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REMARKS ON COMBINATORIAL SUMS ASSOCIATED WITH SPECIAL
NUMBERS AND POLYNOMIALS WITH THEIR GENERATING
FUNCTIONS
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ABSTRACT. The purpose of this article is to give some novel identities and inequalities asso-
ciated with combinatorial sums involving special numbers and polynomials. In particular, by
using the method of generating functions and their functional equations, we derive not only
some inequalities, but also many formulas, identities, and relations for the parametrically
generalized polynomials, special numbers and special polynomials. Our identities, relations,
inequalities and combinatorial sums are related to the Bernoulli numbers and polynomials of
negative order, the Euler numbers and polynomials of negative order, the Stirling numbers,
the Daehee numbers, the Changhee numbers, the Bernoulli polynomials, the Euler polyno-
mials, the parametrically generalized polynomials, and other well-known special numbers
and polynomials. Moreover, using Mathematica with the help of the Wolfram programming
language, we illustrate some plots of the parametrically generalized polynomials under some
of their randomly selected special conditions. Finally, we give some remarks and observa-
tions on our results.
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1. INTRODUCTION AND PRELIMINARIES

Combinatorial sums and combinatorial numbers and polynomials have many applications
in mathematics and other applied sciences. These numbers are related to the special functions
and also some classes of special numbers and polynomials. The motivation of this paper is
to use not only generating functions, but also their functional equations, we give many
new formulas and combinatorial sums involving the Bernoulli numbers and polynomials, the
Euler numbers and polynomials, the Stirling numbers, and also combinatorial numbers and
polynomials such as the Daehee numbers, the Changhee numbers, and the parametrically
generalized polynomials. By using these formulas and combinatorial sums, we provide some
inequalities applications. In order to illustrate graph and plots of special polynomials, here
we use Mathematica with the help of the Wolfram programming language.

Throughout of this paper, we use the following notations and definitions. Let
N={1,2,3,...} and No = NU{0}.

As usual, Z, R and C denote the set of integer numbers, the set of real numbers, the set

of complex numbers, respectively. We assume that:

1, n=0
0" =
0, neN.
Furthermore,
A A A)n
=1 and :(> (neN; AeC),
0 n n!

where (\),, is the falling factorial defined by
An=AA=-1A=2)..(A=n+1),

with (A\)o =1 (¢f. [1134]; and references therein).
The Stirling numbers of the second kind are defined by means of the following generating

function: .
et —1 s tm
n=0

(cf. [1H34]; and references therein).

The Stirling numbers of the second kind are also given by the falling factorial polynomials:
"= 82 (n,j) (x);, (1.2)
§=0

(cf. [1-34]; and references therein).
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By using (1.1, an explicit formula for the numbers Ss (n, k) is given as follows:

1 k
;?Z ( ) " (1.3)
where n, k € Ny and for k > n,
52 (n, k‘) =0

(cf. [1H34]; and references therein).
Let v € Z. The Bernoulli numbers and polynomials of higher order are defined by means

of the following generating functions:

t )\’ = "
_ — (v) 2
FB(tuv)_ (6t—1> _T;)Bn n!’ (14)
and
Gp(t,z,v) = Fp (t,v) ZB (1.5)

such that v = 0,
BO (@) = o,
(cf. [131[231|29,30,34]; and references therein).
Substituting v = 1 and x = 0 into and , the Bernoulli numbers and polynomials

are derived, respectively,
and

(cf. [1-34]; and references therein).

By using 1} an explicit formula for the polynomials B (z) is given as follows:

k

B ()= Ly (o (’j) (o + )", (1.6)

n+k
("R
where n € Ny and k € N (¢f. [5, Equation (3.20)]).
Putting n = x = k in (1.6]), we have the following presumably known result:

B ) = gy 22 (-1 ()

j=0

Substituting = 0 into the above equation, and using ([1.3), we have the following well-

known identity:

1
k

(cf. 133, Equation (7.17)]).
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Let v € Z. The Euler numbers and polynomials of higher order are defined by means of

the following generating functions:

2 \" & tn
= — E (v)2_
Fg (t,’U) <€t + 1> ~ En n! (18)
and
Gg (t,z,v) = Fg (t,v) E EW (1.9)

such that v = 0,
EO (z) = 2™

(cf. 113,231[28,29.[34]; and references therein).
Substituting v = 1 and z = 0 into ((1.8) and (1.9)), the Euler numbers and polynomials
are derived, respectively,

E, = EM (0)

and

(cf. [1H34]; and references therein).

