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Abstract. In the present paper, we study Ricci solitons of (LCS)-manifolds when quasi-

conformal and pseudo projective curvature tensors of (LCS)-manifolds are irrotational and

flat. It is revealed that the results obtained by the above methods and using semi-symmetry

and Eisenhart problems are the same.
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1. Introduction

Riemannian geometry gives the study of Riemannian manifolds and Riemannian manifold

is equipped with symmetric bilinear and positive definite metric. The Lorentzian manifold

is a special case of pseudo-Riemannian manifold which is generalized Riemannian manifold

and need not have positive metric tensor.
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The study of Lorentzian concircular structure manifold shortly (LCS)-manifold initiated

through Shaikh [15] and Baishya [16] in 2003 and 2005 generalize the idea of LP -Sasakian

manifolds inaugurated through Matsumoto (1989) [8], Mihai and Rosca (1992) [9].

Ricci flow was initiated by Hamilton in 1982 and he observed that it’s an attractive

mathematical model for analyzing the fabrication of the manifold. This is a rule that defaces

the metric of a Riemannian manifold in an approach similar to the dissemination of heat. This

process is known as the geometrization conjecture of Thurston smoothing out irregularities

in the metric. It gives an understanding of the geometry and topology of the manifold. Ricci

soliton is self-similar to the Ricci flow(it is extension of Einstein metric) and it is denoted on

(M, g) by

(Lϑg)(U,W ) + 2S(U,W ) + 2Υg(U,W ) = 0 (1)

ϑ is a vector field created by {ϕt}t∈R one parameter group of transformations, Lϑ means the

Lie derivative along ϑ, Υ is scalar. The Ricci soliton is shrinking: Υ < 0, steady: Υ = 0 and

expanding: Υ > 0.

During the current two decades, many mathematicians have investigated Ricci solitons of

contact and Kähler manifolds [[13], [14]]. In particular, Praveena et. al. investigated [11, 12]

a study on Ricci solitons in generalized complex space form. Hui et. al. [6, 4] and Blaga

[3] have studied some classes of Ricci solitons in (LCS)-manifolds. The scholars Bagewadi

et. al. [2] studied geometry of Ricci solitons in (LCS)-manifolds. Prompted by the earlier

investigations in this article we investigate Ricci Solitons of (LCS)-manifolds when quasi-

conformal and pseudo-projective curvature tensors in these manifolds are irrotational and

flat. We also study compare our results with Ricci solitons of Eisenhart problem and semi

symmetric.

2. PRELIMINARIES

A Lorentzian manifoldM together with unit timelike concircular vector field ξ (g(ξ, ξ) = −1),

its associated 1-form η (g(X, ξ) = η(X)) and a (1, 1) tensor field ϕ(take ϕU = 1
α∇Uξ) is said

to be a Lorentzian concircular structure manifold (briefly, (LCS)-manifold). Especially, if we

take α = 1 then we can obtain the LP -Sasakian structure of Matsumoto in (LCS)-manifold
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for (n > 2). Moreover in (LCS)-manifold the following relations hold: [15, 16].

ϕ = I + η ⊗ ξ, η(ξ) = −1,

ϕξ = 0, η · ϕ = 0, g(X,ϕY ) = g(ϕX, Y ),

(∇Xη)(Y ) = α[g(X,Y ) + η(X)η(Y )], α ̸= 0,

∇Xξ = α[X + η(X)ξ] (2)

∇Xα = Xα = dα(X) = ρη(X), ρ = −ξα = −ξ · ∇α (3)

g(ϕU, ϕV ) = g(U, V ) + η(U)η(V ), g(U, ξ) = η(U),

R(U, V )ξ = (α2 − ρ)[η(V )U − η(U)V ], (4)

R(ξ, U)ξ = (α2 − ρ)[η(U)ξ + U ], (5)

R(ξ, U)V = (α2 − ρ)[g(U, V )ξ − η(V )U ],

for U, V ∈ T (M).

3. RICCI SOLITONS OF IRROTATIONAL QUASI-CONFORMAL CURVATURE

TENSORS

Yano and Sawaki in 1968 [17] defined and studied a quasi-conformal curvature tensor field

Q̄ on M of dimension n which includes conformal, concircular and M -projective curvature

tensors as specific cases. It is given by

Q̄(V,U)W = aR(V,U)W + b[S(U,W )V − S(V,W )U + g(U,W )QV − g(V,W )QU ]

− r

n

(
a

n− 1
+ 2b

)
[g(U,W )V − g(V,W )U ], (6)

where S(V,W ) = g(QV,W ).

