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BIWARPED PRODUCT SUBMANIFOLDS WITH A SLANT BASE
FACTOR
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ABSTRACT. We study biwarped product submanifolds with a slant base factor in locally
product Riemannian manifolds. We prove an existence theorem for such submanifolds.
Then we give a necessary and sufficient condition for such a manifold to be a warped prod-
uct. We establish a general inequality for such submanifolds. The equality case is also
considered. Moreover, we give an application of this inequality.
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1. INTRODUCTION

Let (M;,g;) be Riemannian manifolds for i € {0,1,2} and let fi2 : My — (0,00) be
smooth functions. Then the biwarped product or twice warped product manifold [5], [14]

Moy x g, My Xy, My is the product manifold M = My x M; x My endowed with the metric

g =5(90) ® (f1 0 m0)*7}(g1) B (f2 0 m0) 75 (g2)-
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More precisely, for any vector fields X and Y of M, we have

2

9(X,Y) = go(mo. X, m0.Y) + Y _(fiom0)*gs(mi. X, m,Y),
=1

where 7; : M — M; is the canonical projection of M onto M;, mf(g;) is the pullback of g,
by m; and the subscript m;, denotes the derivative map of m; for each 7. The functions f;
and fy are called warping functions and each manifold (Mj;,g;), j € {1,2} is called a fiber
of the biwarped product M. The factor (Mg, go) is called a base manifold of M. As well
known, the base manifold of M is totally geodesic and the fibers of M are totally umbilic in
M. We say that a biwarped product manifold is trivial, if the warping functions f; and fo
are constants. Of course, biwarped product manifolds are natural generalizations of warped

product manifolds [7] and special case of multiply warped product manifolds [14].

Let Mo < My Xy, M2 be a biwarped product manifold with the Levi-Civita connection
V and V* denote the Levi-Civita connection of M; for i € {0,1,2}. By usual convenience,
we denote the set of lifts of vector fields on M; by L£(M;) and use the same notation for a
vector field and for its lifts. On the other hand, since the map mg is an isometry and m; and
w9 are (positive) homotheties, they preserve the Levi-Civita connections. Thus there is no
confusion using the same notation for a connection on M; and for its pullback via ;. Then,

the covariant derivative formulas [23] for a biwarped product manifold are given by

VoV =Vv (1.1)

VyX =VxV =V(nf)X (1.2)

?XZ:{ 0. iiEd (1.3)
VyZ —g(X, Z)V°(In f;) if =1,

where U,V € L(My), X € L(M;) and Z € L(M;).

The theory of warped product submanifolds has been become a popular research area
since Chen [§] studied the warped product CR-submanifolds in Kaehler manifolds. Actually,
several classes of warped product submanifolds appeared in the last eighteen years. Also,
warped product submanifolds have been studied for different kinds of structures. Most of
the studies related to the theory of warped product submanifolds can be found in Chen’s
book [I0]. Recently, Tagtan studied biwarped product submanifolds of a Kaehler manifold

(M, J,g) of the form MT X f M+ xs MY where MT is a holomorphic, M~ is a totally real
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and MY is a pointwise slant submanifold of M [20]. Afterwards, biwarped product submani-

folds have been studying by many geometers for different kinds of structures (see, [2] 21], 22]).

In this paper, we study biwarped product submanifolds with a slant base factor in locally
product Riemannian manifolds. More precisely, we consider biwarped product submanifolds
of the form M? Xt MT x, M+, where MY is a slant, M~ is an anti-invariant and M7 is an
invariant submanifold of the locally product Riemannian manifold. After giving a non-trivial
example and some auxiliary results, we prove an existence theorem for such submanifolds.
Then, we investigate the behavior of the second fundamental form of such a submanifold and
as a result, we get a condition for this kind of submanifold to be a warped product. Finally,
we obtain an inequality for the squared norm of the second fundamental form in terms of
the warping functions for such submanifolds. The equality case is also considered. Moreover,
we give an application of this inequality for certain types of locally product Riemannian

manifolds.

Remark 1.1. Biwarped product submanifolds of the form M? foT X o M+ in locally product
Riemannian manifolds were also studied in [22]. However, expect the first four equations of
Lemma our results are completely different from the results of [22]. Besides, biwarped
product submanifolds of the form M=+ foT X o M in locally product Riemannian manifolds
were studied in [2], where M is a proper pointwise slant submanifold of the locally product
Riemannian manifold. But, the geometry of M? X5 MT x, M+ and the geometry of M+ X5

MT x, M? are quite different.

2. PRELIMINARIES

We first recall the fundamental definitions and notions needed for further study. In fact,
we will give the notions for submanifolds of Riemannian manifolds in subsection 2.1. In

subsection 2.2, we recall the definition of a locally product Riemannian manifold.

2.1. Riemannian submanifolds. Let M be a Riemannian manifold isometrically immersed
in a Riemannian manifold (M, g) and V be the Levi-Civita connection of M with respect to
the metric g. Also, let V and V= be the Levi-Civita connection and normal connection of

M, respectively. Then the Gauss and Weingarten formulas [24] are given respectively by

VyW =VyW +h(V,W) and VyZ=—-AzV +V§Z (2.4)
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Here V, W are the tangent vector fields to M and Z is normal to M. In addition, h is the
second fundamental form and Ay is the Weingarten operator of M associated with Z. Then,

we have
g(h(V,W), Z) = g(AzV,W). (2.5)

For a submanifold M of a Riemannian manifold M, the equation of Gauss is given by

RWU,V,Z,W)=RU,V,Z, W)+ g(h(U,Z), L(V,W)) — g(h(UW),h(V, Z)) (2.6)

for any U,V, Z,W € I'(T M), where R and R are the curvature tensors on M and M respec-
tively. The mean curvature vector H for an orthonormal frame {eq, ..., e} of tangent space

T,M, pc M on M is defined by

1 1
mrace() m; (e, €i) (2.7)
where m = dimM. Also, we set
hi; = g(h(eie),er) and || h|[P= ") g(h(es,e5), hleie;)). (2.8)
ij=1

Moreover, the sectional curvature [24] of a plane section spanned by e; and e;, denoted by
Kij: is

Kij = R(ei7eja€jaei)' (2'9)

The scalar curvature [9] of M of is given by
T(TM)= ) Ky (2.10)
1<iz#j<m

Let G, be a r-plane section on TM and {ey,...,e,} any orthonormal basis of G,. Then the

scalar curvature 7(G,) of G, is given by
TG = > Ki (2.11)
1<iAj<r

For a smooth function f on M, the Laplacian of f is defined by

m

A=Y {(Vee)f —elei( )y == 9(Ve, V] e), (2.12)
=1

=1

where V f is the gradient of f [9].
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2.2. Locally product Riemannian manifolds. Let M be a Riemannian manifold. Sup-

pose M is endowed with a tensor field
Fo1, (F£TD), (2.13)

of type (1,1). Here, I is the identity endomorphism on TM. Then, (M,g,F) called an
almost product manifold and F is called an almost product structure. Also, we assume that
g and F satisfy

g(FX,FY) =g(X.,Y), (2.14)
for all vector fields X, Y tangent to M. Then, it is known that (M, g, F) is an almost product

Riemannian manifold. Let V be the Levi-Civita connection of (M, g, F). If we have
VF =0, (2.15)

then (M, g, F) is a locally product Riemannian manifold, (briefly, L.p.R. manifold).

