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ON THE MANNHEIM PARTNER OF A CUBIC BEZIER CURVE IN E3

SEYDA KILICOGLU © * AND SULEYMAN SENYURT

ABSTRACT. In this study we have examined, Mannheim partner of a cubic Bezier curve
based on the control points with matrix form in E3. Frenet vector fields and also curvatures
of Mannheim partner of the cubic Bezier curve are examined based on the Frenet apparatus
of the first cubic Bezier curve in E3.
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1. INTRODUCTION AND PRELIMINARIES

French engineer Pierre Bézier, who used Bézier curves to design automobile bodies stud-
ied with them in 1962. But the study of these curves was first developed in 1959 by math-
ematician Paul de Casteljau using de Casteljau’s algorithm, a numerically stable method
to evaluate Bézier curves. A Bézier curve is frequently used in computer graphics and re-
lated fields, in vector graphics, used in animation as a tool to control motion. To guarantee
smoothness, the control point at which two curves meet must be on the line between the two
control points on either side. In animation applications, such as Adobe Flash and Synfig,
Bézier curves are used to outline, for example, movement. Users outline the wanted path in
Bézier curves, and the application creates the needed frames for the object to move along

the path. For 3D animation Bézier curves are often used to define 3D paths as well as 2D

Received:2021.11.01 Revised:2022.02.08 Accepted:2022.03.26
* Corresponding author
Seyda Kiligoglu; seyda@baskent.edu.tr; https://orcid.org/0000-0003-0252-1574
Siileyman Senyurt; senyurtsuleyman52@gmail.com; https://orcid.org/0000-0003-1097-5541

182


HTTPS://ORCID.ORG/0000-0003-0252-1574
HTTPS://ORCID.ORG/0000-0003-1097-5541

INT. J. MAPS IN MATH. (2022) 5(2):182-197 / ON THE MANNHEIM PARTNER OF A CUBIC ... 183

curves for key-frame interpolation. We have been motivated by the following studies. First
Bezier-curves with curvature and torsion continuity has been examined in [6]. Also in [2],
[3] and [7] Bezier curves and surfaces have been given. In [4] Bézier curves are designed for
Computer-Aided Geometric. Recently equivalence conditions of control points and applica-
tion to planar Bezier curves have been examined. In [§] Frenet apparatus of the cubic Bézier

5" order Bézier curve and its, first, second, and

curves has been examined in E3. Before, the
third based on the control points of the 5* order Bézier Curve in E3 are examined too in [T2].
We have already examine in cubic Bézier curves and involutes in [§] and [9], respectively.
Also Bertrand mate of a cubic Bezier curve based on the control points with matrix form has
been examined with Frenet apparatus in [I1]. Here we will examine the Mannheim partner
of a cubic Bezier curve, based on the control points with matrix representation.

The set, whose elements are Frenet vector fields and the curvatures of a curve a (t) C E3,
is called Frenet apparatus of the curves. Let a(t) be the curve, with n = ||/ (¢)|| # 1 and
Frenet apparatus be {T'(¢t),N (t), B (t),x (t), 7 (t)}. Frenet vector fields are given for a non

arc-length curve

0= NO=BOAT@.  B@= S0
‘a’ (t) Ao (t)” B <o/ () Aa” (t) ,o/”(t)>
e ol? @) A 1))

where £ (t) and 7 (t) are curvature functions. Also Frenet formulas are well known as

T 0 nk 0 T
N |=|-n 0 nr N
B’ 0 -7 0 B

Generally, Béziers curve can be defined by n + 1 control points Py, Py, ..., P, with the

parametrization
n
n . i
B =3 (1) a-0el.
=0
where <> = m is known as the usual binomial coefficients. In this study we will
i il(n —1)!

define and work on cubic Bézier curves in E3. For more detail see [11 [§].

Definition 1.1. A cubic Bézier curve is a special Bézier curve and it has only four points

Py, Pi, P, and Ps, its parametrization s

a(t)=1—t)’Py+3t(1—t)> P +3t>(1 —t) P, + t*Ps
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and matriz form of the cubic Bezier curve with control points Py, Py, P, Ps3, is

3 -1 3 =31 P,
12 3 =6 3 0 P,
a(t) =
t -3 3 0 0 P
1] |1 0 0 0]][Ps]

Also using the derivatives of a cubic Bézier curve Frenet apparatus {1, N, B, k, T} have
already been given as in the following theorems by using matrix representation. For more
detail see in [§].