By using (|1.9)), we have

=
=z

&
!

J=0< >xn ji%( )d'(z V%S, (). (1.10)

d=
where n € Ny and k € N (¢f. [23,/28,29,34]).

Putting n = x = k in (1.10)), we have the following presumably known result:

- - di(-1)?

ECM(n) = n—j )
=3 (%) Z( N s
7=0

By using 1' and || a relation between the numbers Ey(l_k) and the numbers sz_k)

is given as follows:

1 &< (n
B{M = — (,)B( MEh), 1.11
anz:% j e (1.11)

where n € Ny and k € N (¢f. [13, Equation (3.1)]).
By using lb and 1) a relation between the numbers ES ) and the numbers S (n, k)

is given as follows:

Sk = 2SS s (1) (), (112

(cf. [13, Theorem 2.14]).
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The Euler numbers of the second kind, E}, are defined by means of the following generating

function:
oo

L—ZE*K (1.13)
et + et _n=0 " nl '

(cf. [19,264[28],30]; and references therein).
By using ([1.9) and ([1.13]), a relation between the Euler numbers E and the Euler poly-

) 1
E:=2"E, (2>

Kilar and Simsek [13, Corollary 3.5] gave the following identity for the numbers Sa (n, k):

nomials is given as follows:
(cf. 119,21,28,30]).

Z“: ()

7=0 k
where n, k € Ny and
B = 3 (M) s 0
i=o N
k .
- 2 (5)
J=0 J

(cf. |32, Identity 12.]; see also [7.29]).
Substituting n = k into (1.14]), we have

m\ — (n) .
Sg(2n,n):<n>z4n( )52( j+n,n)B(n—jn).

The Daehee numbers, D,,, are defined by means of the following generating function:

log ZD (1.15)

(cf. |17,2530]).
By using (1.15), an explicit formula for the Daehee numbers is given by

(1.16)

(cf. [17,2530]).

The Changhee numbers, Ch,,, are defined by means of the following generating function:
2 > tn
T E%Chnn! (1.17)
n=

(cf. [18[30]).
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By using (|1.17)), an explicit formula for the Changhee numbers is given by

n !

Cha = (-1)"; (1.18)

(cf. [18,30)).
Kucukoglu and Simsek [22] defined the numbers 3, (k) by means of the following gener-

ating function:

(1—;)k:iﬁn (k)%, (1.19)
n=0

where k € Ng, z € C with |z| < 2.

By using , we have
5 (k) = C (’“) - (’“) Ch, (1.20)

n n

where n, k € Ny (¢f. [22, Equations (4.9) and (4.10))]).

The polynomials Cy,(z,y) and S, (x,y) are defined by means of the following generating

functions:
o0 tn
— Tt —
Go(t,z,y) = e cos (yt) = Z%Cn(x,y)n! (1.21)
and
oo tn
— Tt g —
Gs(t,z,y) = e sin (yt) = ;)Sn(x, y)ﬁ, (1.22)

(cf. [0-121[14-161[20,24)).
By using ([1.21]) and ([1.22)), the polynomials C,(x,y) and S, (x,y) are computed by the

following formulas:

j=0 2
and
(%3] .
- _ _1y n—2j—1, 2j+1
Sp(z,y) ;:0 (1) (2j+1>x Yy,

respectively (cf. [9-12k/14H16L20L124]).
By using ((1.21)) and ([1.22]), the polynomials Cy,(z,y) and S, (x,y) are also computed by

the following formulas:

3ln—2 o
Cp(z,y) = 22 (—1) <2j) Sy (n—24,d)y™ (x), (1.23)
and
(%] n—2j-1 . .
Sp(z,y) = ‘ (-1 <2j N 1) Sy (n—2j—1,d)y¥ ! (2), (1.24)
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(cf. [2D).
Simsek [31] defined new classes of special numbers and polynomials by means of the

following generating functions:

at t"
Fy(t,k,a) = =N " Vu(k,a)— (1.25)
4 sinh (@) cosh (%) ,;) n!
and
Gy(t..k,a) = e Fy(t,k,a) = Y Qula, k,a) =, (1.26)
0 n:

where k € Z and a € R (or C).
Substituting = = 0 into ((1.26]), we have

yn(k'a a) = Qn(ov ka a)'

Simsek also gave the representation of equation (1.25) as follows:

tae(k+1)t

Fy(t,k,a) = (6(k+2)t _ 1) (e 1 1)

(cf. BT).
By using (|1.25)) and ([1.26]), a relation between the polynomials @, (x, k, a) and the numbers

Yn(k,a) is given as follows:

Qn(z,kya) = (n) m"_jyj(k, a)

(cf. B1)).
By using (1.5), (1.8]) and (|1.25), we have the following identity:
a " /n k+1
L (ka) = —2 5k + 2)°Ey_oBa [ 22 ) | 1.27
Yu(k, ) 2(k+2);(5) (k+2) (k+2) (1.27)

where n € Ny (c¢f. [31, Equation (15)]).
Recently, Bayad and Simsek [2] defined new classes of the parametrically generalized
polynomials, the polynomials %C)(a:, Y, k,a) and QSLS) (z,y,k,a), by means of the following

generating functions, respectively:

et cos (yt) at > "
HC’(ta:L‘aya a, k) = = Q%C) (m,y,k:,a) - (128)
4 sinh (@) cosh (%) 7;) n!
and
e sin (yt) at > tn
HS(t7$7yaa” k) = = QgLS) (.’E,y,k,a) R (129)
4 sinh (@) cosh (%) nz:;) n!

where k € Z and a € R (or C).
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By using 1D and 1) the polynomials Qﬁf) (z,y,k,a) and Q%S) (z,y,k,a) are com-
puted by the following formulas:

n

QO (,y,k,a) = "V Yk, a)Ch_j (z,7) (1.30)
ko =3 (7) y
and
Q;S) (z,y,k,a) = n Yi(k,a)Sn—; (z,y) (1.31)
k=3 (7) y
(cf 12])-

The rest of this article is briefly summarized as follows:

In Section 2, by using generating functions and functional equations techniques, we derive
some formulas, combinatorial sums and relations including the parametrically generalized
polynomials, the Bernoulli numbers and polynomials of higher order, the Fuler numbers and
polynomials of higher order, the Euler numbers of the second kind, the polynomials C), (z, ),
and the polynomials S, (x,y).

In Section 3, we give many inequalities for combinatorial sums including the Bernoulli
numbers of negative order, the Euler numbers of negative order, the Bernoulli polynomials,
the Changhee numbers, the Dachee numbers, the Stirling numbers, the numbers B (n, k) and
the numbers 3, (k).

In Section 4, using Mathematica with the help of the Wolfram programming language,
we present some plots of the parametrically generalized polynomials under some of their
randomly selected special cases.

Finally, in Section 5, we give remarks and observations on our results.

2. COMBINATORIAL SUMS AND IDENTITIES FOR THE PARAMETRICALLY GENERALIZED

POLYNOMIALS, AND SPECIAL NUMBERS AND POLYNOMIALS

In this section, using generating functions and functional equations, we give some interest-
ing identities and combinatorial sums related to the parametrically generalized polynomials,
the polynomials C,, (z,y), the polynomials S, (z,y), the Bernoulli numbers and polynomials
of higher order, the Euler numbers and polynomials of higher order and the Euler numbers

of the second kind.

