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FABER POLYNOMIAL COEFFICIENTS ESTIMATES OF BI-UNIVALENT
FUNCTIONS
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ABSTRACT. In our present investigation, we use the Faber polynomial expansions to find
upper bounds for the n — th (n > 4) coefficients of general subclass of analytic bi-univalent

functions. In certain cases, our estimates improve some of those existing coefficient bounds.

1. INTRODUCTION

Let A denote the class of all function f(z) which are analytic in the open unit disk

E = {z:|z| < 1} and has the Taylor-Maclaurin series expansion of the form:

f(z)=z+ Zanz". (1)
n=2

By S we mean the subclass A consisting of univalent functions. The every univalent function

f € S has an inverse f~! which is defined as:
() =2 =z€E,

and

FFHw)) = w, fw| <ro(f), mo(f) 2

)

=
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where
g(w) = fFHw) = w — agw? + (243 — az)w® — (5a3 — Hasaz + ag)w* + ...
oo
=w+ Z A, w™. (2)
n=2
A function f € A is said to be bi-univalent in E if both f and f~! are univalent in E. Let

> denote the class of analytic and bi-univalent functions in F given by the Taylor-Maclaurin

series expansion (1). Some examples of functions in the class ¥ are given below:

z 1 1+2
hi(z) = T ho(z) = —log(1l — z), h3(z) = §log <1 — z) , z€eE.
However, the famous Koebe function k(z) = (1_%)2 is not in ¥, for more details we refer

[32]. For f € 3, Levin [22] showed that |az| < 1.51 and Brannan and Clunie [6] proved
that |as| < V2. Netanyahu [27] showed that max |as| = 3. Brannan and Taha [7] introduced
certain subclass of the bi-univalent functions. For a brief history and interesting examples of
bi-univalent functions we refer, [5], 12} [13] [18], 211, 22} 23| 24, 25| 26, 28|, 32].

Not much is known about the bounds on the general coefficient |a,| for n > 4. Here, in
this paper, we use the Faber polynomial expansions for a subclass of analytic bi-univalent
functions to determine estimates for the general coefficient bounds |a,| for n > 4.

The Faber polynomials introduced by Faber [11] play an important role in various areas of
mathematical sciences, especially in geometric function theory. In the literature, there are
only a few works determining the general coefficient bounds |a,| for the analytic bi-univalent
functions given by (1) using Faber polynomial expansions see [16] 15 19]. A very little is
known about the bounds of Maclaurin’s series coefficient |a,| for n > 4 by using a Faber
polynomials we refer [4, 2], 8, Ol [14] [17, 311 [30} B34].

Firstly, we consider class of analytic bi-univalent functions defined by Bulut [§] and class
of analytic bi-univalent functions defined by Jahangiri and Hamidi [20]. The purpose of
this article is to extend the work of [8, 20] by using well known Faber polynomials. In this
paper, we use the Faber polynomial expansions to obtain bounds for the general coefficients
lan| of bi-univalent functions in N&(4, A, a, B) as well as providing estimates for the initial

coefficients of these functions.

2. The class N (6, \, a, 8)
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Definition 1.1. A function f € X, 0<I< 1, A>1, u>0, and 0 < B <1 we introduce a

new class of bi-univalent functions Na(6,\, a, B) as f € N&(6, A, a0, B) if and only if

(1—6){(1—/\) (f(;))#ﬂf/(z) (fiz)yl}w(?é?) <ff)>51 >a, (3)

and

Re

(1-5) {(1 - (g(ww)yﬂg'(w) (g(ww)y_l} +0 <wf($)) (fiz")ﬂ > a,
where 0 < a < 1, 2z, w € B, g(w) = f~1(w) is defined by

Remark 1.1. In the following special cases of Definition 1 we show how the class of analytic
bi-univalent functions N& (0, A, «t, B) for suitable choices of X, 6, B and p lead to certain new
as well as known classes of analytic bi-univalent functions studied earlier in the literature.
(i) For 6 =0, we obtain the class of bi-univalent functions introduced by Bulut [§].

(ii) For § = 1, we obtain the class of bi-univalent functions introduced by Jahangiri and
Hamidi [20].

(ii7) For § = 0 and p = 1 we obtain the class of bi-univalent function introduced by Frasin
and Aouf [13].

(iv) For 6 = 0, A = 1 and p = 1 we obtain class of bi-univalent function introduced by
Srivastava et al [33].

(v) For § =0, and A = 1 we have the bi-Bazilevic function class introduced by Prema and
Keerthi [29].

(vi) For 6 =1, and = 1 we get the class which is consists of functions f € 3, satisfying
Re((f/(z)> > o and Re((gl(w)> > o, where 0 < a <1, and z, w € E and g = f~L.