The first derivative of a cubic Bézier curve by using matrix representation is

T
t2 1 -2 1 Qo
)= 1 ¢ -2 2 0 Q1
1 1 0 0 Q2

where Qo = 3 (P — Py) = (20, %0, 20), Q1 =3 (P2 — P1) = (z1,91,21),
Q2 = 3(P3 — Py) = (2,42, 22) are control points.

The second derivative of a cubic Bézier curve by using matrix representation is

t -1 1 Ry
1 1 0 Ry

where Ry =6 (P, — 2P, + Py), Ry =6 (P3 — 2P, + Py) are control points.

The third derivative of a cubic Bézier curve is constant by using matrix representation is

o (t) = [RoRi]

with the control point [R()Rl] =R —Ry=2 [Q]QQ] -2 [Q()Ql] .
Frenet apparatus {7 (t), N (t), B (t),k (t), 7 (t)} of a cubic Bézier curve have already been
given as in the following theorems by using the matrix representation. For more detail see

in [9].
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Tangent vector field of a cubic Bezier curve a with, ||o/|| = 1 has the following the matrix

representation

1
n

1

1 -2 1
-2 2 0
1 0 0
1 -2 1
-2 2 0
1 0 0

] _560 Yo <0
I Y1 A
1 L2 Y2 22
__Qo
Q1
][ @

(Qo (2 —2t+1) — Q1 (2t* — 2t) +£°Q3) .

Binormal vector field of a cubic Bezier curve by using the matrix representation is

B(t)

where m = ||o’Ad”|| and

6

Sle

6

T
t2 b1
t bo1

bia b3

bao  bo3

bsa b33
B

[tQ t 1} By

Bs

(Blt2 + Bot + Bg)

bi1 = (Yoz1 — Y120 — Yoz2 + Y220 + Y122 — Y221) ,

big = (2120 — xo21 + To22 — X220 — T122 + T221),

b1z = (Toy1 — Z1Yo — Toy2 + T2yo + T1Y2 — Tay1),

ba1 = (2y120 + Yoz2 — 2Yo21 — Y220) ,

bog = (21’021 —2x120 — XTp22 + ZL'QZ()) R

baz = (2z1y0 — 2x0Y1 + ToY2 — T2Yo) 5

b31 = yoz1 — Y120,

b3a = x120 — w021,

b3z = xoy1 — T1Yo-
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Normal vector field of a cubic Bezier curve is a 4th order Bezier curve and it has the

matrix representation as in

t4 nip Nz Ni3
t3 N2l M2 N3
6
N(t):nTn t2 n31 N3z N33
t N4l N42  N43
1 ns1 Ns2  N53
—_ _T — —
4 No
t3 N,
6
- t2 N2
nm
t N3
1 Ny

6
= — (Not* + N1t + Not® + Nt + Ny)
nm

where

ni11 = bizdiz — bizdiz,

no1 = biadas — bizdaz + boadiz — basdaz,

ng1 = biadss — bigdsa + baadas — bagdaa + b3adiz — bszdia,
na1 = baadss — bagdsz + bsadas — bsgdaa,

ns1 = baadss — bazdsa,

niz = biidiz — bigdi,

nog = —bi1deg — baidiz + bigdan + bazdan,

ng2 = bazda1 + bagdin — bridss — bardas + bizds1 — baidis,
N4z = —ba1dss — ba1daz + bazds1 + bszdon,

ns52 = —bs1dss + bazdsi,

ni13 = biidiz2 — biadi,

no3 = bi1daz — biadoy + bardi2 — baadin,

n33 = bi1dzz — b12dz1 + bardas — baadayr + b31di2 — b3adiq,
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n43 = ba1dze — baadsz1 + b31daa — b3aday,
ns3 = b31dsz — b3ads.

