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REMARKS ON THE GEOMETRY AND THE TOPOLOGY OF THE
LOOP SPACES H*(S',N), FOR s <1/2.

JEAN-PIERRE MAGNOT*

ABSTRACT. We first show that, for a fixed locally compact manifold N, the space L*(S*, N)
has not the homotopy type of the classical loop space C*°(S*, N), by two theorems:

- the inclusion C*°(S*, N) c L*(S*, N) is null homotopic if N is connected,

- the space L?(S', N) is contractible if N is compact and connected.

Then, we show that the spaces H*(S*, N) carry a natural structure of Frolicher space,
equipped with a Riemannian metric, which motivates the definition of Riemannian diffeo-

logical space.

1. INTRODUCTION

The objects studied in this paper are spaces of maps from S' = R/27Z to a locally
compact, connected manifold N embedded into an Euclidean space V, usually called loop
spaces. The most studied loop space is the space of smooth loops C*°(S!, N), or of smooth
based loops Cg°(S!, N) where only loops starting and ending at a fixed basepoint zg € N
are considered. Embedding C*(S1, N), resp. C§°(S!, N), into C*°(S, V'), one can consider

spaces of loops with lower regularity in the following way: considering e.g. the Sobolev
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spaces H*(S',V), a simple way to define such loop spaces is to make the closure of
C>®(S*, N), resp. Cg°(SY, N), in H*(S', V), noted H*(S, N), resp. H§(S!, N). For s = 0,
we get the space of loops in the L?—class, noted by L?(S!, N), and when the target space is a
Lie group G, H*(S',G), resp. H;(S', @), is called the H*—loop group, resp. the H*—based
loop group. The loop spaces H*(S*, N), for s > 1/2 are well-known Hilbert manifolds, and
the loop groups H*(S!, G) are Hilbert Lie groups, since [14]. But

very often geometry and analysis stops for s < 1/2, because the classical construction
of a smooth atlas on these spaces requires an inclusion into the space of continuous loops
C°(S', N), via Sobolev embedding theorems. The same holds for loop groups H*(S!, G), see
e.g. [27], where one can read also that, for s = 1/2, most loops v € H/?(S',G) — C°(S', G)
are not easy to study. One can extend this remark to s < 1/2.

The aim of this paper is to give a first approach of some topological properties of some
of these spaces for s < 1/2, and propose an adapted geometric setting. In a first part of the
paper (section , we show that there is no homotopy equivalence between L?(S', N) and
H*(S, N) for s > 1/2, which furnishes a great contrast with the known: for s > k > 1/2,
the inclusion H*(S, N) ¢ H¥(S!, N) is a homotopy equivalence [26], 14} 9.

Motivated by the fact that mathematical literature often use weak Sobolev metrics on
C>®(S',N), especially H'/? and L?—metrics (see e.g.[I6] 27, 30]), a natural question is the
geometric setting that would enable to discuss with the topologico-geometric properties of the
full spaces H*(S!, N) for s < 1/2. We then need to find a setting that describes finer struc-
tures than the topology, and which enables techniques of differential geometry. We choose
here the setting of Frolicher spaces, which can be seen as a particular case of diffeological
space [22, 3, 29], and we develop for the needs of the example of loop spaces the notion of
Riemannian diffeological space. As a final remark (section , we show that the canonical
(weak, H'/?) symplectic form on the based loop space naturally extends to the (full) based
loop Hé/ 2(5 1 N), while the Kihler form of the based loop group does not have the same

properties.

2. PRELIMINARIES ON LOOP GROUPS AND LOOP SPACES

Let I = [0;1]. We note by (fn)nez the Fourier coefficients of any smooth map f. Recall
that, for s € R, the space H*(1,C) is the completion of C*>°(I,C) for the norm ||.||s defined
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by
IAIB = S+ Inh® 157 = [ 1+ AV,
nel St
where A = —ﬁ% is the standard Laplacian, and S' = R/Z. The same construction holds

replacing C by an algebra M of matrices with complex coefficients, with the hermitian prod-
uct of matrices (4, B) +— tr(AB*). If there is no possible confusion, we note this matrix norm
by ||.]| or by ||.||am if necessary. Let N be a smooth connected manifold, with Riemannian
embedding into M. We can assume that the 0—matrix, noted 0, is in N with no loss of
generality since the space of Riemannian embeddings from N to M is translation invariant
in M. The loop space C*(S!, N) is a smooth Fréchet manifold (see [14, 9] for details). The
submanifold of based loops C°°(S!, N) is here identified with loops v € C°*°(S', N) such that
7(0) = 0. Let us now consider a compact connected Lie group G of matrices. We note by
C>®(SY, @), resp. C5°(SY, G), the group of smooth loops, resp. the group of based smooth
loops 7 such that v(0) = v(1) = eg. (When dealing with based loop groups, the chosen
basepoint is the identity matrix Id for trivial necessities of compatibility with the group

multiplication)