Let Mj(c1) (resp. Ms(c2)) be a real space form and have sectional curvature ¢; (resp. c2).

Then, the Riemannian curvature tensor R of 1.p.R. manifold M = M; x M, has the form

1
RUV)Z = Z(c1 + )3 g(V, 2)U — g(U, Z)V + g(FV, Z)FU — g(FU, Z)FV

1
= Z(Cl — )R g(V, Z)FU — g(U, Z)FV + g(FV, Z)U — g(FU, Z)V ¢,

forall U,V,Z € T(TM) [24].

(2.16)

3. SKEW SEMI-INVARIANT SUBMANIFOLDS OF ORDER 1 IN LOCALLY PRODUCT

RIEMANNIAN MANIFOLDS

We first recall the definition of the skew semi-invariant submanifolds of order 1 of a locally

product Riemannian manifold and get some useful results for the further study.

Let (M, g,F) be a L.p.R. manifold and let M be a submanifold of M. If for X € D,, the
angle 6 between FX and D, is constant, i.e., it is independent of p € M and X € D, then
D is called a slant distribution on M. 0 is said the slant angle of the slant distribution D.
Thus, the invariant and anti-invariant distributions with respect to F are slant distributions
with slant angle § = 0 and 6 = 7/2, respectively. If the tangent bundle T'M of M is slant
[12, 15] then the submanifold M of M is called a slant submanifold. A slant submanifold

that is neither invariant nor anti-invariant is called a proper slant submanifold.
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Let M be a slant submanifold with slant angle 6 of a locally product Riemannian manifold

(M, g,F), for any V € T(TM), we write

FV =PV + NV. (3.17)

Here PV is the tangential part of FV and NV is the normal part of FV. Then, for any
U,V € I'(TM) we have [15]

P2V = cos?0V, (3.18)

g(PU, PV) = cos’0g(U,V) and g(NU,NV) = sin?0g(U, V). (3.19)

A submanifold M of a locally product Riemannian manifold (M, g, F) is said a skew semi-
invariant submanifold of order 1 (briefly, s.s-i.) [18] if the tangent bundle T'M of M has the

form

TM:DL@DT@DQ,

where Dy is slant distribution with slant angle 6, Dp is an invariant distribution, i.e., FDp C
Dr, D, is an anti-invariant distribution, i.e. FD| C T M. In that case, the normal bundle

T+M of M can be decomposed as

T+M = N(Dy) © F(D,) @ Dr, (3.20)

where Dy is the orthogonal complementary distribution of N(Dy) @ F(D,) in T+ M and it

is an invariant subbundle of T-M with respect to F.

Remark 3.1. The class of s.s-i. submanifolds of order 1 of locally product Riemannian
manifolds is a special subclass of skew semi-invariant submanifolds [12] and a natural gen-
eralization of invariant, anti-invariant [1], semi-invariant [6], slant [15], semi-slant [13] and

hemi-slant submanifolds [19] of locally product Riemannian manifolds.
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Lemma 3.1. [I8] Let M be a proper s.s-i. submanifold of order 1 of a l.p.R. manifold
(M,g,F). Then,

g(VzW,U) = — csc29{g(ANpWZ, U) + g(Avw Z, ]-"U)}, (3.21)
oV W, X) = se0{ g A ZPW) + gl A 2,X) | (3:22)
g(VuV,Z) = CSCQH{g(ANpZU, V) + g(AnzU, IV)}, (3.23)
9(VuV,X) = g(ArxU,FV), (3.24)
oY, 2) = =0 aAry X,PZ) + glAnpzX.Y) | (3.25)
g(VxY,V) = —g(Ary X, FV), (3.26)
g(VxZ,V)=— csc29{g(ANpZX, V) + g(AnzX, .7-"V)}, (3.27)
g(VzX, V)= —g(Arx Z,FV), (3.28)
g(VuX,Z) = — se629{ g(ArxU,PZ) + g(AnpzU, X)} (3.29)

for ZZW € I'(Dy), U,V € I'(Dr) and X,Y € T'(D_ ).

Theorem 3.1. Let M be a proper s.s-i. submanifold of order 1 of a locally product Riemann-
ian manifold (M, g, F). Then the slant distribution Dy is totally geodesic iff the following
equations hold
9(AnpPwZ,V) = —g(ANw Z, FV), (3.30)
9(ArxZ, PW) = —g(Anpw Z, X), (3.31)
for ZW € T'(Dy), V € I'(Dr) and X € I'(D,).
Proof. The distribution Dy is totally geodesic iff g(VzW, X) =0 and g(VzW,V) =0 for

all Z,W €T'(Dy), X e I'(D,) and V € I'(Dyp). Thus, the assertions (3.30) and (3.31)) follow
from (3.21]) and (3.22)), respectively.

Theorem 3.2. Let M be a proper s.s-i. submanifold of order 1 of a locally product Riemann-

ian manifold (M,g,F). Then the invariant distribution Dr is integrable iff the following
equations hold

9(ArxU, FV) = g(ArxV, FU), (3.32)

9(AnpzU, V) + g(ANzU, FV) = g(AnpzV,U) + g(AnzV, FU), (3.33)

for U,V € I'(Dr), X € I'(D1) and Z € I'(Dy).
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Proof. The distribution Dy is integrable iff g([U, V], X) = 0 and ¢([U,V],Z) = 0 for all
Z € I'(Dy), X € I'(Dy) and U,V € I'(Dr). Thus, the assertions (3.32) and (3.33) follow
from (3.23)) and (3.24]), respectively.

Theorem 3.3. Let M be a proper s.s-i. submanifold of order 1 of a locally product Rie-
mannian manifold (M, g, F). Then the anti-invariant distribution D) is integrable iff the
following equations hold

g(Afo, .FV) = g(A]?YX, .FV), (334)
g(A]:yX,PZ) :g(Af)(Y, PZ), (335)
for XY € (D), V € I'(Dr) and Z € I'(Dy).
Proof. The distribution D, is integrable iff g([X,Y],Z) = 0 and ¢g([X,Y],V) = 0 for all

Z € I'(Dy), X,Y € I'(D.) and V € I'(Dr). Thus, the assertions (3.34) and (3.35) follow
from (3.25)) and (3.26]), respectively.