The first and second curvatures of a cubic Bezier curve by using the matrix representation

are
—_ — T — —
t* b7, + bfy + bis
t3 2b11b21 + 2b12b22 + 2b13b23
(t) = 61 2 2 2
K ;G t 2b11b31 + 2b12b32 + 2b13b33 + b3y + b3y + b3
t 2b21b31 + 2022032 + 2ba3b33
1] | b3, + b3y + b3, ]
— —_ T —_ —_
t4 &)
t3 Cy
6
== ﬁ t2 Cg
t Cy
1 Cs
6
=5 (Crt" + Cot® + Cst* + Cyt + Cs)
where

Cy = bfy + b3y + bi,

Co = 2b11ba1 + 2b12b2o + 2b13b23,

Cs3 = 2b11b31 + 2b12bsa + 2b13bss + b3y + b3y + b3,
Cy = 2ba1b31 + 2b22b32 + 2b23b33,

Cs = b3; + b3y + b33,

and

_ ToY122 — ToY221 — T1Yoz2 + T1Y220 + T2Yoz1 — T2Y120

= 5 )
m

7 (t)
2. MANNHEIM PARTNER OF A CUBIC BEZIER CURVE

Mannheim curve was firstly defined by A. Mannheim in 1878. A curve is called a

Mannheim curve if and only if is a nonzero constant, x is the curvature and 7

K
K2 + 712
is the torsion. Mannheim curve was redefined as; if the principal normal vector of first
curve and binormal vector of second curve are linearly dependent, then first curve is called
Mannheim curve, and the second curve is called Mannheim partner curve by Liu and Wang.

As a result they called these new curves as Mannheim partner curves. For more detail see



188 S. KILIGOGLU AND S. SENYURT
[M0]. a* (t) = a(t) + p(t) B*(t), N = B*. Hence o (t) = a.(t) + pu (t) N (t). We know for a

Mannheim curve «, that p is constant.

. do* . da* . da* .
Since i nT+p (t) N (t)+nu (=T + 7B), o 1 B* and 7 L N, we get p is constant.
1
Also dtds* = 7 and |u| is the distance between the curves o and . Also we can write
cos
da _r
ds* T+ pr

Theorem 2.1. The Mannheim partner of a cubic Bezier curve has the following matrix

representation
- - T - 6 -
4
t nT/fLNO
3 %N1+P3+3P1—3P2—P0
af = | 2 SNy + 3Py — 6P + 3R
t ANy + 3P — 3R
6
I 1 || H%N‘l + Py |
Proof. Let o = «(t) + N be Mannheim partner of a cubic Bezier curve « (t),
hence
- - T - -
- 4T T - t4 No
t3 -1 3 -3 1 Py
t3 N
. t? 3 -6 3 0 Py 6
o = — t2 Ny
t -3 3 0 0 P, mn
t N3
1 1 0 0 0 Ps
T T T ) 1 Ny

=P, (32 = 3t°) + °Py + Py (—t> + 3t> — 3t + 1) + P, (3t° — 6t° + 3t)

6 6 6
+ BN+ BNy
m 1

6 6
2EN, + 285N + 2 E N,
m ) 1 m’

—t —¢3
m m N

6 6
- t4m—/:7No 3 <m/:7N1 4 Py 43P, — 3P — P0>

6 6
+ 2 (m’;NQ + 3P, — 6P, + 3P0> +t <m’:]N3 +3P, — 3P0>

6
+ i]\ﬂ; + Py.
nm
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So we can write this as in the following matrix form

- - T - —

4 Si w7y

nm
¢3 %Nl + P;+3P —3P,— P,
af = | 2 %m + 3P, — 6P + 3P,
6
t SN+ 3P — 3Py
6

I 1 || n%Nzl + Py |

Theorem 2.2. The Mannheim partner of a cubic Bezier curve is a 4" order Bezier curve
with constant speed. It has the control points Py, Py, Py, P; and P; based on the control

points of the cubic Bezier curve, as in the following way, where n,m are constants,