Definition 2.1. We define H*(S',G), resp. H§(S',G), as the adherence of C*(St,G),
resp. C§°(S1, G), in H*(S; M).

For s > 1/2, it is well-known, that H*(S',G) is a Hilbert Lie group. The key tool is
the smooth inclusion H*(S', M) C C%(S!, M), which enables to define charts via tubular
neighborhoods, and to define the group multiplication and the group inversion pointwise by
the smoothness of the evaluation maps, see the historical paper [14] for details, see also [27]

for an exposition centered on loop groups. The biggest Sobolev order where this fails is

s=1/2. For s > 1/2,

(1) the norm ||.||s induces a (strong) scalar product < .,. >, on H*(S', g), which induces
a left invariant metric on TH,(S!, G).
(2) if 1/2 < s, the H*—scalar product < .,. > induces a weak Riemannian metric on

TH,(S',G), but the H*-geodesic distance is non vanishing on H*(S', G), for k < s.

The motivation of this last remark can be found in recent works [6l [7, 8, 24] where are
given some examples of weak Sobolev H® metrics on manifolds of mappings with vanishing

geodesic distance.
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3. THE CASE s =0 : ON THE HOMOTOPY TYPE OF L?(S! N)

Let us now analyze L?(S*, N) when N is connected.

Lemma 3.1. Let T = {(I,s) € I?|s <l and ] > 0. There exists a map ¢ € C®(T,[0;1])

such that

VI, Vk > 1, 22(1,0) =0

' Osk

VILVE>1,22(1,1) =0

i 6Sk

One can choose the following map:

o(l,s) = /0 (1 % my o) (1)t

where

¢ R — R
1 ift<l/3 ort>2l/3

(3_172[) otherwise

and my g (t) = 6lm(t/61), with m a standard mollifier with [—1; 1] support.

Proof. The solution given fulfills the conditions required by classical results of

analysis.

Notice that with such a function ¢, we have that g—f(l,s) < 3/l, and that %—f(l,s) <
M(s) € RY, for any fixed 0 < s < 1. For a sequence (sy) such that s, — 0, the sequence
M (sy,) is unbounded, were as one can take M (0) = 1. These properties are necessary for the

proofs of the rest of the section.

Theorem 3.1. L3(SY,N) = L?(S',N) and for any loop v in C>(S, N) there is a map
P € CY([0;1], L*(S, N)) such that P(0) = v and P(1) is null-homotopic piecewise smooth

loop in L?.

Proof. We now assume that 0 € N. Let v € C*(S!, N) such that v(0) = x # 0. Let
7 :[0;1] = N be a null-homotopic smooth loop such that 7(0) = Id, 7(1/2) = z, 7(1) = 0,

7(1/2) = 4(0) in T, N. Such a loop exists considering a neighborhood in N of a smooth path
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starting from 0 and finishing at x. Let T = {(I,s) € I?|s <l and [ > 0. Let p € C*(T,[0;1])

such that
VI, (1,0) =0
Vi, (1) =1
Vi, 22(1,0) = 1
Vi, %2(1,1) = 1
VI,Vk > 1, 22(1,0) = 0
| VILVE>1,98(,0) =0

With the example given in Lemma we have that
Iy
mamsE[O;l]%(lwg) <3/L.

