (Tz, + Az )wZ,

H¢Vy7 = HVA,CZZ + /HV,‘ywzl + (Tz, + Az,))BZa+ (Az, + Tz, Z1.

Thus v is a geodesic on N7 if and only if V¢V.y =0 and HoV,y = 0.



90 S. KUMAR, S. KUMAR, AND R. K. SRIVASTAVA
Theorem 3.2. Let F' be a Clairaut semi-invariant submersion from a Cosymplectic manifold
(N1, 0,€,1m,91) onto a Riemannian manifold (N2, g2). Then F is a CSI— submersion with

r=él if and only if

0(Vh, 22| 2117 = q1(VVBZy, ¥ Z1) + g1((Tz, + Az,)CZa, 0 21) +

91(/HV4/CZQ7UJZ1) + gl((TZl + AZQ)BZQ,wzl),

where v : Iy — N7 is a geodesic on N1, Z1(t) and Zy(t) are vertical and horizontal compo-

nents of vy(t), respectively.

Proof. Let v : Iy — N be a geodesic on N7 with Z;(t) = V7(t) and Za(t) = HA(¢).
Let ©(t) denotes the angle in [0, 7] between 4(t) and Z3(t). Assuming v = ||4(t)||,? then we
get

01(Z1(1), Z1(1)) = vsin® O(1), (3.33)

91(Za(t), Zo(t)) = vcos® O(t). (3.34)

Now, differentiating (3.33)), we get

do
L
do
e

%gl(z1 (1), Z1(t) = 2vsin©(t) cos O(1)

91(V521(t), Z1(t)) = wvcosO(t)cos O(t)

Using equations (2.3) and (2.6 in above equation, we get
de

91(V49Z1(1), $Z1(t)) = vsinO(t) cos @(t)a. (3.35)
Now we obtain
01(V30Z1,021) = q(VVi¥Z1,9Z1) + g1 (HVwZi,wZy) + (3.36)
91((Tz, + Az,)V 21, wZ1) + 91((Tz, + Azy)wZy, ¥ 20).
Using equations and in , we have
91(V59021,0Z1) = —gi(VV3BZy,0Z1) — 1((Tz, + Az,)C 22,00 Z1) —  (3.37)

gl(HVﬁCZg,le) — 91((TZ1 + AZQ)BZQ,(U21).

From (3.35)) and (3.38)), we have

v cos O(t) cos O(t) 9 _ —q1(VV5BZ2, 0 Z1) — 91((Tzy + Az,)CZ2,¢Z1) — (3.38)

dt
0 (HV,CZy,wZy1) — 1 ((Tz, + Az,) BZa, wZy).
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Moreover, 7 is a C'ST— Riemannian submersion with r = €” if and only if %(ehw sin®) =

0, i.e., e"¥(cos @% +sin @%) = 0. By multiplying this with non-zero factor v sin ©, we have

dh
i 1 _ = in? _—
UCOS@SIH@dt v sin @dt’
. .dO dh
Ucosesm@% = —gl(Zth)Ea
dO .
vcos@sin@ﬂ = —gl(Vha’Y)HZlHQ,
. .dO 2
UCOS@SlnG)% = —q1(Vh, Zo)||Y1]|*. (3.39)

Thus, from equations (3.39) and (3.39), we have

n(Vh, 2|21 = 91(VV,BZa,9Z1) + 1((Tz, + Az,)CZa, 0 Z1) +

gl(”HVA-YC’Zg,le) + 91((7-21 + AZQ)BZQ,UJZD.

Hence Theorem 3.2 is proved.

Corollary 3.2. Let F be a CSI— submersion from a Cosymplectic manifold (N1, $,&,n,91)

to a Riemannian manifold (Na, g2) admitting horizontal Reeb vector field. Then we get
g1(Vh,§) = 0.