Using (2) in (Lξg)(U,W ) we produce

(Lξg)(U,W ) = 2α[g(U,W )− η(U)η(W )]. (7)

((ξ,Υ, g) is a Ricci soliton in (LCS) manifold.)

Again using (7) and (2) we have

S(U,W ) = −[(α+Υ)g(U,W ) + αη(U)η(W )]. (8)
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The preceding equating yields that

QU = −[(α+Υ)U + αη(U)ξ], (9)

i.e., S(U, ξ) = −Υη(U), (10)

r = −Υn− α(n− 1). (11)

Put W = ξ in (6) and using (4), (8) we have

Q̄(V,U)ξ = A[η(U)V − η(V )U ], (12)

where A = a(α2 − ρ) − b(2Υ + α) − r
n

(
a

n−1 + 2b
)
. The rotation (curl) of quasi-conformal

curvature tensor Q̄ on a Riemannian manifold is given by

Rot Q̄ = Curl Q̄ = (∇XQ̄)(V,U,W ) + (∇V Q̄)(X,U,W )

+(∇U Q̄)(X,V,W )− (∇W Q̄)(V,U,X). (13)

Under second Bianchi identity

(∇XQ̄)(V,U,W ) + (∇V Q̄)(X,U,W ) + (∇U Q̄)(X,V,W ) = 0. (14)

Using (14) in reduces to

curl Q̄ = −(∇W Q̄)(V,U,X).

If Q̄ is irrotational then curl Q̄ = 0 and we should have

(∇W Q̄)(V,U,X) = 0

=⇒ ∇W {Q̄(V,U)X} = Q̄(∇WV,U)X + Q̄(V,∇WU)X + Q̄(V,U)∇WX. (15)

Put X = ξ in (15) and by virtue of (2), (3) and (12) we have

Q̄(V,U)W = A[g(U,W )V − g(V,W )U ]. (16)

Exercising the inner product of (16) with X

Q̄(V,U,W,X) = A[g(U,W )g(V,X)− g(V,W )g(U,X)]. (17)

On contraction of the above equation (17) over V and X and using (6) we get

S(U,W ) =

[
a(n− 1)(α2 − ρ)− b(n− 1)(2Υ + α)− br

a+ b(n− 2)

]
g(U,W ). (18)
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Put U = W = ξ in (18) and using (10), (11) we get the value of Υ as

Υ = −(n− 1)(α2 − ρ). (19)

We can consequently declare the following:

Theorem 1. A Ricci soliton (g, ξ,Υ) in irrotational quasi-conformal (LCS) manifold is

steady α2 − ρ = 0, shrinking α2 − ρ < 0 and expanding α2 − ρ > 0. i.e., α2 + ξα =

0, α2 + ξα > 0, α2 + ξα < 0.

Theorem 2. If an (LCS)-manifold is quasi-conformally flat then it is η-Einstein provided

b ̸= 0.

Proof. Suppose (LCS) is quasi-conformally flat then (6) becomes

aR(V,U)W + b[S(U,W )V − S(V,W )U + g(U,W )QV − g(V,W )QU ]

− r

n

(
a

n− 1
+ 2b

)
[g(U,W )V − g(V,W )U ] = 0.

Put V = W = ξ and using (5), (8) in preceding equation then we get

a[η(U)ξ + U ](α2 − ρ) + b[(n− 1)(α2 − ρ)η(U)ξ + (n− 1)(α2 − ρ)U

+ η(U)Qξ +QU ]− r

n

(
a

n− 1
+ 2b

)
[η(U)ξ + U ] = 0.

Taking the inner product by X

a(α2 − ρ)[η(U)η(X) + g(U,X)] + b[(n− 1)(α2 − ρ)η(U)η(X)

+ (n− 1)(α2 − ρ)g(U,X) + η(U)S(X, ξ) + S(U,X)]

− r

n

(
a

n− 1
+ 2b

)
[η(U)η(X) + g(U,X)] = 0.

=⇒ a(α2 − ρ)[η(U)η(X) + g(U,X)] + b[(n− 1)(α2 − ρ)η(U)η(X)

+ (n− 1)(α2 − ρ)g(U,X) + (n− 1)(α2 − ρ)η(Y )η(W ) + S(U,X)]

− r

n

(
a

n− 1
+ 2b

)
[η(U)η(X) + g(U,X)] = 0.