Let us consider the family of piecewise smooth paths h € [0; 1] — ~y;, such that

Top(h/2,s) if s<h/2
m(s) =14 vop(l—h,s—h/2) if h/2<s<1—h/2 -
Top(h/2,1—25) if s>1—h/2

One can check that this is in fact a smooth path, considering the Taylor series at the con-

necting points s = h/2, s =1 — h/2 and s = 0. Let us take the limit when h — 0.
h/2
= st pg = /0 [ (s) — () s +
1—h/2
/ 1 (s) — 7(3)] Beds +
h/2
h/2
/ [ (s) — 7(3)]Bads
1—h/2
h/2
- /0 1m0 0(h/2, 5) — 7(s)|[3ds +

1-h/2 )
/W ool — hys — h/2) — A(s)|uds +

h/2 ,
/1 70 (/2,1 — ) — A(s)| Ads

—h/2
h(supsE[O;l]H7_<s)H + Supse[o;l}H'y(S)H)Q +
- 2
o s
(1= 1. (W3101 = supscg (o) + e A

h(supsepo|IT(s)|] + supsepoy|1v(s)I1)?
2
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So that,
li =
hli% YTh =7,
which shows that 7 is in the L2— closure of C$°(S, N). Thus we get that L(S',N) =

L3(S',N). On the other hand, when we take the L?—limit of 7, when h — 1, we get with

the same techniques:
limy, =7V 7 L
h—1 Tk

Let us now give another result from the techniques described in the proof of last theorem:

Theorem 3.2. The natural injection C§°(S*, N) — L?*(S', N) is homotopic to a constant

map.
Proof. Let v € C§°(S', M). Let
H(s' 7)) =qo0p(l—48;1) for 0<1<1—4,

with ¢ defined by Lemma [3.1] that we extend by the constant path on [1 — s;1]. H(0,7) = v
and H(1,v) is the constant loop. For 0 < s’ < 1 H(s,~) is a piecewise smooth loop, with
only one angular point at [ = 1 — s/, and hence is in L?. We have now to get a continuity
property for the map s’ — H(s',7). Let s,¢ such that 0 < s <t <1 witht —s < £ < £ We
are using in the sequel the following majorations:

e the classical estimate of the Lipschitz constant of a C! path: [|y(s) — y(t)|| < (t —
s)mazs<i<i| YD),

e and since S* is compact, mazeo.1)|[v(s)|| = ky < 400

which implies

e on the one hand, since t —s < § < é, forl e [1—1t;1—s], %—Sf(l—s,l) = 1, which implies:

I-s 1-s
/1 o p(l—s0) — (D2 < mazoaa |0 / o1 —8,0) — p(1 — 5,1 — s)[%dI
—t

—t

< (t— s)mazoc<|H(D)])?

e and on the other hand, setting M (I) the Lipschitz constant of the map ¢(.,1), :
o1, )—p(1—4,0)] < M()(t—3) = |lyop(1—s, )—yop(1—t, 8)]| < M(1)(t—s)mazocrc|H D]l

On the interval [(1 —t), (1 — s)] C [0;1[, we have that M({) is bounded by a constant noted
ks



20 JEAN-PIERRE MAGNOT*
With these two inequalities, we get:
2 = 2
V(5.9 = Bt s = [ Iroeli=si) =yoe(l—t)|Pd+
1-s 5
| Ihesti - —q)pa
—t

1
T / (1) — (1) 2dl

1—s

< key(1 =) (t — s)mazoci<r||5(D)]]?

+(t = s)ymazoc<1|[F(D)[[> +0

Hence, for a fixed smooth loop 7, s’ — H(s',7) € C°(]0; 1]; L%(S*, M)). We need to show

continuity at s’ = 0. We get the following inequalities:
2 ! 2
10.9) = HDsag = [ Inopi=6D =2
< tmazoq< Y]

which completes the continuity in the first parameter. We remark that, for fixed v, H is not
Lipschitz in the first parameter, since ks, is not bounded for (s,t¢) in the neighborhood of

(0;0).

We now have to show that the map v + H(s,7) is continuous for the L?—topology. For

this, we only have to remark the change of coordinates formula:
1—s
Iy = 7l 251,00 = v o (1 —s,1) = T o (1 = s,D)[[*p(1 — s,1)dL.
( ) 0
Since Jjp(1 —s,1) > 1 for 0 <1< 1— s, we get
1
1(5.0) = B asng = [ Iopli=sd)=rop(1= sl

1-—s
= / Iy op(l—s,1) —Top(l—s,1)dl
0

IN

1—s
/ ool — 8,0) — 70 (1 — 5,1)|*0p(1 — 5, )l
0

IN

|1y = TH%%Sl,M)

Hence the map ~ — H(s,7) is 1—Lipschitz.