4. BIWARPED PRODUCT SUBMANIFOLDS IN LOCALLY PRODUCT RIEMANNIAN MANIFOLDS

We first check that the existence of biwarped product submanifolds of the form, M7T x f
M+ x, MY ML <y M? <o MT and My x § MT x, M+, where M~ is an anti-invariant, M’

ia a proper slant and M7 is an invariant submanifold of a l.p.R. manifold (M, g, F).

M. Atceken and B. Sahin independently proved that there do not exist (non-trivial)
warped product semi-invariant submanifolds of the form M7 x M + in a Lp.R. manifold
(M, g, F), such that M7 is an invariant submanifold and M L is an anti-invariant submani-
fold of (M, g, F) in [4, Theorem 3.1] and [16, Theorem 3.1], respectively. Again, M. Atceken
and B. Sahin independently proved that there do not exist (non-trivial) warped product
semi-slant submanifolds of the form M7 x M % in a 1.p.R. manifold M, such that M7 is an
invariant submanifold and M? is a proper slant submanifold of M in [3, Theorem 3.3] and

[17, Theorem 3.1], respectively. Thus, we obtain the following result.

Corollary 4.1. There do not exist (non-trivial) biwarped product submanifolds of the form
MT x¢ M+t xo M? of a L.p.R. manifold (M, g, F) such that M" is an invariant, M* is an

anti-invariant and M? is a proper slant submanifold of M.

On the other hand, it was proved that there do not exist (non-trivial) warped product

submanifolds of the form M=+ x M % in al.p.R. manifold M such that M is an anti-invariant
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submanifold and M? is a proper slant submanifold of M in [3, Theorem 3.4]. Thus, we deduce

the following result.

Corollary 4.2. There do not exist (non-trivial) biwarped product submanifolds of the form
M+ X f M9 x, MT of a l.p.R. manifold (M, g, F) such that M~ is an anti-invariant, M9 is

a proper slant submanifold and M7T is an invariant submanifold of M.

Now, we consider (non-trivial) biwarped product submanifolds in the form M? x FMT %,
M+ in a Lp.R. manifold (M, g, F) such that M7 is an invariant, M~ is an anti-invariant and

M? is a proper slant submanifold of M. Firstly, we present an example of such a submanifold.

Example 4.1. Consider the 8-dimensional Euclidean space R® with standard metric g and

almost product structure F given by

Fo, = 0, FOo = O, FO3 = —0s, FOy = —04,

FO5 = O, FOs = 05, FOr = 08, FOg = 0r,

where O, = a%k, ke {1,...,8} and (x1,22,...,28) are natural coordinates of RS. Upon a
straightforward calculation, we see that (R®, F,g) is a L.p.R. manifold. Let M be a submani-
fold of (R®, F,g) given by

r1 = tsinu, To = tcosu, T3 = —— COSv, T4 = —=sinwv

V2 V2

r5 = 2tsinx, zg =0, x7 = 2tcosx, xg =0,

where u,v € (0,5) and t > 0. Then, the local frame of TM is given by

V2

1
cosvds + — sinvdy + 2sin 05 + 2 cos x07,

V2

Z =sinud; + cosudq +

U =tcosudy — tsinudy,

t t
V = — —sinvd3 + —= cos vdy,

V2 V2

X =2t cosxd5 — 2t sin x07.

After some calculation, we see that Dy = span{Z} is a proper slant distribution with slant
angle § = cos™'(;) and Dy = span{U,V'} is an invariant distribution and D, = span{X}

is an anti-invariant distribution. Moreover, Dy is totally geodesic and both Dr and D, are
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integrable distributions. If we denote the integral manifolds of Dy, Dy and D, by M, MT
and M=, respectively, then the induced metric tensor of M is

o M o oo 1., 27 2
ds :?dt +t“(du +§dv )+ 4t°dx
=dgpe + tQQMT + (2t)29ML .
Thus, M = M? X g M7T x4, M* is a (non-trivial) biwarped product proper s.s-i. submanifold

of order 1 of (R®, F,g) with warping functions f =t and o = 2t.

5. BIWARPED PRODUCT PROPER SKEW SEMI-INVARIANT SUBMANIFOLDS

OF ORDER 1 OF THE FORM MY x; MT x, M+

First, we give a characterization for biwarped product proper s.s-i. submanifolds of order 1
of the form M? x M T o M+, where MY is a proper slant submanifold, M7 is an invariant and
M+ is an anti invariant submanifold of a 1.p.R. manifold (M, g, F). After that we investigate
the behavior of the second fundamental form of such submanifolds and as a result, we give a
condition for these submanifolds to be locally warped product. Firstly, we recall the following

fact given in [I1] to prove our theorem.

Remark 5.1. ([I1, Remark 2.1]) Suppose that the tangent bundle of a Riemannian manifold
M splits into an orthogonal sum TM =Dy ® D1 @& ... Dy of non-trivial distributions such
that each Dj is spherical and its complement in T M is autoparallel for j € {1,2,...,k}. Then

the manifold M is locally isometric to a multiply warped product Mo X g, Ma X 1, X ... X 5, Mj,.
Now, we give one of the main theorems of this paper.

Theorem 5.1. Let M be a (Dy, D) )-mized geodesic proper s.s-i. submanifold of order 1
of a l.p.R. manifold (M,g,F). Then M is a locally biwarped product submanifold of type
M? x; MT x, M+ iff we have

AnpzX = cos’0Z(\)X, (5.36)

AnzV + Anpz FV = —sin?0Z(u) FV (5.37)

for smooth functions X\ and p satisfying X(\) = V(N) =0 and X(u) =V (n) =0 and
g(A;XZ, PW) = —g(ANpWZ, X), (538)

g(Ary X, FU) =0, (5.40)
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9(ArxZ,FU) =0, (5.41)
9g(ArxU,PZ) = —g(AnpzU, X), (5.42)
for ZW € I'(Dy), U,V € I'(Dr), X,Y € I'(D,).
Proof. For any Z € I'(Dy), U € I'(Dr) and X € I'(D, ), using and (3.17)),
9(AnpzX,U) = —g(VNxNPZ,U) = —g(VxFPZ,U) + g(VxP*Z,U).
By using - and , we find
9(AnpzX,U) = —g(VxPZ, FU) + cos’*0g(Vx Z,U).
Here, using , we arrive to
9(AnpzX,U) = —g(VxPZ,FU) + cos’0g(Vx Z,U).
So, using , we conclude that
g(AnpzX,U) = —PZ(Ino)g(X, FU) + cos?0Z(Ino)g(X,U) = 0. (5.43)
Since M is (Dg, D )-mixed geodesic, for W € T'(Dy) using (2.5), we find
9g(Anpz X, W) = g(h(X,W),NPZ) = 0. (5.44)
Next, by a similar argument, for Y € I'(D, ), using and , we have
g(h(X,Y),NZ)=g(VxY,NZ) = g(VxY,FZ)— g(VxY,PZ).
Then using , and , we find
g(h(X,Y),NZ) = g(VxFY,Z)+ PZ(Ino)g(X,Y).
Hence using and , we arrive to
gh(X,)Y),NZ)=—g(Ary X,Z)+ PZ(Ino)g(X,Y)

= —g(h(X,Z),FY)+ PZ(Ino)g(X,Y).

