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SOME RESULTS ON COMMON FIXED POINTS FOR RATIONAL TYPE
CONTRACTION MAPPINGS IN COMPLEX VALUED METRIC SPACE

DEEPAK KUMAR* AND AMAL CHACKO

ABSTRACT. In this manuscript, we have obtained the sufficient conditions for the existence
and uniqueness of a pair of mappings satisfying rational type contractive conditions in the
framework of complex valued metric space. Our result generalizes the well known result
introduced by Azam et al. [2] in complex valued metric space. Also, various deductions

have been provided.

1. INTRODUCTION

Azam et al. [2] introduced the concept of more general metric space, which is well known as
complex valued metric spaces. He gave sufficient conditions for the existence and uniqueness
of common fixed points satisfying contractive conditions. Later, S. Bhatt et al. [4] without
using the notion of continuity proved a common fixed point theorem for weakly compatible
maps in complex valued metric spaces. F. Rouzkard and M. Imdad [12] considering rational
type contractive conditions proved some common fixed point theorems in the framework
of complex valued metric space. C. Klin-eam and C. Suanoom [8] proved certain common

fixed-point theorems for two single-valued mappings satisfy certain metric inequalities.
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The notion of complex valued metric space lead to development in non linear analysis.
Thereafter, many results have been proved by the researchers in the framework of complex

valued metric spaces for references (see [7]-[13]).

2. PRELIMINARIES

To begin with, we recall some basic definitions, notations, and results. The following
definitions of Azam et al. [2] are required in the sequel.

Let C be a set of complex number such that zq, 29 € C. Define a partial order < on C,
such that z; 3 z2 if and only if Re(z1) < Re(z2), Img(z1) < Img(z2).
It follows that

21 3 %2

if one of the below mentioned conditions is satisfied:

(()) Re(z1) = Re(z2), Img(z1) < Img(z2);
(i) Re(z1) < Re(22), Img(z1) = Img(22);
((iii)) Re(z1) < Re(z2), Img(z1) < Img(z2);
((iv)) Re(z1) = Re(22), Img(z1) = Img(z2).

In particular, we will write 21 3 22, if 21 # 22 and one of (i), (ii) and (iii) is satisfied. We

will write z; < 29 if only (iii) is satisfied.

Remark 2.1. We obtained that the following statements holds:
e a,b€ R and a < b implies az 3 bz, for all z € C;
o 03 21 3 2 implies |z1| < |22|;

e 21 =X 29 and zo < z3 imply z1 < z3.

Definition 2.1. [2] Let X be non-empty set. Suppose that the mapping p. : X x X — C

satisfies the following conditions:

(1)) 0 2 pe(z,y) for all z,y € X and pe(z,y) =0 if x = y;
((ii))
((iii))

Then, p. is called a complex valued metric on X, and (X, p.) is called complex valued metric

pe(x,y) = pe(y, x) for all z,y € X;
pe(z,y) 3 pe(®, 2) + pe(z,y) for all z,y,z € X.

space.

Definition 2.2. [2] A point x € X is called an interior of a set A C X whenever their exists
0 <7 € C such that B(x,r) ={y € X : pc(z,y) <1} C A.
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Definition 2.3. [2] Let {z,} be a sequence in X and x € X. If for every c € C with 0 < ¢,
there is ng € N such that for all n > ng, pc(xn,x) < ¢, then {x,} is said to be convergent,
{zn} converges to x and x is the limit of {x,,}. We denote this by nh_)n;o Tn = x. If for every
c € C with 0 < ¢ there is ng € N, such that for all n > ng, pc(Tm,Tnim) < ¢, then {x,} is

called a Cauchy sequence in (X, p¢).

Definition 2.4. [2] If every Cauchy sequence is convergent in (X, p.) then (X, p.) is called

a complete complex valued metric space.