2. MAIN RESULTS

Using the Faber polynomial expansion of functions f € A of the form (1), the coefficients

1

of its inverse map g = f~" are given by,
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where
- (=n)! 1 (=n)! 3
K" — n n
T ok D=5 TRt )3
(_n)‘ n—4
(—2n +3)(n —4p"2 ™
(7’“)' n—>5 2
ey 5)!a2 las + (—n + 2)a3]
(—TL)' n—
+ Con+5)i(n = 6)!a2 6 [ag + (—2n + 5)azay]
+) ay v, (4)
3z
such that V; with 7 < j < nis a homogeneous polynomial in the variables | as |, | a3 |, ..... |an|,

[1]. In particular, the first three terms of K" are

1.

§K1 7= —az,

1

gKEB = 243 — as,

1
1K§4 = —(5a3 — bagaz + a4). (5)

In general, for any p € N and n > 2, an expansion of K% | is as, [2],

-1 ! !
p(p )EQ, P gy P El{, (6)

P _ -
Koy = pan + =5 Ena + 7y B p—n< Di(n—1)

n

where EP | = EP | (ag,as....) and by [3],

o
m!(ag)H...(ap)Hn—1
E™ (ao,...,ap) = for m <n.
" 1< T n) nzg Ml!a"'a:un—ll ’

While a1 = 1, and the sum is taken over all nonnegative integer puy, ..., p, satisfying

M1 A p2 Ay =M,

w1+ 2u0 + ... + (7’L— 1)#7171 =n—1.

Evidently, EZ:ll (a2, ...,an) = ay~ ! []; or equivalently,

o0
m' al ;ul Hn
E)'(a1,a9,...,a g (an) , for m < n,
AL ey !

n=1
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while a; = 1, and the sum is taken over all nonnegative integer p1, ..., 1, satisfying:
M1+ p2 + e iy =M,
w1+ 2u2 + .o + () o, = n.

It is clear that E} (a1, ..., a,) = ET the first and last polynomials are:

Theorem 2.1. For 1 <0 <0, A>1, £t >0,0< < 1and 0 < a < 1. Let f €
NEG, N, a,B), if am = 0; 2<m <n—1, then
2(1 — «)

TR e DY R ] CEa e A "
Proof. For the function f € N&(4, A, o, 8) of the form (1), we have
2\ / 2\t 2f (2 2)\*
_— {(1 0 (2) e () } v ( J{(i))> (")
=1+ iFn,l(ag,ag....,an)z"_l, (8)

n=2

and for its inverse map ¢ = f~', we have

1 ofn (A arion (1) o (20 (1)

o0
=1+ ZFTZ—1<A27A3--"7ATZ)wn_1’ (9)

n=2

1g-—n
where, A, = ~K " (a2,a3,...).

Fr={(1=6)(n+A)+0(6+1)}a,

-D+B-1
2

Fo = {(1— 6)(+20) + 6(3 + 2)} [“‘ a§+a3],
(p=1)(p=2)+(B=1)(B—2) a3
fgﬂ1am+3»+5w+3n{ 3 2 ].
—{(p—=1)+(B8—1)}aza3 + a4

In general

Fo_i1(az,a3....;an) = {{ (=) {u+m-DA+6{f+(n—-1)} } G
{(p—1!+(8-1)1}

)

where

G Z (az)"a®...(ay)n=1

. '4 ' . ' _ . . . ‘ _ . . . ' .
4 2in b ()i =1 itiole i [{ — (i i+ i) P+ {8 — (i1 + i2 + . in—1)}]
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On the other hand, since f € N&(6, A\, o, B) and g = f~1 € N&(5, A, o, B) by definition, there
(o] (o]
exist two positive real-part functions p(z) = 1+ > ¢,2" and q(w) =1+ ) c,w™ € A where

n=1 n=1
Re(p(z)) > 0 and Re(g(w)) > 0 in E, such that

(1-9) {(1 - (12) e (f“>} 40 (]{(<)>> (12)

=a+ (1—-a)p(z)

=1+ (1—0a)Y K}(c1,cy ey cn)2" (10)

n=1

-ofuon () () o (359) (42

= a+ (1 - ajg(w)

and

=1+ (1—0a) K} (d1da,...,dn)w". (11)

n=1
Note that, by the Caratheodory lemma [10], |¢,| < 2 and |d,,| < 2, (n € N). Comparing the

corresponding coefficients of (8) and (10) for any n > 2, we have
Fn_1(ag,a3.....;a,) = (1 —a)K}_i(c1.¢2, .. Cn1), n>2. (12)
Which under the assumption a,, = 0; 2 < m <n — 1, we have

1=0){p+n-—DA+6{f+(n—D}a,=(1—-a)cp—1, n>2.