In this equation, if we interchange Z with PZ, then we have
g(W(X,Y),NPZ) = —g(MX,PZ),FY) + cos’0Z(Ino)g(X,Y).
Since M is (Dy, D, )-mixed geodesic, we conclude that

g(AnpzX,Y) = cos?0Z(Ino)g(X,Y). (5.45)
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Moreover, we have X (Ino) = V(Ino) = 0, since o depends only on the points of M?Y. So,

we conclude that A = Ino. Thus, from (5.43) — (5.45)), it follows that (5.36). Now, we prove

(5.37). For Z € T'(Dy), V € I'(Dr) and X € I'(D), using (2.4) and (3.17)), we have
9(ANZV + AnpzFV, X) = g(AnzV, X) + g(AnpzFV, X)

=g(AnzX, V) + g(Anpz X, FV)
=—g(VxNZ,V)—g(VxNPZ,FV)
=—g(VxNZ,V)—g(VxFPZ,FV)
+9(VxP2Z, FV).
Using (2.14])), (2.15)), (3.17) and(3.18) and, we arrive to
9(ANZV + AnpzFV,X) =—g(VxFZ,V)+g(VxPZ,V)—g(VxPZ,V)
+c0s?09(Vx Z, FV) + X (cos?0)g(Z, FV)

=—g(VxFZ,V)+cos?0g(VxZ,FV).
Then') using 7 7 " - " we ﬁnd
g(AnzV + AnpzFV, X) = —g(VxZ,FV) +cos?0g9(VxZ,FV)

=—g(VxZ,FV) +cos?0g9(Vx Z, FV)
= —sin®0g(Vx Z, FV)

= —sin?0Z(Ino)g(X, FV).
Since g(X, FV) = 0, we conclude that

9(AnzZV + AnpzFV,X) = —sin?0Z(Ino)g(X, FV) = 0. (5.46)

Similarly, for Z,W € T'(Dy) and V € I'(Dr), using and (3.17)), we have
9(ANZV + AnpzFV, W) = g(AnzV. W) + g(ANpz FV. W)
= g(AnzW, V) + g(AnpzW, FV)
=—g(VwNZ,V) - g(VNwNPZ,FV)
=—g(VwNZ,V) - g(VNwFPZ,FV)
+9(VwP2Z,FV).
Using (2.14])), (2.15)), (3.17)) and (3.18]), we arrive to
9(AnzV + Anpz FV, W) = —g(VwFZ,V)+ g(VwPZ, V) — g(VNwPZ,V)
+ cos?0g(Vw Z, FV) + W (cos?0)g(Z, FV)
= —g(VwFZ,V) +cos’0g(VwZ,FV)
+W (cos?0)g(Z, FV).
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Then, using , , - , we find
9(AnzV + Anpz FV,W) = —g(VwZ,FV) + cos?0g(VNw Z, FV)
+W (cos®0)g(Z, FV)
=—g(VwZ,FV) + cos? 0g(Vw Z, FV) + W (cos?0)g(Z, FV)
= —sin?0g(Vw Z, FV) + W (cos?0)g(Z, FV)
= —sin?g(V% Z, FV) + W(cos?0)g(Z, FV).
Since g(V,Z, FV) =0 and g(Z, FV) = 0, we conclude that
9(ANZV + Anpz FV,W) = —sin?0g(V9, Z, FV) + W (cos*0)g(Z, FV) = 0. (5.47)

On the other hand, for Z € I'(Dy) and U,V € I'(Dr), using and , we get
9J(AnzV + AnpzFV,U) = g(AnzV,U) + g(AnpzFV,U)
=g(AnzU, V) + g(AnpzU, FV)
=—g(VuNZ,V)—g(VyNPZ,FV)
=—g(VuNZ,V) - g(VuFPZ,FV)
+9(VuP?Z, FV).
Using (2.14])), (2.15)), (3.17) and (3.18), we arrive to
9J(ANZV + AnpzFV,U) = —g(VNuFZ, V) +g(VuPZ,V) — g(VuyPZ,V)
+cos?0g9(Vy Z, FV) + U(cos?0)g(Z, FV)
=—g(VuFZ,V) +cos?0g(Ny Z, FV)
+U(cos?0)g(Z, FV).
Since Ulcos?6] = 0, using , , - , we find
9g(AnzV + AnpzFV,U) = —g(VuZ,FV) + cos?0g(Vy Z, FV)
=—g9(VuZ,FV) + cos?0g9(Vy Z, FV)
= —sin?0g(Vy Z, FV)
= —sin?0Z(In f)g(U, FV).

So, we conclude that
9(AnzV + AnpzFV,U) = —sin®0Z(In f)g(FV,U). (5.48)

Moreover, we have X (In f) = V(In f) = 0, since f depends only on the points of M?. So, we
conclude that g = 1n f. Thus from — , we get .

Next, we prove — .We know M is a biwarped product proper s.s-i. submanifold
of order 1 of a locally product Riemannian manifold (M, g, F). Then, for Z,W € T'(Dy),
using (LI, we get VW = V%W and for X € I'(D, ),we have

g(VZW, X) = sec®0{g(Arx Z, PW) + g(Anpw Z,X)} = g(ViZW, X) = 0
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from (3.22)). Since M? is a proper slant submanifold, it follows that

which gives (5.38). For U,V € I'(Dr) and X,Y € I'(D, ), using (1.3)), we get ¢(VyV, X) =
g(VLV — g(U,V)V(In ), X) = 0. Then from (3.24) we find

Therefore, we get (5.39)). For U € I'(Dr) and X,Y € I'(D_ ), using ([1.3)), we get ¢(VxY,U) =
g(VixY — g(X,Y)V(Ino),U) = 0. Then from (3.26) we find,

g(VxY,U) = —g(Ary X, FU) = 0.

Hence, we conclude that (5.40). For X € T'(D,), Z € T'(Dy) and U € I'(Dr), using (|1.2)),
we write g(VzX,FU) =g(Z(Ino)X,FU) = Z(lno)g(Z,FU) = 0. On the other hand, from
(13.28]) we find

9(V2X,FU) = —g(Arx Z, FU) = 0.