Lemma 2.1. [2] Let (X, p.) be a complex valued metric space and let {x,} be a sequence in

X. Then, {z,} converges to x if and only if |pc(zn,x)] — 0 as n — oco.

Lemma 2.2. [2] Let (X, p.) be a complex valued metric space and let {x,} be a sequence in
X. Then {z,} is a Cauchy sequence if and only if |pc(xn, Tnim)| — 0 as n — oo.
3. SOME RESULTS ON FIXED POINT

Theorem 3.1. Let (X, p.) be a complete complex valued metric space and S,T : X — X be

self mappings satisfying the following condition:

pe(, Sz)pe(y, Ty) n pe(, St)pe(y, Ty)
Y
1 +pc(a:,y) 1+pc(«r7y) —i—pc(a:,Ty) +pc(ya Sx)

pe(Sz, Ty) 3 ape(z,y) + 5

for all x,y € X, where «, B, are non-negative reals with o +  +~v < 1. Then S,T have a

unique common fized point.

Proof. Let g € X be any arbitrary point and define xog 11 = Swor and xogyo =
Twopq.
Then,
pe(Topt1, Topr2) = pe(STok, TTopy1)
Tok, STok ) pe(Tokt1, TTokt1
:j aﬂc($2k,x2k+1) +6pc< )pC( + + )

1+ pe(@ok, Tak+1)

pe(zak, Sxok)pe(Tar+1, TT2k+1)

+v
1+ pe(@or, Tokt1) + pe(@or, Txok1) + pe(Tont1, STok)

(@2k, Top41) Pe(Tokt1, Tok42)
1+ pe(@or, Top41)
Pe(Tak, Top 1) pe(Top 41, Tokt2)
L+ pe(@ok, Tokt1) + pe(®ak, Topt2) + pe(Topt1, Toks1)

A

ape(Tok, Tokt1) + ch

+
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Since,
pe(Tok, Top+1) < 14 pe(xak, xopt1) and
pe(Tor, xorpt+1) < 14 pe(zak, Togpt1) + pe(@ok, Takt2)-
Therefore,
pe(Tokt1, Tokre) 3 ape(Tor, Takt1) + Bpe(Takt1, Tant2) + Vpe(X2k41, Takt2)
(0]
Pc($2k+17$2k+2) j ﬁpc(iﬁ%ﬁmk—s—l)-
Similarly,
pe(Tok+2, Topt3) =  Pe(Tort3, Toks2) = pe(STogs2, TTopt1)
pe(T2k+2, STopt2)pe(Tapt1, TTok41)
3 ape(Torto, Topt1) + B
pel@ak+ +1) 1+ pe(@2k+2, Tak+1)
oy pe(Tart2, STort2)pe(Tor 1, TTok1)
L+ pe(@opt2, Tokt1) + pe(Tory2, Toopy1) + pe(@ors1, STops2)
pc($2k+2, 932k+3),0c(902k+1, $2k+2)
3 ape(Topt2, Tok+1) + B
e+ +1) 1+ pe(@ort2, Tar41)
oy Pe(Tokt25 Tok+3) Pe(Tok11, Tokt2)
1+ pe(zop42, Tok+1) + pe(T2n+2, Tokt2) + pe(@2kt1, T2k+3)
Since,
Pc(x2k+2al’2k+1) < 1+ Pc($2k+27x2k+1) and
pe(Tory2, opt1) < 14 pe(@ariy2, Tort1) + pe(Tak+1, Tokt3)-
Therefore,

pe(Tok+2, Tokts) = ope(Tansa, Tak+1) + Bpe(Takt2, Tart3) + Vpe(Z2k+2, T2k+3)

«
Pe(Tokt2, Tonys) 3 mpc(w%ﬁ-%w%—&-l)

or
( I )
€T y L ~ T , T .
Pc\T2k+2, L2k+3 1— 5 _ fypc 2k+1y L2k+2
o
Assume, h = ———— < 1, we have
1-B8—7v

Pe(Tni1, Tny2) T hd(Tn, Tpy1) 20 3 hn+1p6($0’xl)'
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For some m > n, we have

Pc(ﬂfn, xm) ,—5 pc(xnv xn-{—l) + pc(xn+17 xn+2) + ...+ Pc(ﬂTm—l, xm)
<R 4R 4 A pe(z0, 1)
B
3 [1 — h]ﬂc(l‘o,fﬁl)-

This implies,

n

e )] < [ Il 20)] = 0, as = oo

Hence, {x,} is a Cauchy sequence. Since X is complete complex valued metric space, therefore
there exists u € X such that x,, — u, we shall show that u = Su. To prove that p.(u, Su) =

z > 0. Therefore, by using triangle inequality, we have

A

pe(u, Su) = z Pe(t; Tog12) + pe(Tak+2, Su)