Theorem 3.3. Let F be a CSI— submersion from a Cosymplectic manifold (N1, ¢,&,1,91)
onto a Riemannian manifold (N3, g2) with r = e, then at least one of the following statement

18 true:

(7) h is constant on ¢(D2),

(ii) the fibers are one-dimensional,

(4i7) €¢X1F*(W1) = —Wi(h)Fi(¢X1), for all X; € I'(Dq), W) € I'(i) and & # Wi.
Proof. Let F' be C'ST— submersion from a Cosymplectic manifold onto a Riemannian

manifold. For Y7,Y; € I'(D3), using and Theorem 3.1, we get
Ty, Y2 = —g1(V1, Yz2)gradh. (3.40)
Taking the inner product in with ¢ X1, we get
91(Ty, Yo, X1) = —g1(Y1, Y2)g1(g9radh, $ X1) (3.41)

for all X; € I'(D3).
From ([2.3), (2.6) and (3.41)), we obtain

91(Vy,0Y2, X1) = g1(Y1,Y2)g1(gradh, $X1).
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By using (2.3]) and (2.16)) in above equation, we have
91(Y1, X1)g1(gradh, ¢Y2) = g1(Y1,Y2)g1(gradh, ¢ X1).

Taking X; = Y5 and interchanging the role of Y7 and Y5, we get
91(Y2, Y2)g1(gradh, Y1) = g1(Y1,Y2)g1(gradh, ¢Y2).

Using (3.42) with X; = Y7 in (3.43), we have

(91(Y7,Y2))?

gl(gradh7 d)Yl) = ||}/1H2HY2H2 g1

(gradh, ¢Y1 ) :

(3.42)

(3.43)

(3.44)

If gradh € T'(¢(D2)), then (3.44]) and the equality condition of Schwarz inequality implies

that either h is constant on ¢(D2) or the fibers are 1-dimensional. This implies the proof of

(i) and (@i).
Now, from ([2.15) and ({2.16]), we get

91(Vy; X1, W1) = —g1 (Y1, X1)g1(gradh, W),
for all Wy € I'(p) and & # Wi. Using (2.3)), and ([3.45)), we have
91(Vy, X1, oW1) = —g1(Y1, X1)g1(gradh, Wh),
which implies
91(Vex, Y1,0W1) = —g1(Y1, X1)g1(gradh, Wy).
By using and , we have

g1(HVgx, W1, ¢Y1) = —g1(¢Y1, $X1)g1( gradh, Wr).

Also for Riemannian submersion F, we have

92(Fu(V% W), Fu(6Y1)) = —ga(Fu(¢Y1), Fu(9X1))g1(gradh, Wh).

Again, using (2.17) and (3.47)), we get

02V s FL(Wh), Fu(6Y1)) = —ga(F. (Y1), Fu(6X2))gu (gradh, W),

which implies.

Vox, Fu(W1) = Wi (B)Fu(6X)).

If gradh € T'(u)\{&}, then (3.48)) implies (ii7).

(3.45)

(3.46)

(3.47)

(3.48)
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Corollary 3.3. Let F' be a CSI— submersion from a Cosymplectic manifold (N1, $,&,1, 1)

onto a Riemannian manifold (Na, g2) with r = e and dim(Dy) > 1. Then the fibers of F are
F

totally geodesic if and only if Vyx, Fu(W1) =0 VX, € I'(D2) and Wy € I'(u).

Lemma 3.4. Let F be a CSI— submersion from a Cosymplectic manifold (N1, $,&,n,91)
F

onto a Riemannian manifold (N2, go) with r = e and dim(Dy) > 1. Then Vw, Fy(¢Y1) =

Wi(R)F (Y1) for Yy € T(D3) and Wy € T'(ker F,) 1\ {£}.