Theorem 2.1. Let n € Ny and a # 0. Then we have

n d +1 —q
d\ (n\ 2(k+2T kT o
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Proof. Combining ((1.28]) with (1.4}, (1.8]) and (1.21]), we get the following functional
equation:

a

——Ge (t k+1,y)=Fp((k+2)t,—1) Fg(kt,—1) Ho(t k).
From the above equation, we obtain

n

> t
ZCn(ank:JrLy)m

2(k+2) <=
k+2)" KMECD k,a) —.
- Y z ZQ @y k.0) -
Therefore

a > t"
— n kE+1,y)—
2(k+2)§0 (w+k+1y) 5
o n d d n ) ) 1 1 c n
SN ( ) (d) (k+2) kB VETVQND, (2, k. a) o
n=0 d=0 j=0 J ’

Comparing coefficient of L 1 on both sides of the above equation, and combining with following

well-known formula

we arrive at the desired result.

Theorem 2.2. Letn € Ny and a 7é 0. Then we have

2 (k+2)" " ke
d=0 7=0 ‘7

Proof. Combining (|1.29) with (| . and , we have

2 (k+2)

From the above functional equation, we obtain

Gs (t7$+k+ 17y) = Fp ((k+2)t7_1) Fg (kta_l) HS(t7x7y7a7k)‘

(0.9} tn
- " 1,y) —
2(k+2)§;5 (@+k+1y)—

i k+2)" ng”E G ZQS) z,y, k, a)
n=0 ’

n=0

’fL

Therefore

o0 n

t
Y Su(z+k+1y)
n=0 "

S

2(k+2)

n

o0 n d
d\ (n o B ;
Z ( > <d> (k +2) k4 JBJ( I)Ec(l_;)QT(f_)d (2,9, k, ) —
0 5=0 ]

n=0d= J
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Comparing coefficient of % on both sides of the above equation, after some elementary

calculations, we arrive at the desired result.

Theorem 2.3. Let n € Ny and a # 0. Then we have

+
2 n+1 2d
B, — Z <n +1- 2d) (n + 1> P2 201 (9 39)
a(n+ 1) (k+2)" i J 2d
- —k—-1 1 S
xEJ(, ) </~c> Bsy <2> QT(H)l 2d—j (x,y,k,a).
Proof. By using (|1.4)), (1.8) and (1.29)), we get the following functional equation:
a 2 —r—k—1
k+2)t,1 kt,——, —1 | Hg(t k).
g Pt = G (0 T ) st

Combining above equation with the following well-known identity:

i )" 22" B, 1y e (2.33)
sin ( "\2/ (2n)! '

n=0

(cf. [19, Equation (2.24)]), we have

ay St 75n+1 00 2n , t2n
T 2 K+ By Z "0 B (3) oy
n=0 —
(o (2= k ) BT o v
an:;]En < A ) nl nz:;JQn (:E’%k’a)n!'
Therefore

ay S n—2 "
5 2 n(k+2)" By

n=0
o [3] n—2d
- S () S (e (Y
n=0 d—0 <2d =0 J / k
1\ t"
XQ?@M*J' (2. y,k,a) (=1)" (29)*" Baa <2> n!’

Comparing coefficient of %n, on both sides of the above equation, after some elementary

calculations, we arrive at the desired result.

Theorem 2.4. Let n € Ny and a # 0. Then we have

[ _
1 Z <” + 1.— 2d> ( 1) g2d+1y20-1 (1 4 9)i+1
= j 2d

ak™(n+1) ‘
-1
XBJ( )< )B2d< ) n+)1 2a—j (@Y, k. a).

M\+

E, =

a
I
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Proof. By using (1.5)), (1.8]) and (1.29), we get the following functional equation:
a k+2 —rx—k—1
Crptt, )= T G ((k+2)t, 2T 1) Hs(t,z,y,a, k).
e (k1) = 2 B<< voy 2R ) s(t.zy.a,k)

Combining above equation with (2.33)), we have

WY REL = Y 1 e B (3) o
2 "l Y g ) @2n)l

n=0 ’ n=0

n

e ol r—k—1 t
x 2 (k+2) B’(ll)(m)nuz@ (2,9, ) oy
n=0 ’

Therefore
Gy nk™™ 1 = 2d k
n=0 d= 0 7=0
(-1 (v —k—1 (S) 1\ t"
XB] <IH2) Qn 2d—j (l‘ y,k a) (2y) BQd <2 E

Comparing coefficient of % on both sides of the above equation, after some elementary

calculations, we arrive at the desired result.