Corollary 3.1. Let k > 1/2. The canonical inclusion i : HE(S', N) — L%(S', N) induces a
0—map i, : Ho(HE(SY, N)) — H.(L?(S*,N)) and i, : m(HE(S, N)) — 7. (L2(S', N)).
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Proof. If k > 1/2, the canonical inclusion C5°(S*, N) — HE(S!, N) is a well-known

homotopy equivalence between smooth manifolds. So that, by Theorem[3.2] we get the result.
We now finish this section with the following result:

Theorem 3.3. Assume that N is connected and compact. Then the space L?>(S',N) is

contractible.

Proof. For convenience of the proof, we assume that 0 € N. Let H(t,7)(s) = ls<Y(s).
o [[H(t, 25t m) < s<tllzoestanlVlzzstmg = [llz2st a0y so that H(t,vy) €

L?(S', M). Remarking that H is linear in the second variable, we get that H(t,.) is smooth

on L?(S*, M).

e Let v € L2(SY, N). There is a sequence (,)nen € C§°(St, N)N that converges to .
Claim: The sequence (H (t,vn))nen is in L?(S*, N). For this, for fixed ¢ and n, we consider

reparametrizations of v, for p € N* such that t — 1/p < 1:

Tn(s) if s<t
0p(8) =4 Vat+pls—1t)if t<s<t+1/p
0 otherwise

We have that the sequence (d,) is in the Sobolev class H', and

+1/p Y Il s
\|6p—H<t,vn>HL2(51,M>=(/t <%<t+p<3_t>>>2ds) < e

which shows that (8,) converges to 7,. Since C*°(S1, N) is dense in H'(St, N) [14], we get
that (H(t,vn))nen is in L2(S, N).

Now, we have

[H(,v0) — HE 2t 0 < m = Y22, m)

So that H(t,7) € L*(S, N).

o Let v € L2(SY, N). For (¢,t') € [0;1]?, with ¢ > t, we get

[H(t',y) = Ht 2oy < HEY) = HE )l 2 est,m)
+HH(t/7 771) - H(ta 771)|’L2(.5'1,M)

+HH(t7 'Yn) - H(tu ’Y)HLZ(Sl,M)

IN

2l[y = vallr2(s1,m)

HIH ) = H(t )|z,
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Now, N is compact so that, k = supzen||z||m < +o00. For this, we get

H(vn) — Ht )2y <0 kL lln2stm

= k(t'—1t)

Inserting this last inequality in the previous one, for € > 0, choose (' —t) < €/3k and n such
that || — vnllr2(s1,0m) < €/3, we get that [[H(t',) — H(t,7)||r2(s1,m) < €, which shows H

is continuous in the first variable, and ends the proof.

Remark 3.1. The same procedure can be adapted replacing L*(S*, N) by L*(M, N), with
M compact manifold. With the same arguments, one can build the homotopy map with a
smooth Morse function, and mimick line by line the last proof. This proof will be developped

elsewhere, for the sake of unity of the exposition.

4. RIEMANNIAN METRICS AND HAUSDORFF MEASURES ON DIFFEOLOGICAL SPACES

Diffeological spaces and Frolicher spaces will furnish a setting to deal with the differential
geometry of the loop spaces H*(S', N). For preliminaries on diffeological spaces and Frolicher
spaces, we refer to [19] and to [I7, 20]. For convenience, the necessary material and a
complementary bibliography is given in section We now describe an extension of some

basic structures of Riemannian manifolds to diffeological spaces.

4.1. Preliminaries on diffeologies and Froélicher spaces. The objects of the category
of -finite or infinite- dimensional smooth manifolds is made of topological spaces M equipped
with a collection of charts called maximal atlas that enables one to make differentiable
calculus. But in examples of projective limits of manifolds, a differential calculus is needed
as no atlas can be defined. To circumvent this problem which occurs in various frameworks,
several authors have independently developed some ways to define differentiation without
defining charts. We use here two of them. The first one is due to Souriau ([28], see e.g. [19]
for a textbook), the second one is due to Frolicher (see [17], and e.g. [20] for an introduction).
In this section, we review some basics on these notions. A (non exhaustive) complementary

list of reference is [3}, 4, [5, 10) 1T), 12, 13| 2], 221 23, 29].
4.1.1. Diffeological spaces and Frolicher spaces.