Proof. Let F be a C'SI— submersion from a Cosymplectic manifold onto a Riemann-
ian manifold. From Theorem 3.1, fibers are totally umbilical with mean curvature vector

field H = —gradh, then we get
—91(VyyW1,Ya) = g1(Vy, Yo, W1),
—q1(VyW1,Y2) = —gi(Y1,Y2)g1(gradh, Wr)

for Y1,Ys € T'(®3) and Wy € T'(ker F, )\ {¢}.
Using (2.3) and (2.6)) in above equation, we get

91(Vw,0Y1, 6Y2) = g1(6Y1, 9Y2)g1(gradh, W1 ). (3.49)
Since F' is C'ST— submersion and using , we have
92(Fe(Vip, oY1), Fiu(9Y2)) = g2(Fu(¢Y1), Fi(9Y2))g1 (gradh, Wr). (3.50)
From in , we obtain
Vi, P (61), F(0Y) = o (0), P (6¥a)s (gradh, W), (350
which implies éwlF*(ngl) = Wi (h)F, (Y1) for Y1 € T(D3) and Wy € T'(ker F,)+\{£}.
Theorem 3.4. Let F be a CSI— submersion with r = e" from a Cosymplectic manifold

(M, 0,€,m,91) onto a Riemannian manifold (Na,g2). If T is not equal to zero identically,

then the invariant distribution ®1 cannot defined a totally geodesic foliation on Nj.

Proof. For Y1,Ys € I'(D;) and U; € I'(D3), using (2.3)), (2.6), (2.13) and (2.16[), we

get,

91(Vy Y2, U1) = g1(Vy,0Ye, 0Us),
= gl(TY1¢Y2’ (;SUl)a

= —q1(Y1,¢Y2)g1(gradh, ¢Uy).
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Thus, one can easily obtain the assertion from above equation and the fact that gradh €

P(D2).

Theorem 3.5. The CSI— submersion F withr = e" from a Cosymplectic manifold (N7, ¢, &,

n,91) onto a Riemannian manifold (N2, g2). Then the fibers of F are totally geodesic or the

anti-invariant distribution D9 is one-dimensional.

Proof. The result is quite obvious when we take the fibers of F' are totally geodesic.

For second one, since F' is a C'SI— submersion, then either dim(®2) = 1 or dim(D3) > 1. If

dim(Dg) > 1, then we can choose Uy, Uy € T'(D3) such that {Uy,Us} is orthonormal. From

(2.13), (3.19) and (3.20), we get

T, oUs + HVy, ¢Us = Vy, ¢Us,

TU1(Z5U2 + HVy, Uy = BTUIUQ + CTUIUQ + YVVy, Us + wVVy, Us.

Taking the inner product above equation with U;, we obtain
91(Tv, 9U2, Uh) = g1(BTy, Uz, Ur) + g1 (¥ V'V, Us, Un).
From , and , we have
91(Tt, Ur, 9U2) = —g1 (T, Uz, Ur) = g1(Tu, Uz, UL ).
Now, using and , we get
91(To, Ur, ¢Us) = —gi1(gradh, ¢Us).

From equations (2.16]) and (3.54)), we obtain

—g1(gradh, Us) = g1(Tt, U, ¢Uz) = —g1(Tu, ¢Us, Ur) = g1(Tv, Uz, Uy ).

From above equation, we get

gi(gradh,¢Us) = —g1(Tu, Uz, ¢Uy),
gi(gradh,pUs) = ¢1(U1,Uz)g1(gradh, Uy),
g1(gradh, pUs) = 0.

Thus, we get gradh L ¢(D2).

Therefore, the dimension of ®9 must be one.

(3.52)

(3.53)

(3.54)

(3.55)
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4. EXAMPLE

Example 4.1. Taking an Euclidean space N7, given by N1 = {(z1,72,y1y2,2) € R° :
(x1,22,y1.y2) # (0,0,0,0) and z # 0}. We define the Riemannian metric g1 on N defined
as g1 = e**da? + e**dx3 + e**dy? + e**dy3 + dz* and the Cosymplectic structure on ¢ and N;

defined as ¢(x1,x2,y1,Y2,2) = (Y1,Yy2, =21, —T2, 2).