A

pe(u, Tagt2) + pe(Txop41, Su)
pe(t, Su)pe(Tok+1, TTok+1)
1+ pe(@ori1,u)

pe(u, Su)pe(Tapt1, Tropt1)
1+ pe(zop41,u) + pe(Tort1, Su) + pe(u, Tropi1)

A

pe(u, Tagy2) + ape(xops1,u) + B

+

2pe(Topit, X
18 Pc( 2k+1 2k+2)
1+ pe(@ort1,u)
2d(ZTok41, Tok42)
1+ pe(zap41,u) + pe(T2rt1, w) + pe(u, Taki2)

A

pe(t, Tagt2) + ape(Tari1, u)

+y

This implies,

|2||pe(@or 11, Tors2)|
11+ pe(Topi1,u)l

lpe(u, Su)| < [pe(u, Tary2)| + alpe(Topy1, w)| + B

|2]|pe(Tar i1, Tors2)]
11+ pe(@okt1, ) + pe(u, Tagt2) + pe(Tops1, )]

+v

Letting k — oo, we have |p.(u, Su)| < 0, hence p.(u, Su) = 0. That is z = 0, a contradiction.
Hence our supposition is wrong. Therefore, z = 0, ie Su = u. On the same lines, we can
show that w = Tu. Therefore, u is a common fixed point of S and T.

Now, we shall show that u is a unique common fixed point of S and T. For this, Consider

u* = u be another common fixed point of S and T.
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Therefore,

peltu’) = pe(Su, Tu")
pe(u, Su)pe(u, Tu*)
1+ pe(u, u*)
pe(u, Su)pe(u, Tu*)
1+ pe(u, u*) + pe(u, Tu*) + pe(u*, Su)
3 ape(u,u®).

~

3 ape(u,u’) + B

+y

This implies (1 — a)pc(u,u*) 3 0 and hence, (1 — @)|pc(u, u*)| < 0.
Therefore, p.(u,u*) = 0 and hence, u = w*, which implies uniqueness. Thus u is a unique

common fixed point of S and T.

Corollary 3.1. Let (X, p.) be a complete complex valued metric space and T : X — X be a
self mapping satisfying the following condition:

pe(x, Tx)pe(y, Ty) oy pe(x, Tx)pe(y, Ty)
1+ pe(z,y) L+ pe(z,y) + pe(x, Ty) + pe(y, Tx)

for all z,y € X, where o, 8,7 are non-negative reals with o + 6+ v < 1. Then T has a

pe(Tx, Ty) 3 ape(z,y) + B

unique fized point.

Corollary 3.2. Let (X, p.) be a complete complex valued metric space and T : X — X be a
self mapping satisfying the following condition:

pe(x, T"x)pc(y, T"y) ; pe(z, T"x)pc(y, T"y)
L+ pe(z,y) 1+ pe(x,y) + pe(z, T™y) + pe(y, T"x)

for all z,y € X, where o, 8,7 are non-negative reals with o + 6+ v < 1. Then T has a

pe(T"z, T"y) 3 ape(z,y) + B

unique fized point.

Proof. By Corollary 3.1, we obtain € X such that T"n = 7.
The result then follows from the fact that,

pe(T™n,m) = pe(TT"n, T"n) = pc(T" T, T"n)
pe(Tn, T"Tn)d(n, T"n)
L+ pe(Tn,m)
pe(Tn, T"Tn)d(n, T"n)
L+ pe(Tn,m) + pe(Tn, T™n) + d(n, T"Tn)
pe(Tn, T"Tn)d(n, n)
L+ pe(Tn,m)
oy pe(Tn, T"Tn)d(n, n)
L+ pe(Tn,m) + pe(Tn, T™n) + d(n, T"Tn)

= ap:(Tn,n)

1N

ape(Tn,n) + B

+7

A

ape(Tn,n) + B
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Therefore, (1 — a)p.(Tn,n) 2 0, this implies, (1 — a)|pc(Tn,n)| < 0, hence p.(T"n,n) = 0.

Thus, 7 is a fixed point of 7. On the same lines of Theorem 3.1}, we can prove the uniqueness.