Theorem 2.5. Let n € Ny and a # 0. Then we have

Z( ) k+2 Bj<ki2>Enj <k:1> :][j

Proof. By using (1.5)), (1.9)) and (1.28)), we get the following functional equation:

(_1)J (2]> y2]E2jQ£LCL)2j ('Ia Y, k;’ CL) .

x E+1
— 2)t, ——,1 1) = H .
(k—l—Q)GB ((k+ )t7 k+2 )GE (kt k > > sec (yt) C(tal‘ayvaa k)

Combining above equation with the following well-known identity:

e 2n
sec (t) = Z (-)" FE3, (;n)‘ (2.34)
n=0 ’

(¢f. [19, Equation (2.40)]), we have

a = x " = k4 1\ t"
— E+2)"B, | —— )| = k"E,|—— | =
2(k+2)nz:;)( +2) <k:+2> nlg ( k )m
= i(—l)”E* = iQ(C)(ﬂﬂyka) i

2 (2p)! ’ n!

n=0 n=0

Therefore
a = /n , . x E+1\ "
k 2Jkn—JB. En—‘ _
s 2 ()2 () P (M)

n=0 j=0

n P A (C t"
( ) (_1)J E2]Q7(1—)2J (xv Y, kv CL) E
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tn

-1 on both sides of the above equation, after some elementary

Comparing coefficient of
calculations, we arrive at the desired result.
Combining ((1.24) with ((1.12)), after some elementary calculations, we obtain the following

theorem:

Theorem 2.6. Let n € N. Then we have

(23]

n—2j—1 d—n+2j+1,,25+1
[ no\2 Ty (2)
Sew) = XS 0,0 ) v (@,
j=0 d=0 J )
n—2j—1 d .
o (n—27 =1\ [d\ ,, (-d
S5 S IC Tl (i (4 T A
m=0 ov=0

3. INEQUALITIES APPLICATIONS FOR COMBINATORIAL SUMS INVOLVING SPECIAL NUMBERS

In this section, we give the upper bound and the lower bound for the special numbers and
polynomials, and combinatorial sums involving the Bernoulli numbers of negative order, the
Euler numbers of negative order, the Changhee numbers, the Daehee numbers, the Stirling
numbers of the second kind, the numbers B (n, k) and the numbers j,, (k).

In order to give our results, we need the following inequalities for the special numbers.

Gun and Simsek [§] gave the lower bound and the upper bound for the Bernoulli numbers

of negative order Bffk) as follows:

_ k™
BR) > G (3.35)
k
and
n+k—1 L
B(h < ( lz;ik; , (3.36)
k

where n € Ny and k € N.
Comtet [6] gave the lower bound and the upper bound for the Stirling numbers of the

second kind Sa(n, k) as follows:

So(n, k) > k" * (3.37)
and
n—1 K
< neR .
Sy(n, k) < <k1>k (3.38)

Abramowitz and Stegun [1, p. 805] gave the following inequality for the Bernoulli numbers:

2 (2n)!
(27r)2n

2 (2n)!
(2m)" (1 — 21=2n)’

< (=1)"" By, < (3.39)

where n € N.
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Combining (1.11)) with (3.35)), we get the following theorem for the Euler numbers of

negative order and the Bernoulli numbers of negative order:

Theorem 3.1. Let n € Ny and k € N. Then we have

(1 gk k) o 2K
Z(,)Bj E, > . (3.40)

=0 N

By using (1.6), (1.10)), (1.18)) and (3.40)), we derive the following corollary:

Corollary 3.1. Let n € Ny and k € N. Then we have

n k n—j _
E\ (m—Fk—1\ 2k
ZZ IR C RSy (n — j,m) >
e LT
7=0 d=0 m=0 ] k' d m ( k )
By using (|1.18)), (1.20) and (3.40)), we get the following corollary:
Corollary 3.2. Let n € Ny and k € N. Then we have
)3 <n> BER k) 5 (2K)" Oy
| B n—j =
= \J Br(n+k)
Combining (|1.11]) with (3.36]), we obtain the following theorem:
Theorem 3.2. Letn € Ny and k € N. Then we have
n 2n (n+k—1) kn
N\ (—k) 1(—k) k1
> (j)Bj B, < — (3.41)
j=0 k
Substituting n = k into (3.41)), we arrive at the following result:
Corollary 3.3. Let n € N. Then we have
n n(2n—1\, n
3 (M pmpen < 2 o)
j 7 n—j — (2n) .
=0 n
By using (|1.18)), (1.20) and (3.41]), we obtain the following corollary:
Corollary 3.4. Let n € Ny and k € N. Then we have
- - _ -1
3 <n>B]( B < (o Pr—1(n+k—1) Chy
=\ Br (n+ k) Chy—y
Combining ([1.14)) with (3.37)), we get the following theorem:
Theorem 3.3. Let n € Ng and k € N. Then we have
OO . .
]:
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By using (1.14)), (1.16)), (1.20) and (3.37]), we have the following corollary:

Corollary 3.5. Let n € Ny and k € N. Then we have

" (M)Br (n+ k)

j=0 k

Combining (|1.12) with (3.37), we arrive at the following theorem:

S2(j+k,k)B(n—j,k) = (k+1)k".

Theorem 3.4. Let n € Ny and k € N. Then we have

2k—n n k hei n k (k) -

m=0 j=0

Combining ((1.12) with (1.20) and (3.38)), we get the following theorem for the Euler

numbers of negative order:

Theorem 3.5. Let n € Ng and k € N. Then we have
i i (—1)f (" R o (k) k" By (n = 1)
k! : m)\j)) Frem= Chi

4. SOME PLOTS OF THE PARAMETRICALLY GENERALIZED POLYNOMIALS

In this section, with the help of Wolfram programming language in Mathematica [35, we
illustrated the plots of the parametrically generalized polynomials by applying the formulas
given by and .

Figure is obtained by y = 2, k = —10, a = 2, and n € {0,1,2,3,4,5} using for
x € [—50,50].

anl® [x, y, & a

-

=

=1
T

— @' (x, 2, -10, 2)
| Q% (x, 2, -10, 2)

— = ”% / L : x Q' (x, 2, -10, 2)
|
/ IU’—1IZI EIEIEI-v

-h-/‘\ ZI I -l.IEI
R — @9 (x, 2,-10,2)
\ , — Q,'%(x, 2,-10,2)
| \H — Q5% (x, 2, -10, 2)
|

| -20000

FIGURE 1. Plots of the polynomials 7(10) (x,2,—10,2) for randomly selected
special cases when n € {0,1,2,3,4,5} and = € [-50, 50].
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Figure [2| is obtained by n = 4, y = 2, a = 2, and k € {0,1,2,3,4,5} using (|1.30) for
x € [-5,5].

— 4% x,2,0,2)
— 0% x,2,1,2)
— " (x,2,2,2)
— %%, 2,3,2)
— Q4% x,2,4,2)
— (%, 2,5,2)

FIGURE 2. Plots of the polynomials Q%C) (z,2,k,2) for randomly selected
special cases when k € {0,1,2,3,4,5} with n =4 and = € [-5,5].

Figure [3| is obtained by n = 4, k = —8, a = 2, and y € {0,1,2,3,4,5} using (1.30]) for
x € [—6,6].

— Q'™ (x, 0,-8, 2)
— Q"™ (x,1,-8,2)
x — Q4% (x,2,-8,2)
— @' (x,3,-8,2)
— @' (x, 4,-8,2)
— Q4% (x, 5,-8,2)

F1GURE 3. Plots of the polynomials Q%C) (z,y,—8,2) for randomly selected
special cases when y € {0,1,2,3,4,5} with n =4 and x € [—6,6].