Thus, we get (5.41). For X € I'(Dy), Z € I'(Dy) and U € I'(Dr), using (|1.3), we have
9(VuyX,Z) =0. Then, from (3.29)) we find,

g(VuX,Z) = —sec’0{g(ArxU,PZ) + g(AnpzU, X)} = 0.

It follows (5.42)).

Conversely, assume that M is a proper (Dy, D, )-mixed geodesic s.s-i. submanifold of
order 1 of a locally product Riemannian manifold (M, g, F) such that - hold.
From (5.38), we get (3.31). On the other hand if we write 7V instead of V and W instead
of Z in , we find AywFV + AnpwV = —sin? 0W (u)V. If we take inner product of
this equation with Z € I'(Dy), we get

g(ANw}—V + Anpw'V, Z) = g(ANWz, .7:V) + g(ANsz, V)
= —sin?0W (u)g(V, Z) = 0.

So, (3.30) holds. Thus from Theorem (3.1)), the slant distribution Dy is totally geodesic
and as a result, it is integrable. On the other hand, from (5.39), for all U,V € I'(Dr) and
X € I'(Dy), we write g(ArxV,FU) = 0. Thus, g(ArxV,FU) = g(ArxU, FV), which is
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(3.32)). On the other hand, in (5.37)), if we write FV instead of V', we find ANz FV+AnpzV =

—sin?0Z(pu)V. If we take inner product of this equation with U € I'(Dr), we arrive at

9(ANzFV + AnpzV,U) = g(AnzFV,U) + g(AnpzV,U)

(5.49)
= —sin?0Z(p)g(V, U).
Here, if we interchange U and V' in (5.49)), we find
g(AszU + AnpzU, V) = g(ANZFU, V) + g(AszU, V) (5 50)

= —sin?0Z(u)g(U, V).

From and , we get g(AnzU, FV)+g(AnpzU, V) = g(ANzV, FU)+g(AnpzV,U).
This is . Thus, by Teorem the invariant distribution Dy is integrable. On the other
hand, for all X,Y € I'(D,) and U € I'(Dy), we have g(Ary X, FU) = 0 from (5.40). It fol-
lows that g(Ary X, FU) = g(ArxY,FU) = 0. That is . Also, we get

9(VxY,Z) = —sec?0{g(h(Y,PZ), FX) + g(AnpzX,Y)} from (3.25). Since M is (Dy, D, )-
mixed geodesic, it follows that g(h(Y, PZ), FX) = 0. Then, we find ¢(VxY, Z) = g(Vy X, Z).
Thus follows. Then by Theorem the totally real distributions D, is integrable.
Let M? MT and M* be the integral manifolds of Dy, Dy and D , respectively. If we denote
the second fundamental form of M7T in M by kT, for U,V € I'(Dy) and X € I'(D,), using

(2.4]), (3.24) and (5.39), we have

g(h"(U.V), X) = g(VuV, X) = g(ArxU, FV) = 0. (5:51)
For any, U,V € I'(Dr) and Z € I'(Dy), using and (3.23), we get
g(WT (U, V), Z2) = g(VyV, Z) = esc®0g(AnpzU, V) + g(AnzU, FV).
At this equation, if we use (5.37)), we have
g(WT (U, V), Z) = esc®0g(AnpzV + Anz FV,U) = —Z(p)g(V, U).
After some calculation, we obtain
g(h" (U, V), Z2) = g(=g(U, V)V, 2), (5.52)
where Vi is the gradient of . Thus, from and , we conclude that
RT (U, V) = —g(U, V)V

This equation says that M7 is totally umbilic in M with the mean curvature vector field —V .

Now, we show that —Vy is parallel. We have to satisfy ¢(VyVu, E) =0 for U € I'(Dr) and
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E € (Dr)* = Dy @ D). Here, we can put £ = Z 4+ X, where Z € I'(Dg) and X € I'(D,).

By direct computations, we obtain

9(VuVp, E) ={Ug(Vu, E) = g(Vp, Vu E)}
= U(E(w) = [U, El(r) — 9(Vi, VEU)
= [U, El(p) + EU () = U, El(1) = 9(Vi, VEU)
= —9(Vi,VeU) = —g(Vi,V2U) = g(V, VxU),
since U(p) = 0. Here, for any W € I'(Dy), we have g(VzU, W) = —g(U,VzW) = 0, since
M?Y is totally geodesic in M. Thus, VU € T'(Dr) or VU € T'(D,). In either case, we have

g(Vu,VzU) =0. (5.53)
On the other hand, from , we have
g(VxU W) =—g(U,VxW) = —csc?0{g(Anpw X, U) + g(Anw X, FU)}.
Here, using , we obtain
9(VxUW) = g(W(p)U, X) = 0.
That is, VxU € I'(Dr) or VxU € I'(D). In either case, we get

9(Vu,VxU) =0. (5.54)

From (5.53)) and (5.54)), we find

9(VuVp, E) =0.

Thus, M7 is spherical, since it is also totally umbilic. Consequently, D is spherical.

Next, we show that D is spherical. Let h'- denote the second fundamental form of M~ in

M. Then for X,Y € I'(D,) and U € I'(Dr), using (2.4), and (5.40), we have
g(hH(X,Y),U) = g(VxY,U) = —g(Ary X, FU) = 0. (5.55)
On the other hand, for any Z € I'(Dy), using
9(h(X,Y), Z) = —sec’0{g(h(X,PZ),FY) + g(AnpzX,Y)}.
Since M, (Dg, D, )-mixed geodesic, g(h(X, PZ),FY) = 0. So, we have
g(h"(X,Y),Z) = —g(AnpzX,Y).

Using (5.36]), we obtain
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By a direct calculation, we get
g(h(X,Y),Z) = —g(Vg(X,Y), Z), (5.56)
where VA is the gradient of A. From and , we obtain
hH(X,Y) = —g(X,Y)VA

So M* is totally umbilic in M and the mean curvature vector field is —VA. What’s left
is to show that —V A\ is parallel. We have to satisfy ¢(VxVA, E) =0 for X € I'(D,) and
E € (D))" = Dy @ Dr. The proof is similar to the parallelity of —V . So we omit it. —V A

is parallel. So, M is spherical, since it is also totally umbilic. Consequently, D is spherical.

Lastly, we prove that (Dr)* = Dy @ D, and (D) = Dy @ Dr are autoparallel. In fact,
Dy ® D, is autoparallel iff all for four types of covariant derivatives VW, VzX VxZ, VxY
are again in I'(Dy @ D, ) for Z, W € I'(Dy) and X,Y € I'(Dy). This is equivalent to say
that all four inner products g(VzW,U), g(VzX,U), g(VxZ,U), g(VxY,U) vanish, where
U € I'(Dr). Using and (5.37), we find

g(VoW,U) = —csc?0{g(Anpw Z,U) + g(Ayw Z, FU)}
= —csc20g(AnpwU + ANw FU, Z)
=W(ng(U, Z) = 0.