Theorem 3.2. Let (X, p.) be a complete complex valued metric space and S, T : X — X be

self mappings satisfying the following condition:

pC(S'rva) :j apC('rv y) + B

pe(x, Sx)pe(y, Ty) N pe(x, Sz)pe(y, Ty)
v
1+ pe(z,y) 1+ pe(x, Sz) + pe(y, Ty)

for all x,y € X, where «, B, are non-negative reals with o« +  +~v < 1. Then S,T have a

unique common fixed point.

Proof. Let g € X be any arbitrary point and define xog 11 = Swor and xogyo

T$2k+1 . Then,

Pc($2k+1, 9621<;+2)

Following cases arises,

Case 1. If,

1N

A

pe(Sxak, TTok11)
pe(T2r, STok) pe(Tont1, TTok41)
1+ pe(zok, Tak41)

pe(Tok, Sok) pe(Tont1, TTok+1)
1+ pe(zor, Stor) + pe(Tort1, TTok+1)

ape(Top, Tokr1) + B

+7

(T2k, Top41) Pe(T2ht1, T2k42)
1+ pe(@or, Top41)
pe(Zak, Tok+1)Pe(Tok+1, Tok42)

1+ pe(ok, Tokt1) + pe(Topt1, Tops2)

p
ape(wap, Tort1) + B

+v

pe(Tok, Top+1) < 14 pe(wak, vopt1) and

pe(Tort1, Tort2) < 1+ pe(Tok, Tort1) + pe(Tak+1, Tart2)-

Therefore,

Pe(Z2kt1s Tak+2)

Pe(T2kt1s Tok+2)

A

A

ape(Tok, Takt1) + Bpe(Tor+1, Tort2) + YPe(T2k, Tokt1)

o+ (o, 7 )
1_5'013 2k s L2k+1
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Similarly,

pe(Topt2, Topt3) = pe(STort2, Tropi1)
(@ok42, STok42) pe(Takt1, TTok+1)
1+ pe(Tor+2, Tok+1)

pe(Tar+2, STort2)pe(Topt1, TTop41)
1+ pe(wort2, Sory2) + pe(®ort1, Tok1)

N

0
ape(Tog+2, Tog41) + B

+y

(Tor12, Tok+3) Pe(T2kt1, Tokt2)
1+ pe(Tory2; Taky1)
Pe(Tok+2, Tok+3) Pe(Tokt1, Tok42)

1+ pe(@ort2, Tor+3) + pe(Tort1, Tort2)

1N

ape(Tort2, Tor+1) + ﬂpc

+v

Since,

pe(Tont2, Tort1) < 14 pe(Topt2, Tor41) and

pe(Tort2, Tort3) < 14 pe(Tort2, Tor+s) + pe(Takt1, Tak2)-

Therefore,

A

ape(Tok+1, Topt2) + Bpe(Tokt2, Tak+3) + YPe(T2k+1, T2k+2)

O pe(waks s Taps2)
1_6 c\L2k+1) L2k+2)-

pe(Tokt2, Tor13)

A

pe(Tart2, Tor13)

o+ 7y
1-p

Assume, h = < 1, we have

Pe(Tni1, Tny2) T hd(Tn, Tpy1) 20 3 hn+1pc(x0,x1).

For some m > n, we have

Pc(mn; xm) ,—5 pc(xm mn—i—l) + pc(xn—i-l; xn+2) + ...+ Pc(mm—la xm)
<At R 4 R Y pe(zo, 1)
hn
3 [l—h] pe(To, 1)

This implies,

h’n
1—-h

rm@WMMS[ }m@mmﬂﬁﬁaﬂmn%al

Hence, {x,,} is a Cauchy sequence. Since X is complete complex valued metric space, therefore

there exists v € X such that x, — wu, we shall show that v = Su. To prove, consider
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pe(u, Su) = z > 0. Therefore, by using triangle inequality, we have

pe(u, Su) =z

This implies,

|pe(u, Su)

Letting k — oo, we have |p.(u, Su)| < 0, hence p.(u, Su) = 0. That is z = 0, a contradiction.