Figure [4] is obtained by n = 15, k = =8, a = 2, and y € {0,1,2,3,4,5} using (1.30]) for
x € [—6,6].
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an'® i, v, k a)

151018 |
— @15 (x, 0, -8, 2)
10x=10" | 0 (x, 1, -8, 2)
B 13 X, 1, -0,
50x1017 [ f“'t_::::.': (=]}
/____r — 015 {x! 2! _8! 2:'
g 4 2 2 " X — 59 (x,3,-8,2)
e — T LS — Q5% (x,4,-8,2)
otk — 15 (%, 5,-8,2)
—15x1018

FIGURE 4. Plots of the polynomials Q%C) (x,y,—8,2) for randomly selected
special cases when y € {0,1,2,3,4,5} with n = 15 and x € [—6, 6].

Figure [5| is obtained by y = 2, k = —10, a = 2, and n € {0,1,2,3,4,5} using (1.31] for
x €[50, 50].

@ % e, v, K, @)

— " (x, 2, -10, 2)
— "% (x, 2, -10, 2)

T ¢ — @7x2-10.2
— @'% (x, 2, -10, 2)
-500

00 -

— Q' (x,2,-10,2)

— Q' (x, 2, -10, 2)
-10000 [

FI1GURE 5. Plots of the polynomials Q,(IS) (x,2,—10,2) for randomly selected
special cases when n € {0,1,2,3,4,5} and x € [-50, 50].

Figure |§| is obtained by n = 4, y = 2, a = 2, and k € {0,1,2,3,4,5} using (1.31) for
x € [-5,5].
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an'® (x, v, k,a)

— Q' (x,2,0,2)
— Q¥ x,2,1,2)
— Q% (x, 2,22
= — ¥ (x23,2
— Q% (x,2,4,2)
— ' (x,2,52)

FIGURE 6. Plots of the polynomials Q%S) (,2,k,2) for randomly selected
special cases when k € {0,1,2,3,4,5} with n =4 and = € [-5,5].

Figure [7| is obtained by n = 4, k = —8, a = 2, and y € {0,1,2,3,4,5} using (1.31)) for
x € [-5,5].

Qn % e, v, K, a)
1000 |

— Q4% (x,0,-8,2)
— Q4% (x,1,-8,2)
— Q% (x,2,-8,2)
*x — Q% (x,3,-8,2)
— Q"% (x, 4, -8,2)
— Q"% (%, 5,-8,2)

FI1GURE 7. Plots of the polynomials Q%S) (z,y,—8,2) for randomly selected
special cases when y € {0,1,2,3,4,5} with n =4 and x € [-5,5].

Figure [8] is obtained by n = 15, k = =8, a = 2, and y € {0,1,2,3,4,5} using (1.31]) for
x € [—6,6].
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@ % (x, v, k, a)

— Q15" (x, 0, -8, 2)
Q1'% (x, 1, -8, 2)

Q5% (x, 2, -8, 2)

— Q5% (x, 3,-8,2)

N — Q1'% (x, 4, -8, 2)
— 5% (x, 5,-8,2)

FiGURE 8. Plots of the polynomials Q%S) (z,y,—8,2) for randomly selected
special cases when y € {0,1,2,3,4,5} with n = 15 and = € [—6, 6].

5. CONCLUSION

Special numbers, special polynomials and trigonometric functions are among remarkably
wide used in applied mathematics, combinatorial analysis, mathematical analysis, analytic
number theory, mathematical physics, and engineering. Recently using different techniques
and methods, many properties of parametrically polynomials involving trigonometric func-
tions have been studied by many researchers. Using both the generating functions and their
functional equations techniques and some known results, we obtained many interesting iden-
tities, combinatorial sums and inequalities including the Euler numbers and polynomials of
higher order, the Bernoulli numbers of higher order, the Changhee numbers, the Dachee num-
bers, the parametrically generalized polynomials, the Stirling numbers and also well-known
special polynomials. By using Mathematica with the help of the Wolfram programming
language, we gave some plots of the parametrically generalized polynomials under the spe-
cial cases. Consequently, the results of this article have the potential to be used both pure
and applied mathematics, physics, engineering and other related areas, and to attract the

attention of researchers working in this areas.
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