Using (3.28]) and (5.41)), we find

9(VzX,U) = —g(ArxZ,FU) = 0.
By and , we get
9(VxZ,U) = —csc?0{g(Anpz X,U) + g(Anz X, FU)} = 0.
By and , we find
9(VxY,U) = —g(Ary X, FU) = 0.

Thus, Dy @ D, is autoparallel. On the other hand, Dy & Dy is autoparallel iff all four
inner products g(VzW, X),9(VzU, X),9(Vu Z, X), g(VyV, X) vanish, where Z, W € I'(Dy),
U,V € I'(Dr) and X € T'(D, ). Firstly, we have already g(VzU, X) = 0 from above. Using

(3-22) and (5.38)), we get

9(VZW, X) = sec’0{g(Arx Z, PW) + g(Anpw Z, X)} = 0.
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Using (3.24]) and (5.39)), we find

g(VUV,X) = g(A]:)(U, .7:V) =0.

And for last one, by (3.29)) and (5.42), we get

9(VuZ,X) = —g(VuX, Z) = sec’0{g(ArxU, PZ) + g(AnpzU, X)} = 0.

So, Dy@ Dy is autoparallel. Thus by Remark[5.1] M is locally biwarped product submanifold
of the form M? X g MT x, M+.
Next, we investigate the behavior of the second fundamental form h of a non-trivial

biwarped product s.s-i. submanifold of order 1 of a locally product Riemannian manifold

(M, g, F) of the form MY x; MT x, M*.

Lemma 5.1. Let M be a biwarped product proper s.s-i. submanifold of order 1 of the form
M? x; MT x, M+ of a Lp.R. manifold (M, g, F). Then for h of M in (M,g,F), we have

g(h(U, V), NW) = =W (In f)g(U, FV) + PW(In f)g(U, V), (5.57)
g(W(Z,U), NW) =0, (5.58)
g(h(X,U),NW) =0, (5.59)
g(M(Z,U), FX) =0, (5.60)
g(h(X,U), FY) =0, (5.61)
g(h(U, V), FX) =0, (5.62)

where Z,W € I'(Dy), X, Y € I'(Dy) and U,V € I'(Dr).

Proof. For U,V € I'(Dr) and W € I'(Dy), using (2.4), (2.13) — (2.15]) and (3.17)), we have

g(h(U,V),NW) =g(VyV,NW) = —g(V,VyNW)
= —g(V,VuFW) + g(V,Vy PW)
= —g(FV,VuW) + g(V,Vy PW)
= —g(FV,VuW) + g(V,Vy PW)
=—W(ln f)g(FV,U) + PW(ln f)g(U, V).
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Thus, we get (5.57). Now, using (2.4), (2.13) — (2.15) and (3.17), we get

g(WZ,U),NW) =g(VzU NW)=—g(U,VzNW)
= —g(U,VzFW) + g(U,VzPW)
= —g(FU,VzW) + g(U,VzPW)

g(W,Vz(FU)) = g(VzU, PW)

gW,VzFU) = g(V2U, PW),

for Z,W € I'(Dg) and U € I'(Dr). Here using (L.2)), we get
g(WZ,U),NW) = Z(In f)g(W, FU) — Z(In f)g(U, PW) = 0

since g(W, FU) = g(U, PW) = 0. So (5.58) follows. The proof of (5.59) is similar.
For Z € I'(Dy), X € I'(D,) and U € I'(Dr), using (2.4)), (2.13]) — (2.15) and (3.17)), we get

g(M(Z,U),FX) =g(VzU,FX)=—g(UVzFX)
= —g(}"U, ?ZX) = —g(]-"U, VzX)
=—Z(lno)g(FU,X) =0

since g(FU, X) = 0. So (5.60) follows. Next, using (2.4)), (2.13]) — (2.15]), (3.17) and (1.3)) we
get

g(h(X,U),FY) =g(VxU FY)=—g(UVxFY)
= —g(FU,VxY) = —g(FU,VxY)
=g9(VxFU,Y)=0
for U € I'(Dr) and X,Y € I'(D, ). Thus, follows. Lastly, using , - ,
and we get

g(h(U, V), FX) =g(VuV,FX)=—g(V,VyFX)
= —g(FV,VuX) = —g(FV,VuX) =0
for U,V € I(Dr) and X € I'(D,). So, we have (5.62). The other assertions can be obtained
by a similar way.
The previous lemma shows partially us the behavior of the second fundamental form h of

the biwarped product proper s.s-i. submanifolds of order 1 of the form M? x M T sy M+
in the normal subbundle N(Dy) and F(D,).

Remark 5.2. The equations (5.57)), (5.58), (5.59) and (5.60) also were obtained as Lemma
3.1-(ii), Lemma 3.1-(i), Lemma 3.3-(ii) and Lemma 3.53-(1), respectively in [22].

By using (5.58)) — (5.61)), we immediately have the following result.
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Corollary 5.1. Let M be a biwarped-product proper s.s-i. submanifold of order 1 of the
form M? X5 MT x, M* of a locally product Riemannian manifold (M, g, F) such that the

invariant normal subbundle Dy = {0}. Then M is (Dr,D1) and (Dr, Dy)-mized geodesic.
Lastly, we give another main result of this section.

Theorem 5.2. Let M be a biwarped-product proper s.s-i. submanifold of order 1 in the form
MY X5 MT x, M+ of a L.p.R. manifold (M, g,F) such that its invariant normal subbundle
Dr = {0}. Then M is a locally warped product in the form M x MT x, ML iff M is

Dr-geodesic.