=⇒ bS(U,X) =

[
r

n

(
a

n− 1
+ 2b

)
− (α2 − ρ)(a+ 2b(n− 1))

]
η(U)η(X)

+

[
r

n

(
a

n− 1
+ 2b

)
− b(n− 1)(α2 − ρ)

]
g(U,X). (20)

∴ (LCS) manifold is η-Einstein provided b ̸= 0.
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Let (g, ξ,Υ) be Ricci soliton then

(Lξg)(U,X) + 2S(U,X) + 2Υg(U,X) = 0.

=⇒ α[η(U)η(X) + g(U,X)] + S(U,X) + Υg(U,X) = 0.

Replacing U = X = ξ in preceding equation we get

S(ξ, ξ) + Υg(ξ, ξ) = 0 =⇒ Υ = S(ξ, ξ) =⇒ bΥ = bS(ξ, ξ).

Setting U = X = ξ in (20) and equate to above we get

bΥ =

[
r

n

(
a

n− 1
+ 2b

)
− (α2 − ρ)(a+ 2b(n− 1))

]
(21)

+

[
r

n

(
a

n− 1
+ 2b

)
− b(n− 1)(α2 − ρ)

]
(−1)

=− (α2 − ρ)[a+ 2b(n− 1)− b(n− 1)]

=− (α2 − ρ)[a+ b(n− 1)]. (22)

Hence Υ exists if b = 0. So we declare the following:

Theorem 3. The Ricci soliton (g, ξ,Υ) in quasi-conformally flat (LCS)-manifold exists if

b ̸= 0.

Remark 1. (i) If a = 1, b = − 1
n−2 then Q̄ decreases to conformal curvature tensor. In this

case Υ = −(α2 − ρ).

(ii) If a = 1, b = − 1
2(n−1) then Q̄ decreases to M -projective curvature tensor. In this case

Υ = (n− 1)(α2 − ρ).

4. RICCI SOLITONS IN IRROTATIONAL PSEUDO PROJECTIVE

(LCS)-MANIFOLDS

Prasad in 2002 [10] defined and studied a pseudo projective curvature tensor field P̄ on

M of dimension n which includes projective curvature tensor as specific case. It is given by

P̄ (V,U)W = aR(V,U)W + b[S(U,W )V − S(V,W )U ]

− r
n

(
a

n−1 + b
)
[g(U,W )V − g(V,W )U ]. (23)

Put W = ξ in (23) and using (4), (8) we have

P̄ (V,U)ξ = θ[η(V )U − η(V )U ], (24)



INT. J. MAPS MATH. (2022) 5(2):101-111 / CERTAIN RESULTS OF RICCI SOLITONS ON (LCS) ... 107

where θ = a(α2 − ρ)−Υb− r
n

(
a

n−1 + b
)
.

The rotation (curl) of pseudo projective curvature tensor P̄ on a Riemannian manifold is

given by

Rot P̄ = (∇X P̄ )(V,U,W ) + (∇V P̄ )(X,U,W )

+(∇U P̄ )(X,V,W )− (∇W P̄ )(V,U,X). (25)

Under second Bianchi identity we get

(∇X P̄ )(V,U,W ) + (∇V P̄ )(X,U,W ) + (∇U P̄ )(X,V,W ) = 0, (26)

using above in (25), it becomes

curl P̄ = −(∇W P̄ )(V,U,X).

If P̄ is irrotational then curl P̄ = 0 and we obtain

(∇W P̄ )(V,U,X) =0.

=⇒ ∇W {P̄ (V,U)X} = P̄ (∇WV,U)X+P̄ (V,∇WU)X + P̄ (V,U)∇WX. (27)

Put X = ξ in (27) and by virtue of (2), (3) and (24) we have

P̄ (V,U)W = θ[g(U,W )V − (V,W )U ]. (28)

Taking inner product of (28) with W

P̄ (V,U,W,X) = θ[g(U,W )g(V,X)− g(V,W )g(U,X)]. (29)

On contraction of equation (29) over V and X, and using (6) we gain

S(U,W ) =

[
(a(α2 − ρ)− bΥ)(n− 1)

a+ b(n− 1)

]
g(U,W ). (30)

Put U = W = ξ in (30) and using (10), (11) we gain the value of Υ

Υ = −(n− 1)(α2 − ρ) = −(n− 1)(α2 + ξα). (31)

We can consequently say the following:

Theorem 4. A Ricci soliton in irrotational pseudo projective (LCS)-manifold is steady,

shrinking and expanding accordingly if

α2 + ξα = 0, α2 + ξα > 0, α2 + ξα < 0

.
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Theorem 5. A pseudo projectively flat (LCS)-manifold is η-Einstein provided b ̸= 0.

Proof. Suppose (LCS) is pseudo projectively flat then (23) can write

aR(V,U)W + b[S(U,W )V − S(V,W )U − r

n

(
a

n− 1
+ b

)
[g(U,W )V − g(V,W )U ] = 0.