Definition 4.1. Let X be a set.
e A parametrization of dimension p (or p-plot) on X is a map from an open subset O of

RP to X.
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e A diffeology on X is a set P of parametrizations on X such that, for all p € N,

- any constant map RP — X s in P;

- Let I be an arbitrary set; let {fi : O; — X }icr be a family of maps that extend to a map
J i Uier Oi = X If{fi : O; = X}ier C P, then f € P.

- (chain rule) Let f € P, defined on O C RP. Let ¢ € N, O’ an open subset of R? and g

a smooth map (in the usual sense) from O’ to O. Then, fog € P.
e the parametrizations p € P are called the plots of the diffeology P.

o If P is a diffeology X, (X, P) is called a diffeological space.
Let (X,P) et (X',P’) be two diffeological spaces, a map f : X — X' is differentiable
(=smooth) if and only if foP C P’

Remark 4.1. Notice that any diffeological space (X, P) can be endowed with a natural topol-
ogy such that all the maps that are in P are continuous. This topology is called the D—topology
[10].

Remark 4.2. Let f € P, defined on O C RP. we call p the dimension of the plot f.
We now introduce Frolicher spaces.

Definition 4.2. e A Frolicher space is a triple (X, F,C) such that

- C 1is a set of paths R — X,

- A function f: X — R is in F if and only if for any c € C, foc e C*(R,R);

- Apathc: R — X isin C (i.e. is a contour) if and only if for any f € F, foc €
C*(R,R).

o Let (X, F,C) et (X', F',C") be two Frolicher spaces, a map f : X — X' is differentiable
(=smooth) if and only if F' o foC € C*(R,R).

Any family of maps F, from X to R generate a Frolicher structure (X, F,C), setting [20]:

-C={c:R — X such that F,oc C C*°(R,R)}

-F={f:X — Rsuch that foC C C*(R,R)}.

A Frolicher space carries a natural topology, which is the pull-back topology of R via
F, see e.g. [5]. In the case of a finite dimensional differentiable manifold, the underlying
topology of the Frolicher structure is the same as the manifold topology. In the infinite

dimensional case, these two topologies differ very often.
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In the previous settings, we call X a differentiable space, omitting the structure con-
sidered. Notice that the sets of differentiable maps between two differentiable spaces satisfy
the chain rule. Let us now compare these settings: Let (X, F,C) be a Frolicher space. We
define

P(F) = H { f p- paramatrization on X; Fo f € C*°(O,R) (in the usual sense)}.
peN

With this construction, we also get a natural diffeology when (X, F,C) is a Frolicher space,
extension of the “nébuleuse” diffeology of a manifold [19]. In this case, one can easily show

the following:

Proposition 4.1. [22] Let (X, F,C) and (X', F',C") be two Frolicher spaces. A map f :
X — X' is smooth in the sense of Frolicher if and only if it is smooth for the underlying

diffeologies.
Thus, we can state in an intuitive but comprehensive way:

smooth manifold = Frolicher space = Diffeological space

4.1.2. Frolicher completion of a diffeological space. We now finish the comparison of the

notions of diffeological and Frolicher space following mostly [29]:

Theorem 4.1. Let (X, P) be a diffeological space. There exists a unique Frélicher structure
(X, Fp,Cp) on X such that for any Frolicher structure (F,C) on X, these two equivalent
conditions are fulfilled:
(i) the canonical inclusion is smooth in the sense of Frélicher (X, Fp,Cp) — (X, F,C)
(ii) the canonical inclusion is smooth in the sense of diffeologies (X, P) — (X, P(F)).

Moreover, Fp is generated by the family
Fo={f: X — R smooth for the usual diffeology of R}.

Proof. Let (X, F,C) be a Frolicher structure satisfying (7i). Let p € P of domain O.
Fope C®O,R) in the usual sense. Hence, if (X, Fp,Cp) is the Frolicher structure on X

generated by the set of smooth maps (X, P) — R, we have two smooth inclusions
(X,P) = (X,P(Fp)) in the sense of diffeologies

and

(X, Fp,Cp) — (X, F,C) in the sense of Frolicher.

Proposition [£.1] ends the proof.
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Definition 4.3. [29] A reflexive diffeological space is a diffeological space (X, P) such that
P =P(Fp).

Theorem 4.2. [3, 29] The category of Frélicher spaces is exactly the category of reflexive
diffeological spaces.