Similarly corresponding coefficients of (9) and (11) we have
Foo1(Ag, Az y Ay) = (1 — )KL (di.day .oy dy1), 1> 2. (13)
Which by the hypothesis, we obtain
1-0){p+n-—DAN+0{f+(n—-1)}A,=(1—a)d,_1. (14)
Note that for a,, = 0; 2 < m < n — 1 we have A, = —a,, and so

=8 {p+m—-DA+6{B+(n—-1)}an = (1 - a)cp1,

—(1= ) {p+ (n— A} +6{B+ (n— D} an = (1 — a)dy1. (15)
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Now taking the absolute values of equation (14) and (15) and using the fact that |c,—i| < 2

and |d,,—1| < 2, we obtain

ol (- @)y
T A=) {pt(n—DA +0{B+ (n— 1)}
) (1= a)dni]
(1=0){p+(n=1DA+6{f+(n-1)}
- 2(1 —«)
T (A=) {p+(n=DA+5{f+ (n—-1)}

which completes the proof of Theorem

Remark 2.1. (i) For § =1 in Theorem|[2.1 we obtain the estimates |a,|, proved by Jahangiri
and Hamidi in [20].
(i4) For § =0 in Theorem[2.1] we obtain the estimates |ay|, proved by Bulut in [8].

(1ii) For 6 =0, p =1 in Theorem 1 we obtain the Corollary 1, proved by Bulut in [§].

Theorem 2.2. For1 <46 <0,A>1,4>0,0<3<1and0<a<1. Letfe NL6,\a,pB).
Then

2(1 — «)

S (= [PESVESICERY§ .

4(1 — a)? 2(1 - o)
R T TP I YA [F RS [PV R T S

2(1 — o)
9=l S T -6 B 1l
Proof. Replacing n by 2 and 3 in (12) and (13), respectively, we find that

{(1=0)(p+X) +8(B+1}az = (1 —a)ei, (16)
{0 =0) (20 +6(5 +2)} | L= ‘g B=D 2 4 as| = (1 - e, (17)
—{@ =) (p+2X) +(B+2)}az = (1 - a)di, (18)
=)+ +oB+2)) |LEVEGEY 2 T (1 o). (19)

2
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From (16) and (18) we obtain

(1—a)e ’ _ '
{A=0)(p+N+B+1} |-

|ag| =

< 2(1 — ) . (20)
{A=0)(p+A)+d(B+1)}
Adding (17) and (19) we have
(1= 8)(u+20) +8(B+2)} (n+ Bl a3 = (1 — a)(ca + da). (21)
Using the Caratheodory lemma, we have
4(1—a)
ol = \/{ 20 65+ 20} (a1 B’ i

Combining inequality (20 ) and (22) we obtain required result (i). Next in order to find the

bound on the coefficient |asz|, we subtract (19) from (17) we thus obtain,
2{(1 = 0)(n+2X) + (B +2)} (a3 — a3) = (1 - a)(c2 — da), (23)

or

|(1 — a)(c2 — do)|

= a2 : 24
" T o)t 2N+ o5+ 2)) 0
Substituting the value of a2 from (20) into (24), we obtain
1— 2.2 1— _
Y (oefd L Oaeod)
{@=)(u+N)+3B+1)}y  2{(1 = 0)(u+2X) + (6 +2)}
Taking the absolute of (25) and using the Caratheodory lemma we have
4(1 — a)? 21—«
|az| < ( ) 5+ ( ) : (26)
{@=0)(u+N)+oB+1)} {1 =0)(p+2))+0(5+2)}
Again substituting the value of a3 from (21) into (24), we obtain
a5 = (1 - Oé)(CQ + d2) " (1 - Oé)(CQ — dg) (27)
{A=0)(p+20)+(B+2)}(u+8)  2{(1—0)(n+2))+d(B+2)}
Again taking the absolute of (27) and using the Caratheodory lemma we have
4(1 —
(1-a) (28)

az| < .

S (N PRIV R R ey
From (26) and (28) we obtain required result (1b). Taking the absolute values of both sides
of the equation (23), we obtain

2(1—a) < 2(1 —«)
{T=0)(n+20)+6(B+2)}H ~ {1 =0)(p+20) +d(B+2)}

|as — a3| = (29)
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Which is the desired inequality(1c).

Remark 2.2. (i) Ford =1, u=1in Theorem we obtained the estimates |az|,

a3 — a3
proved by Jahangiri and Hamidi in [20].

(ii) For 6 =0 and f =1 in Theorem we obtain the estimates |az| and |as|, proved by
Bulut in [§].

(iii) For § =0, B =1 and p = 1 in Theorem [2.9 we obtain the estimates |as| and |as| of
Corollary 2 proved by Bulut in [8].

(iv) For0 =0, A\=1,and B =1 in Theorem we obtain the Corollary 3, proved by Bulut
in [8].

(v) For § =1, p =1 and g = 1 in Theorem we obtain the Corollary 2.2, proved by
Jahangiri and Hamidi in [20].

Letting 6 =1, A\=1, p =1 and B = 0 in Theorem[2.4 we obtain the following corollary for

analytic bi-Starlike functions of order o, 0 < o < 1.

Corollary 2.1. Let f € N&(1,1,a,0) be bi-Starlike of order o in E. Then

lag] < 2(1 — «),

lag] < 3(1 — «),

‘ag—a%‘gl—a.
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