Proof. If M is a locally warped product of the form M? x M7T x, M=+, then the warping
function f is constant. By (5.57)), we have

g(h(U,V),NW) = —W (In f)g(U, FV) + PW(ln f)g(U, V) = 0

for U,V € TI'(Dr) and W € TI'(Dy), since W(ln f) = PW(ln f) = 0. Using this fact and
(5.62)), it follows that h(U, V) = 0. Which say us M is Dp-geodesic.
Conversely, let M be Dr-geodesic. Then for any U,V € I'(Dr) and W € I'(Dy), we have

W(ln f)g(U, FV)+ PW(ln f)g(U,V) =0 (5.63)
from (5.57)). If we put W = PW in (5.63) and using (3.18)), we obtain
PW(In f)g(U, FV) 4 cos*0W (In f)g(U, V) = 0. (5.64)

If we replace V' by FV in (5.64)), then (5.64) becomes

PW(In £)g(U, V) 4 cos>0W (In f)g(U, FV) = 0. (5.65)

From (5.63)) and (5.65)), we get

sin?0W (In f)g(U, FV) = 0 (5.66)

for any U,V € I'(Dr) and W € I'(Dy). Since (5.66) is true for any U,V € I'(Dr), it is also
true for FV € T'(Dr). So (5.66|) becomes

sin?0W (In f)g(U, V) = 0. (5.67)

Since M is proper, sinf # 0, we can deduce that W(ln f) = 0 from (5.67). Namely, we find

f as a constant. Thus, M must be a locally warped product in the form M? x M7T x, M*.
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6. AN INEQUALITY FOR NON-TRIVIAL BIWARPED PRODUCT S.S-1. SUBMANIFOLDS OF

ORDER 1 OF THE FORM MY x; M7T x, M+

In this section, we shall establish an inequality for the squared norm of the second fun-
damental form in terms of the warping functions for biwarped product skew semi-invariant
submanifolds of order 1 of the form M? x M T %, M+, where M? is a proper slant, M7 is

a invariant and M~ is an anti-invariant submanifold in a 1.p.R. manifold (M, g, F).

Let Mg x 7, My x 1, M3 be a biwarped product submanifold in a Riemannian manifold M.

Then from [9], we write

K(Xo, Xi) = Ko = i((vXoXOXfi) — Xo(Xo(fi)))

! , , (6.68)
KX Xp) = Iy = STV
fifj
for each unit vector X; tangent to M;. If we consider the local orthonormal frame {e1, e, ..., e}

of TM, in view of Gauss equation (2.6]), we derive
m
T(TM)=7(TM)+ Y > <h;; n— (h;fj)2), (6.69)
r=m+11<i£j<m

where m — m = dimT+M.

Now we are ready to prove the general inequality. Let M be a m = mg + m1 + mao-
dimensional biwarped product s.s-i. submanifolds of order 1 of type M? x M T'xe M+ in a

locally product Riemannian manifold (M, g, F). A canonical orthonormal basis is given by

{€1, -y emps €mot1s -« s Emotmy s Emo+tmi-+1ls -« - s Cmotmi+mas Emily - -, €m} of TM such that
{e1,...,€emy} is an orthonormal basis of TMY, {€mo+1s - - - s €mg+m, | 18 an orthonormal basis
of TMT, {e Hi th. 1 basis of TM*, { o} i

s {€motmyt1s - -+ s €mo+mi+msy ) 18 an orthonormal basis o s {ematy. .., em}is an

orthonormal basis of T+ M.

Theorem 6.1. Let M = M? foT X o M be an m-dimensional non-trivial biwarped product

s.s-1. submanifold M of order 1 of an m-dimensional locally product Riemannian manifold

(M,g,F). Then

(i) the second fundamental form of M satisfies

sIh|?P> #(TM)—7(TM% —7(TMT) —7#(TM*)

Af Ao 9(Vf,Vo) (6.70)
—Mmi1—— — Mo—— + Mmimse

f o fo
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where my = dimM7T and mo = dimM*+.

(i) The equality case of the inequality (6.70) holds identically iff M? is also totally geo-
desic in M, and both MT and M+ are totally umbilic in M.

Proof. Putting U =W =e¢; and V = Z = ¢; in Gauss equation ({2.6), we obtain

R(ei, ej,€j,€i) = R(ei, ej,ej, ) + g(h(ei, e5), h(ei, e5)) — g(h(ei, er), hiej, e5)).
Taking summation, over 1 < 1,5 < m(i # j) in above equation, we obtain

27(TM) = 2r(TM) —m? || H ||> + | b |*.
Then from , we derive

1 9 m? 5 _
SInlP = S P+@M) - Y Ky
1<i<j<mg
mo mo+mi

- > Ky- > Kj=3. > Ky

mo+1<i<j<mo+m1 mo+m1+1<i<j<mo+mi+ma i=1 j=mo+1
mo mo+mi+ma mo+m1 mo+mi+ma
=1 j=mo+mi1+1 1=mo+1j=mo+mi+1
Hence, we obtain
1 2 m? 2 | = 0 T 1
5 lh|* = > | H || +7(TM)—7(TM") —7(TM") —1(TM~)
mo mo+mi mo mo+mi+ma mo+m1 mo+mi+me
=1 j=m0+1 =1 j:mo+m1+1 i=mo+1 j:m0+m1+1

Last three terms of first line of above equation can be obtained by using , then we get
1 m? _
SIRIE = B H P +n(TM)

_HTMY) - zm: Z (h; = ( ;t)z)

r=m+1 1<i#t<mg

—A(TMTy - Y > <h§j = 51)2) (6.71)

r=m+1mo+1<jAI<mo+m1

M- Y ) (eat ~ 1222

r=m+1 mo+mi+1<a#b<mo+mi+mo

mo mo+miy mo mo+mi+ma mo+m1 mo+mi+me
— E E Kij — E E Kij — E E Kz’j-
=1 j=m0+1 =1 j=mo+mi1+1 1=mo+1 j=mo+mi+1

Now, using (/6.68)), for a biwarped product submanifold, we find

mo mo+mi Af mo mo+mi+ma Ao

DI D S S

i=1 j=mo+1 i=1 j=mo+m1+1
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and

mo+m1 mo+mi+me (Vf VU)
)

Z Z Ki]’ = —mlmggT.

i=mo+1 j=mo+mi1+1
If we use these equations in (6.71)), we obtain

2
%”hHQ = m||H||2+?(TM)—m1Aff_m2Aaa+m1ng(v}zfva)

> (ni- <h;-;>2)

+1 1<i#£t<mg

7(TM?) —

+1mo+1<jAI<mo+m1

) (hzahzb - ().