P Py+ 5N,
Py ipo+%P1+2%7N3+%N4
Py | = 3P+ 5P+ N + 2 N3 + AN,
Py 3P+ P+ 2Ny + SNy + Ny + AN,
Py Py + 25 No + g5 N1+ J5No + Ny + BN,
Proof. Let Fy, P, Py, Py and PJ be the control points of 4th order Bezier curve

which is Mannheim partner of a cubic Bezier curve, so we can write

1 -4 6 -4 1 Py S No

—4 12 -12 4 0 P +fn—*;7N1 +P;—3P,— Py + 3P,
6 —12 6 0 0 Py | =| +2ANy+3P+3P) — 6P,
-4 4 0 0 0| P +38 N3 + 3P, — 3P,

1 0 0 0 0 P} + Ny + Py

By using the following inverse matrix

00001
000 1
00 % 31
01 4
111 11
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we obtain
P 00001 SN
Py 00 0 5 L||+5N+P—3P—P+3P
psl=|00 % 11 +98 Ny + 3P, +3P) — 6Py
Py o113 +3 Ny + 3P — 3Py
P 11111 +L Ny + Py ]

which completes the proof.

K
Furthermore, the equality P, =constant is known as the offset property, for some
K

2
-
non-zero constant. For some function pu, since N and B* are linearly dependent, equation
—K
can be rewritten as a* (t) = « (t) — uN (t) where u = o Frenet-Serret apparatus of
K24+ T

Mannheim partner curve o, based on Frenet-Serret vectors of Mannheim curve « are

T* =cosO T —sinf B,
N* =sinf T + cos 0B,
B* =N,

—K

N:Fé2+7'2

where 6 = <(T,T™).

Theorem 2.3. Tangent vector field of Mannheim partner of a cubic Bezier curve based on

the angle 0 is

T

t2 5 (9P1 =3Py — 9P> + 3P3) cos§ — % By sin§
T = | t % (6P — 12P; + 6P,) cos — %Bg sin
1 %3 (P — Py) cosf — %Bg sin @
Proof. Since T* = cos T — sinf B, we have

1 6
T = L (00 (2 = 2t 4+ 1) — Q1 (262 — 20) + £20s) cos — ( (Buf? + Bt + Bg)) sinf
n m
1 6
= = (£2Qq cos 0 — 2t%Q1 cos 0 + t2Q5 cos 9) — —t?B; siné
n m
1 6 )
+ — (—2Qot cos O + 2Q 1t cos ) — —tBysin 6
n m

1 6
+ —Qpcosf — —Bssin.
n m
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Therefore, based on the control points Qy, Q1, @2, the following matrix representation can

be written as
T

t° % (Qo —2Q1 + Q2) cosl — %Bl sin 6
"=\t % (—2Q0 +2Q1) cos O — %Bg sin
1 1Qocos6 — £ Bysinf

Also it can be written in the following matrix representation, based on the control points

Po, Pr, P, Ps
LT L
12 %(3(P1—Po)—6(P2—P1)+3(P3—P2))COSH—%Blsina
T = | t % (=6 (PL— Py) +6(Py— Pp))cosf — %Bg sin 0
1] | %B(Pl—Po)COSQ—%BgsiHH
N
t? 5 (9PL — 3Py — 9P> + 3Ps) cos§ — > By sin ¢
= |t % (6Py) — 12P; + 6P;) cosf — %Bg sin 0
1] | %3(P1—P0)COS€—%BgSin9

Corollary 2.1. Tangent vector field of Mannheim partner can be written as in the following

way where n, m are constants

T

t2 1 -2 1 min (mQo cos @ — 61 B3 sin )
T = | ¢ -2 2 0 _m%; (3nBasin @ — mQ cos + 61 Bs sin §)

1 1 0 0 —m% (6n By sin @ — mQs cos  + 61 By sin @ + 61 B3 sin )
Proof. As a quadratic Bezier curve, tangent vector field of Mannheim partner of a

cubic Bezier curve with the control points Q§, Q7, Q3 is

T
t2 1 -2 1 Q;
"=t -2 2 0 Q%
1 1 0 0 Q5

Hence, by using the inverse matrix the control points are

QS 0 0 1 % (Qo —2Q1 + QQ) cosf — %Bl sin 6
Q’{ =10 % 1 % (—2@0 + 2@1) cosf — %BQ sin 6
Q5 |1 11 %roose— %Bg sin 6
[ an (mQo cos @ — 6m B3 sinf)
= —min (3nBasin — m@Q; cos + 61 Bssin §)
i —min (61 B sin @ — mQ2 cos § 4 61 By sin 6 + 6n B3 sin )
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Theorem 2.4. Normal vector field of Mannheim partner of a cubic Bezier curve based on