Put V = ξ, using and using (5), (8) in preceding equation then we gain

aR(ξ, U)W + b[S(U,W )ξ − S(ξ,W )U − r

n

(
a

n− 1
+ b

)
[g(U,W )ξ − g(ξ,W )U ] = 0.

i.e., a(α2 − ρ)[g(U,W )ξ − η(W )U ] + b[S(U,W )ξ − (n− 1)(α2 − ρ)η(W )U ]

− r

n

(
a

n− 1
+ b

)
[g(U,W )ξ − η(W )η(U)] = 0.

Taking the inner product ξ to precede equation then we obtained

a(α2 − ρ)[−g(U,W )− η(W )η(U)] + b[−S(U,W )− (n− 1)

· (α2 − ρ)η(W )η(U)] +
r

n

(
a

n− 1
+ b

)
[g(U,W ) + η(W )η(U)] = 0.

=⇒ bS(U,W ) =

[
r

n

(
a

n− 1
+ b

)
− (α2 − ρ)(a+ (n− 1)b)

]
η(U)η(W )

+

[
r

n

(
a

n− 1
+ b

)
− a(α2 − ρ)

]
g(U,W ). (32)

Thus (LCS)-manifold is η-Einstein.

Next let (ξ,Υ, g) be Ricci soliton then

(Lξg)(U,W ) + 2S(U,W ) + 2Υg(U,W ) = 0.

=⇒ α[η(U)η(W ) + g(U,W )] + S(U,W ) + Υg(U,W ) = 0.

Put U = W = ξ, then the above reduces to

S(ξ, ξ)−Υ = 0 i.e., Υ = S(ξ, ξ). (33)

From (32) and (33), Υb = bS(ξ, ξ)

Υb =

[
r

n

(
a

n− 1
+ b

)
− (α2 − ρ)(a+ (n− 1)b)

]
+

[
r

n

(
a

n− 1
+ b

)
− a(α2 − ρ)

]
=− (n− 1)b(α2 − ρ).
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Suppose b ̸= 0 then

Υ = −(n− 1)(α2 − ρ). (34)

Thus we have the following theorem:

Theorem 6. A Ricci soliton (g, ξ,Υ) in pseudo projectively flat (LCS)-manifold exists if

b ̸= 0 and Υ = −(n− 1)(α2 − ρ).

Bagewadi et. al. [2], proved the following result:

Theorem 7. If a Ricci soliton in (LCS)-manifold satisfying R(ξ,X).M̃ then

Υ = −(n− 1)(α2 − ρ).

• It is shrinking if characteristic vector field ξ is orthogonal to ∇α.

• It is shrinking of the angle between characteristic vector field ξ and the gradient vector

field ∇α is acute.

• It is shrinking if α2 > k | ∇α |, expanding if α2 < k | ∇α |, and steady if α2 = k |

∇α | .

The value Υ in (19), (22), (31) and (34) is same as Υ in above theorem. Hence we conclude

the following result:

Theorem 8. If a Ricci soliton in (LCS)-manifold satisfies conditions such as irrotational

quasi-conformal, quasi-conformally flat, irrotational pseudo projective and pseudo projective

flat then Υ = −(n− 1)(α2 − ρ). Further

• It is shrinking if characteristic vector field ξ is orthogonal to ∇α.

• It is shrinking of the angle between characteristic vector field ξ and the gradient vector

field ∇α is acute.

• It is shrinking if α2 > k | ∇α |, expanding if α2 < k | ∇α |, and steady if α2 = k |

∇α | .

Shaikh et.al. [5], proved the following result i.e., Ricci solitons using the Eisenhart problem

in (LCS)-manifolds.

Theorem 9. Suppose that in (LCS)-manifold the (0, 2) type tensor field Lϑg+2S is parallel,

where ϑ is a given vector field, then (g, ϑ) yields Ricci soliton and it is given by

Υ = −(n− 1)(α2 − ρ).
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Situated on the earlier all results we resolve that the value of Υ = −(n − 1)(α2 − ρ) is

same as Theorem (8) and Theorem (9).

5. CONCLUSION

The condition obtained for Ricci solitons of (LCS) manifold all the four methods: semi-

symmetry, irrotational, flatness and Eisenhart problem is same i.e. Υ = −(n− 1)(α2 − ρ).

Hence the geometry of (LCS) manifold is same i.e. Υ = −(n− 1)(α2 − ρ) in all these cases:

semi-symmetry, irrotational, flatness and Eisenhart problem.
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