Hence our supposition is wrong. Therefore, z = 0, ie Su = u. On the same lines, we can

<

~

A

1N

ION

N

pe(t, Tag12) + pe(Toni2, Su)

pe(t, Togy2) + pe(T o1, Su)

pe(u, Su)pe(ropi1, TTopy1)
1+ pe(@op41,u)

pe(t, Togy2) + ape(Topy1,u) + B

pe(u, Su)pe(ropt1, Txopy1)

+
L pe(u, Su) + pe(Top+1, Trop41)

zpe(T T
e pe(Tak+1, To2k12)

Pe(U; Tog+2) + ape(Top41, ) 1+ pe(Topt1,u)
C )

2pc(T2k+1, T2k42)

+7y .
1+ 2+ pe(Tok+1, Tok+2)

|2]| pe(Tor41, Tory2)|
11+ pe(Tori1,u)l

|pe(u, Topy2)| + alpe(Tog 11, u)| + B

2| | pe(T2h41, Tor+2)]
11+ 2z + pe(Tort1, Tor+2)|

show that w = T'u. Therefore u is a common fixed point of S and T.

Now, we shall show that u is a unique common fixed point of S and T. For this, Consider

u* = u be another common fixed point of S and T.

Therefore,

pe(u, u)

A

N

ape(u,u) + B

pe(Su, Tu")

pel, Su)pe(u, Tu) pelu, Su)pe(u, Tu)

1+ pe(u, u*) R pe(u, Su) + pe(u, Tu*)

ape(u, u™).

This implies (1 — a)pc(u,u*) 2 0 and hence, (1 — a)|pe(u, u*)| < 0.

Therefore, p.(u,u*) = 0 and hence, u = u*, which implies uniqueness. Thus, u is a unique

common fixed point of S and T.

Case 2. If,

pe(Tar, or+1) < 1+ pe(zak, Tor+1) and

pe(Tar, xort+1) < 14 pe(zak, Togt1) + pe(T2k+1, Tokt2)-
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Therefore,

A

Pe(Tokt1, Tokr2) 3 ape(Top, Topt1) + Bpe(Tor41, Takt2) + Ype(T2k41, Tont2)

«
Pc<332k+17 372k+2) :5 mpc(iﬂmm 332k+1)-

Similarly,

pe(Tort2, Tor43) = pe(Sxapyo, Txoky1)
(o2, STok+2) pe(Tor+1, TTok+1)
1+ pe(@2k+2, Tok+1)
pe(Taky2, Sxokyo)pe(Tar+1, TT2k+1)
1+ pe(wokt2, STakt2) + pe(Tort1, TTok+1)

1N

ape(Tort2, Tor+1) + ﬂpc

+v

(ok425 Tok+3) Pe(Tok+1, Tokt2)
1+ pe(Top42, Tok41)

A

ape(Tokt2, Togpt1) + ch

Pc(l‘zk+2, $2k+3)ﬂc($2k+1, 332k+2)
L+ pe(Tory2, Taky3) + pe(Tort1, Tak2)

+y
Since,
pe(Tarr2, k1) < 1+ pe(Tagr2, Tokr1) and
pe(Tapy2, Tokr1) < 1+ pe(Torta, Tary3) + pe(Tory1, Tokt2)-
Therefore,
Pe(T2kt2: Tokt3) I APe(T2nt1, Tart2) + Bpe(Top+2, Tok+3) + Vpe(Tok+2, Tok+3)

(0%
Pe(Tok+2, Tok+3) 3 mpc(»fvzm Tok+1) Pe(T2k+1, T2k+2)-

(07

——— < 1, we have
1-p5—~

Assume, h =

Pe(Tni1, Tny2) T hd(Tp, 2ny1) 3o 3 hn+1PC($O7$1)'

For some m > n, we have

pc(xn; xm) ,—\<, pc(xna xn—l—l) + ,Oc(xn—i—l; xn+2) + ...+ Pc(xm—la xm)
<At R 4 R Ype(zo, 1)
B
2 [1—h] pe(To, 1)

This implies,
h’fL
1—h

pe(om, 2n)] < { } pela0,21)] — 0, as myn — oo.
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Hence, {x,,} is a Cauchy sequence. Since X is complete complex valued metric space, therefore
there exists v € X such that x, — wu, we shall show that v = Su. To prove, consider

pe(u, Su) = z > 0. Therefore, by using triangle inequality, we have

pe(u, Su) =2z 3 pe(u, xogr2) + pe(z2nt2, Su)