the angle 0 is

T
2 % (9P1 — 3Py — 9P, + 3P3) sin 6 + %Bl cosf
N*= |t +3 (6P) — 12Py + 6P2) sin6 + % By cos §
1 +%3(P1—P0)Sin9—|—%B30080
Proof. Since N* =sinf T + cosf B, we have
1 6
N*==(Qo (* =2t +1) — Q1 (2t — 2t) + t*Q2) sinf + — (B1t> + Bat + B3) cosf
n m
Lo : 2 - 2 : 6 5
= - (t Qosinf — 2t°Q1 sinf +t QQSmG) + —t“Bjcosf
n m
1 . . 6
+ — (—2tQpsin + 2tQ; sin @) + —t By cos b
n m

1 6
4+ —Qosinf + — Bs cos .
n m

It can be written in the following matrix representation, based on the control points Qg, @1, Q2

t2 % (Qo —2Q1 + Q2)sinfd + %Bl cos @
N'= |t +% (—2Q0 + 2Q1) sin 6 + 2 By cos §
1 +%Qo sin 6 + %Bg cos 6

Also it can be written in the following matrix representation, based on the control points

Po, P, P, Ps
T
t2 L (9P1 — 3P — 9P + 3Py)sinf + 2 By cos §
N*=| ¢ +5 (6P —12P1 + 6P2) sin 6 + % By cos 6
1 +%3 (P, — Py)sinf + %Bg cos 0

This completes the proof.

Corollary 2.2. Normal vector field of Mannheim partner of a cubic Bezier can be written

as in the following way, where n, m are constants

t? 1 -2 1 min (mQosin @ + 61 Bs cos )

N =1 ¢ -2 2 0 an (mQ1 sin 6 + 31 By cos 0 + 6n B3 cos 0)

1 1 0 0 an (mQ2 sin @ + 61B; cos O + 6nBa cos § + 61 Bs cos )
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Proof. As a quadratic Bezier curve normal vector field of Mannheim partner of a

cubic Bezier curve with the control points Nj, N{, Nj is

T
t2 1 -2 1 N§
N*=| ¢ -2 2 0 Ny
1 1 0 0 N;

Hence, using the inverse matrix the control points are

Ng [0 0 1] [ L(Qo—2Q:+Qy)sind + &B;cosd
Ny |=1]0 11 +% (—2Qo + 2Q1)sin 6 + L By cos 6
N3 | 111 +%Qosin9+ %Bg cos 6
[ an (mQo sin @ + 6183 cos )
= an (mQ1sinf + 3nBy cos § + 6mB3 cos )
i min (mQ2sin @ + 6nB; cos O + 61 Ba cos § + 61 Bs cos 0)

This completes the proof.

Theorem 2.5. Binormal vector field of Mannheim partner of a cubic Bezier curve based on

the angle 0 are

B*=N

6
_ nT/;L (Not* + N1t® + Not® + N3t + Ny) .

Theorem 2.6. The curvature and the torsion of Mannheim partner of a cubic Bezier curve

based on the angle 6 are have the following equalities,

Proof. Since
6
K (t) = p (Cit* + Cot® + O3t + Cut + Cs)

where
C1 = b}; + b3, + bis,
Co = 2b11bo1 + 2b12bos + 2b13bo3,
C3 = 2b11b31 + 2b12bsy + 2b13bss + b3) + b3y + b33,
Cy = 2ba1b31 + 2b22b3a + 2b23b33,
Cs = b3, + b3, + b3

and
T (t) = ToY122 — ToY221 — T1Y022 + T1Y220 + T2Y021 — T2Y120
= 5 .
m
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The curvature and the torsion have the following equalities of Mannheim partner of a cubic

Bezier curve;