+1mo+mi1+1<a#b<mo-+mi+me

F(TM*) —

If we arrange this equation, we arrive to

1 m? _ Af Ao g(Vf, Vo)
SR = = | HI|?+7(TM) —mi—% —my— 9\vVJ, Vo)
5 7 5 17 +7(TM) —m 7, + mims =
—f(TMG) —F(TMT) —27(TM+)
m
> Y mre Y >
r=m+1 1<i#t<mg r=m+1mo+1<jAI<mo+m1
m m
+ ) > (W)= > D> (kg
T‘=7fl+1 mo+mi+1<a#b<mo+mi+mao r=m+1 1<i#t<myg

o Z Z (hr r)

r=m+1mo+1<j#AI<mo+m1
m

_Z Z (WL RL).

r=m+1 mo+mi+1<a#b<mo+mi+maz
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TR
Adding and substracting the term 3 Z (( T2+ (hrmm)z) in the above equation,

r=m+1
we find that

1 m? Af Ao g(Vf, Vo)
—Ih|? = = ||H|?+7(TM) —mi—%+ —myg— CAREARSSA
s = S P T = m = g iy S

—’(TM") —F(TMT) - 7(TM*)

m
DD SNUAED S > Uy
r=m+1 1<i£t<my r= m+1m0+1<];él<mo+m1
m
+ 2 2 =D S S
r=m+1m0+m1+1§a7éb§mo+m1+mg r=m+1 1<i£t<my

m

B Z Z (hT ) (6.72)

r=m+1mo+1<j#I<mo+m1
m

S S )

r=m+1 mo+mi+1<a#b<mo+mi+ma

1 “ T T
+5 (( 11)2+--.+(hmm>2)
r=m+1
1 % T T
5 2 (R ),
r=m-+1
Here, by (2.7), we have
1 & T T = T LT
1= o S (002 () 42 Y ().
r=m-+1 r=m+11<i#j<m
Using this equation in (6.72)), we obtain
1 m? Af Ao g(Vf, Vo)
—n|? = — || H|?+7(TM)—-m;—% —my—- ER AR
5 1] 5 7 +7(TM) = m 7T s by
——(TMG) —F(TMT) — 7(TM*Y)
S5 VD SIUEI SN DI
r=m-+11<i#t<mo r=m+1mo+1<jAl<mo-+m1 (6.73)

3 ) (Wy)? = 1

r=m+1 mo+mi+1<a#b<mo+mi+ma

+% zmj (( ’{1)2+...+(h;m)2>.

r=m+1

Now, the inequality (6.70) comes from (|6.73]). The equality sign in (6.70]) holds iff

Z Z (hE)? = and

r=m-+1 1<i#t<m (6 74)

m

> (( ’1‘1)2+...+(h;m)2> — 0.

r=m-1
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It follows that, hi; = g(h(e;,ej),e,) =0 ford,j € 1,...,m and r € m+1,...,m. Which
says us h = 0. For a biwarped product submanifold of the form M = M? x M Tx o ML, we
know already that M? is totally geodesic in M and both MT and M~ are totally umbilic in
M. Since, the second fundamental form h of M vanishes, identically, it follows that M? is
also totally geodesic in M and both MT and M~ are also totally umbilic in M.

Now we give an application of the inequality (6.70)).

Theorem 6.2. Let M = M? foT X o M be an m-dimensional non-trivial biwarped product
s.s-1. submanifold M of order 1 of an m-dimensional locally product Riemannian manifold
(M = M (c1) x Ma(ca), F,g). Then the squared norm of the second fundemental form h of
M satisfies

1 Ao
Ihl> > 5(01 +c2) <mom1 + moma + m1m2> —2my—= — 2mg—

V7. V0) f o (6.75)
fo

where mg = dimMe, mip = dimMT, me = dimM~+ and mo +mq +mg =m

+2mime

Proof. In ([2.16), substituting X = e;, Y = Z = e; and take inner product with e; in the

above equation, we obtain

_ 1
Rleiepesne) = et {oleres)aten e = gleselatese)

+9(Fej,ej)g(Fei,ei) — g(Fei, e5)g(Fe;y, ei)}

1

30— e oler oo e) - gleselFes.)

Lg(Fejrei)glen i) — g(Fere)ales, )}

Taking summation over basis vectors of TM for 1 < i # j < m, we get
1
27(T'M) = 1(01 + 02){ Z g(ej.ej)g(eis €;) — Z 9(%%‘)2
1<i#j<m 1<i#j<m

+ Z g(Fej,ej)g(Fei,e;) — Z g(]—"ei,ej)g(}"ej,ei)}

1<i#j<m 1<i#j<m

+i(01—62){ Z glej,ej)g(Fei,ei) — Z g(ei,ej)g(Fej,e;)

1<i£j<m 1<i#j<m

+ Z 9(Fej,ej)g(ei e;) — Z g(}“ei,ej)g(ej,ei)}}.

1<i#j<m 1<i#j<m
Let M be an m-dimensional non-trivial biwarped product s.s-i. submanifold M of order 1
of an m-dimensional locally product Riemannian manifold M = Mj(c1) x Ma(co) in the

form M? x F M T %, Mt. We choose the orthonormal frame fields of TM? and TM7T
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as {e1 = secOPey,...,em, = secOPep,} and {Feme+1 = €mot+l,---,Fer = e, Fe1 =
—€t41y -y FEmotmy = —€mg+m, J, Fespectively. Also, we choose the orthonormal frame fields
of TM* as {emgtmyt1s---sCmotmyrms - Here, for 1 < i < mg, we have g(Fe;,e;) = cosf

and for 1 < i # j < mg, we have g(Fe;,e;) = 0, since M % is a slant submanifold with slant
angle 6. Also, for mg + 1 < i < t, we have g(Fe;,e;) = 1 and for t + 1 < i < mgy + my,
we have g(Fe;,e;) = —1. Moreover, for mg +m1 + 1 < i < mg + my + mg = m, we have
g(Fei,e;) = 0 and for mo+mi +1 <i # j < mg+ my + mg = m, we have g(Fe;, e;) =0,

since M~ is an anti-invariant submanifold. Thus, using these facts, we obtain the following

> 9(Fej,ej)g(Fei,e;) = my — 3,
mo+1<i#j<mo+m;
Z g(fej,ej)g(,}’-'ei7ei) =(mp—1) 6082«9,
1<i#j<mg
Z g(€j7ej)g(~/—-.ei)ei):2t—m1—1’
mo+1<i#j<mo+my
Z g(ej,ej)g(Fei, e;) = (mo — 1) cost,
1<i#j<mo
> eFee)Feac)= Y glee)o(Fee) =0
mo+mi+1<iZ#j<m mo+mi1+1<i£j<m
and
Z g(f€i7€j)g<ej7ei) = Z g(}"ei,ej)g(]—"ej,ei) =0.
Lsizjsm 1<ij<m
Thus, we find

27(TM) = %(cl + 02){m(m —1)4+m; =3+ (mo—1) cos29}

1 (6.76)
—&—1(01 — 02){2(215 —my —1)4+2(mg —1) cos@}.
Similarly for TM?, TMT and TM*, we derive
27(TMY) = 1(61 + 02){m0(m0 — 1)+ (mog—1) 00529}
4
1 (6.77)
+Z(Cl — 02){2(7710 —1)cos 0}
1
Qf(TMT) = *(Cl + CQ) ml(ml — 1) +mq — 3}
4
1 (6.78)
+Z(Cl — CQ){2(2t —mi — 1)}
1
277'(TMJ‘) = Z(Cl + 62){m2(m2 — 1)} (679)

Thus, using (6.76]) — (6.79) in (6.70), we get the inequality (6.75).
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