Let N2 = {(v1,v2) € R?} be a Riemannian manifold with Riemannian metric go, given by

go = €2*dv} + dv3. Define a map F : R° — R? by

To —
F(x17x27y1,y27z) :( 2\/§y27z)'

Then, we have

ker Iy =< X1 =e1,Xo =ex +e4,X3 = €3 >,
Di=< X1 =€, X3=e€3>,D9 =< Xg=e€3+ €4 >,

(kerF*)L =< Hy =ey—e4,Hy =5 >,

_ ,—z_0 _ -z 0 _ -2z 0 _ -z 0 _ 0 _ 0 _ 0
where {e; = e e €2 =€ ‘ez =€ 2871764 =e Za—yQ,e7 = 5.5 lef = Jor1 €3 = 872}

are bases on T,N| and Tp(,)Na, respectively, for all p € Nj. By direct computations, we
can see that Fi.(Hy) = v2e %¢}, Fi.(H2) = €5, and g1(H;, Hj) = g2(FuH;, F.H;) for all
H;, H; € T(ker F,)*, i,j = 1,2. Thus, F is submersion. Moreover, it is easy to see that
¢X1 = —X3,0Xo = —H; and ¢ X3 = X;. Therefore F' is a C'SI— submersion.

Now, using the Cosymplectic structure, we see that

le1,e1] = e, ea] = [es, €3] = [ea, ea] = [e5, 5] = 0, (4.56)
le1,ea] = 0,[e1,e3] =0,le1,eq) =0,[e1,e5] = eq,

[e2,e3] = 0,[e2,eq] =0, e2,e5] = ea,[e3,e4] =0,

[es,e5] = es,|eq,e5] = es.

The Levi-Civita connection V of the metric g1 is given by the Koszul’s formula which is

291(VxY, Z) (4.57)

= Xa(Y,Z2)+Yq(Z,X) - Zg1(X,Y) + 1([X, Y], Z) — 1 ([Y, Z], X) + 91 ([Z, X], ).
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Using equations (4.56)) and (4.57)), we obtain

Veier = Ve =Vee3=Veeq = _882’ (4.58)
Ve ea = Veez=Vees=Vee =Vee3=Veeq =0,
Veser = Veea =Vees =Ve,e1 =Ve,e0 =Ve,e3=0.
Vees = e1,Vees =e2,Vees =e3,Vee5 = €4, Veses =0.
Therefore, we have
Vx, X1 = Ve = _E,VXQXQ = Veyte,€2 + €4 = —22, (4.59)
0z 0z
Vx, X3 = Veez= —Qi,VXIXQ =Vee2=Vx, X3 =V, e3=0,
Vx,X3 = Vee3=0,Vx,Xi =Vee =0,Vx,X; =V =0,
Vx,Xo = Veea+es=0.
Thus, we have
TvV = TaxitaXars X3 A1 V1 + AaVa + A3V, A1, A2, A3 € R,
TvV = NTx, X1+ MNTx, Xo + NTx, X3 + (4.60)
M2 Tx, Xo + M A3Tx, X3 4+ AaA3Tx, X3 +
AMA2Tx, X1 + M AsTx, X1+ A3 Tx, Xo.
Using equations (2.12)) and (4.59)), we obtain
Tx, X1 = —gz,TXQXQ = —2§Z,TX3X3 = —Ei, (4.61)
Tx, Xo = 0,7Tx,X3=0,Tx,X3=0,Tx,X1 =0,
Tx,Xs = 0,Tx, X1 =0.
Now using equations (4.60)) and (4.61)), we get
TvV = =\ +2)\3 +)3) 0 (4.62)

%.
Since X = M X1 + AaXo + A3X3, 50 g1(AMVi + AaVa + AsVa, MVi + AoV + AsV3) = A% +
202 + )\g. For a smooth function h on R®, the Vh w. r. t. the metric g; is given by Vh =
—2z Oh _0 —22 Oh _0 —2z Oh 0 —22 0h _0 oh 0 _ 0 :
e ZaTlaTl +e Za—ma—m +e ZaT/lﬂ +e Za—wa—w + 5.5, Hence Vh = 5~ for the function
h = z. Then one can easily find that Ty V = —g1(V,V)Vh, thus by Theorem 3.1, the map F

is a C'ST— submersion from Cosymplectic manifold onto Riemannian manifold.
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