Ay
 ds* cosf’
. K

o

T

55 (Cit* + Cot® + C3t* + Cut + Cs)
<$Oylz2 — ZoY221 — T1Y022 + T1Y220 + T2Yoz1 — 3323/12’0)
3
m

_ 6m? Cit* + Cot3 + Cst? + Cut + Cs
l“?s ToY122 — ToY221 — T1Yoz2 + T1Y220 + T2Yo21 — 5629120'

Theorem 2.7. Frenet vector fields {T*, N*, B*} of Mannheim partner of any cubic Bezier

curve in E3are

2 Us) 9Py — 3Py — 9P, + 3Ps) + 2B,
t %(6P0—12P1+6P2)+%B2
. 1 (lfn;m)?) (P — Py) + WWTBS
VU= k) + (ur)?
T 1
2 LT (9P — 3Py — 9Py + 3Py) — S )
t LT (6Py — 12Py + 6P) — St
N — 1 %3(P1—P0)—W33
V(L= ur)? + ()’
- - T - -
t Ny
t3 N
6
B*=— t2 N2
nm
t Nj
1 N,




INT. J. MAPS IN MATH. (2022) 5(2):182-197 / ON THE MANNHEIM PARTNER OF A CUBIC ... 195

Proof. Let a curve a® be a Mannheim partner of o with Frenet-Serret apparatus,
then
e (1= p)T+prB
V(L= ur)? + (r)?
N = ptT — (1 — pk) B ’
V(L= ur)? + ()’
B* =N,
dt 1
ds*

/(1 = k) + (ur)®
Tangent vector field of Mannheim partner of a cubic Bezier curve is
. Ut (Q (12 — 2t +1) — Qu (242 — 2t) +2Qa) + p7 S (But? + Byt + Bs)
V(U= ) + (ur)?
U (Qg — 26Qo + 2tQ1 + £2Qo — 262Q1 +12Qa) + (%Bpﬁ? + %7 Byt + %Bg)
= ) + (ur)? |

Hence its matrix representation, based on the control points (g, @1, Q2 is

2 T-(l_npm)(Qo—2Q1+Q2)+6;:Bl-
t = pr) (—2Qo +2Q1) + 6'%32
1 M (Qo) + 6“7733

T _ L n m J

V(L= ur)? + (ur)?

and based on the control points Py, P1, P», P is

- (1 — 6 _
2 T (77Mﬁ) (9P1 — 3Py — 9P, + 3P3) + %Bl
]_ _
t w <6P0 —12P + 6P2) + 6'UI?TBQ
1-— 6
1 (7'[“%)3(131—]30)-1-&33
T = - 1 m -,

V(= )+ (er)?
So the normal vector field of Mannheim partner of a cubic Bezier curve is
ptT — (1 — pk) B
V(L= ur)? + (ur)?
AP (Qo (12 =2t +1) — Q1 (27 — 2t) +1°Q2) — (1 — pk) 1 (Bat® + Bat + Bs)
V= )+ ury?

N* =
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Hence its matrix representation is

[ uT 6(1— ux 7
/2 r l;(QO—QQl—i-tQQQ)—(mu)li
6(1—
t M?]T (—2Q0 +2Q1) — MBQ
T 6(1—pux
1 P o, S = pn)
N* = - 1 dL =
V@ =)’ + (ur)?
] 6(1— ]
21" %(9P1—3P0—9P2+3P3)— (m"“)B1
6(1—
¢ BT (6P —12P; +6Py) — S —#9) .
m
6(1—
1 ﬂg(plfpo)fwgg
N* = - d L =

V(L= ur)? + ()’

Also, since B* = N, its matrix representation is trivial.

Theorem 2.8. The second curvature 7 of Mannheim partner of any cubic Bezier curve is

2
<xoy122 — ToY221 — T1YoZ2 + T1Y220 + T2Yo21 — x2y1zo>
2

m

2
- (,;%01# + Cot? + O3t + Ot + 05)

*

l—
V(L= ur)? + (ur)?
dB* dB* dt
Proof. Since = — = —7*N* and (—7*N*, —7*N*) = 7% we have
ds* dt ds*
2 2
T = , T > K.

VU= k) + (ur)?

By using « (t) and 7 (¢) of any cubic Bezier curve, we get the proof.
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