3 pe(u, xop42) + pe(Txop41, Su)
u, Su)pe(Top41, TTok41
3 pe(u, Topt2) + ape(Topgr, u) + 5/)0( )Pe(@aks +1)
1+ pe(zopt1,u)
pe(u, Su)pe(Topt1, Txor1)
+y
L+ pe(u, Su) + pe(z2r+1, T2k 41)
2Pc(T2k41, T2k2
3 pe(u, xopt2) + ape(Topt1,u) + 5 Pel@kt1, Tok+2)

1+ pe(@op+1,u)

ZPc(332k+1, 962k+2)
14 2 + pe(Topt1, Tors2)

+

This implies,

|2||pe(@or 11, Tory2)|
11+ pe(Topi1,u)l

pe(u, Su)l - 3 [pe(u, wans2)| + alpe(@arrr, u)| + 8

2| | pe(@ak+1, Tort2)|
11+ 2 + pe(@okt1, Tort2)|

Letting k — oo, we have |p.(u, Su)| < 0, hence p.(u, Su) = 0. That is z = 0, a contradiction.
Hence our supposition is wrong. Therefore, z = 0, ie Su = u. On the same lines, we can
show that w = T'u. Therefore u is a common fixed point of S and T.

Now, we shall show that u is a unique common fixed point of S and T. For this, Consider

u* = u be another common fixed point of S and T. Therefore,

pe(u,u”) = pe(Su, Tu")

pe(u, Su)pe(u, Tu*) pe(u, Su)pe(u, Tu*)
1+ pe(u, u*) g pe(u, Su) + pe(u, Tu*)

A

ape(u,u) + 5

3 ape(u,u’).

This implies (1 — a)pe(u, u*) 2 0 and hence, (1 — «)|pc(u, u*)| < 0. Therefore, p.(u,u*) =0
and hence, v = u*, which implies uniqueness. Thus, u is a unique common fixed point of S

and T.

Corollary 3.3. Let (X, p.) be a complete complex valued metric space and T : X — X be a
self mapping satisfying the following condition:

pe(x, Tx)pe(y, Ty) oy pe(x, Tx)pe(y, Ty)
1+ pe(z,y) L+ pe(x, Tx) + pe(y, Ty)

pe(Tx, Ty) 3 ape(z,y) + B
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for all z,y € X, where o, 5,7 are non-negative reals with o + 6+ v < 1. Then T has a

unique fized point.

Corollary 3.4. Let (X, p.) be a complete complex valued metric space and T : X — X be a

self mapping satisfying the following condition:

pe(z, T"x)pc(y, T"y) pe(z, T"x)pc(y, T"y)
Tz, T"y) = ap:(z,y) + +
pel y) 3 apele,y) T + pe(z,y) T pela, Tr2) + pely, Ty)

for all z,y € X, where o, 8,7 are non-negative reals with o + 8+ v < 1. Then T has a

unique fixed point.

Proof. By Corollary [3:3] we obtain 7 € X such that T"n = 7.
The result then follows from the fact that,

pe(T"n,m) = pe(TT"n,T"n) = pe(T"Tn, T"n)
pe(Tn, T™Tn)d(n, T"n) oy pe(Tn, T"Tn)d(n, T"n)
L+ pe(T,m) 1+ pe(Tn, TnTn) + d(n, T"n)

pe(Tn, T™Tn)d(n,n) oy pe(Tn, T™Tn)d(n,n)
L+ pe(Tn,n) L+ pe(Tn, TnTn) 4 d(n, Tmn)

3 ape(Tn,m) + 8

3 ape(Tn,m) + 8

= ap:(Tn,n).

Therefore, (1 — a)p.(Tn,n) 3 0, this implies, (1 — a)|p.(Tn,n)| < 0, hence p.(T"n,n) = 0.

Thus, 7 is a fixed point of 7. On the same lines of Theorem [3.2] we can prove the uniqueness.

4. DEDUCTION

Theorem 4.1. [2] [Azam et al.] Let (X, p.) be a complete complex valued metric space and
let the mappings S, T : X — X satisfy:

ppe(, S)pe(y, Ty)

(Sx, Ty) = A\pe(z,y) +
Pe( y) = Ape(,y) ¢ po(z.1)

for all x,y € X, where \, u are non-negative reals with X+ u < 1. Then S,T have a unique

common fixed point.

Proof. The required result can be obtained by assuming v = 0 in Theorem and
. 2)
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