This last theorem allows us to make no difference between Frolicher spaces and reflexive
diffeological spaces. We shall call them Frolicher spaces, even when working with their

underlying diffeologies.

4.1.3. Push-forward, quotient and trace. We give here only the results that will be used in

the sequel.

Proposition 4.2. [22] Let (X, P) be a diffeological space, and let X' be a set. Let f : X — X'

be a surjective map. Then, the set
f(P) = {u such that u restricts to some maps of the type f op;p € P}

is a diffeology on X', called the push-forward diffeology on X' by f.

Let Xo C X, where X is a Frolicher space or a diffeological space, we can define on trace
structure on Xj, induced by X.

o If X is equipped with a diffeology P, we can define a diffeology Py on Xy setting
Po = {p € Psuch that the image of p is a subset of Xj}.

o If (X,F,C) is a Frolicher space, we take as a generating set of maps F, on Xy the
restrictions of the maps f € F. In that case, the contours (resp. the induced diffeology) on

X are the contours (resp. the plots) on X which image is a subset of Xj.

4.1.4. Cartesian products and projective limits.

Proposition 4.3. Let (X,P) and (X',P’) be two diffeological spaces. We call product
diffeology on X x X' the diffeology P x P' made of plots g : O — X x X' that decompose
asg=f x f', where f :O - X €Pand f':0 — X' € P.

In the case of a Frolicher space, we derive very easily, compare with e.g. [20]:

Proposition 4.4. Let (X, F,C) and (X', F',C") be two Frolicher spaces, with natural diffe-
ologies P and P’ . There is a natural structure of Frolicher space on X x X' which contours

C x C' are the 1-plots of P x P’.
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We can even state the same results in the case of infinite products, in a very trivial way by
taking the cartesian products of the plots or of the contours. Let us now give the description

of what happens for projective limits of Frolicher and diffeological spaces.

Proposition 4.5. Let A be an infinite set of indices, that can be uncoutable.

o Let {(Xa,Pa)}laca be a family of diffeological spaces indexed by A totally ordered for
inclusion, with (iga)ag)erz a family of diffeological maps . If X = (,cp Xa, X carries
the projective diffeology P which is the pull-back of the diffeologies P, of each X, via the
family of maps (fo)aen. The diffeology P made of plots g : O — X such that, for each a € A,

faog € Pq.

This is the biggest diffeology for which the maps fo are smooth.

o Let {(Xo, Fa,Ca)laca be a family of Frolicher spaces indexed by A totally ordered for
inclusion, with (ig.a)(a,pyeaz @ family of differentiable maps . with natural diffeologies P
There is a natural structure of Frélicher space X = (,cp Xa, which contours

C=()Ca
a€A
are the 1-plots of P = (,cp Pa- A generating set of functions for this Frélicher space is the

set of maps of the type:
U Fao fa

acA

4.1.5. Differential forms on a diffeological space and differential dimension.

Definition 4.4. [28] Let (X, P) be a diffeological space and let V' be a vector space equipped
with a differentiable structure. AV —valued n— differential form o on X (noted o € Q™"(X,V))
1S a map
a:{p:0p > X} ePrrapecQ(p;V)

such that

o Let x € X. Vp,p' € P such that x € Im(p) N Im(p'), the forms oy and oy are of the
same order n.

e Moreover, lety € Op andy’ € Op. If (X1, ..., Xy) are n germs of paths in Im(p)NIm(p’),
if there exists two systems of n—vectors (Y1,...,Yy) € (T,0p)" and (Y{,...,Y,) € (T,yOp)",
if pe(Y1, ., Vo) = pL(YY, ., V) = (X1, s Xin),

ap(Y1, ..., Yn) = ap (Y7, ..., Y}).
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Denote by
QX;V) = Bpen"(X, V)
the set of V—walued differential forms.
With such a definition, we feel the need to make two remarks for the reader:
o If there does not exist n linearly independent vectors (Y1, ...,Y;,) defined as in the last
point of the definition, oy, = 0 at y.

o Let (a,p,p') € Q(X,V) x P2 If there exists g € C*°(D(p); D(p)) (in the usual sense)

such that p’ o g = p, then o, = g*a,y.

Proposition 4.6. The set P(Q"(X,V)) made of maps q : x — «o(z) from an open subset O,
of a finite dimensional vector space to Q"(X, V) such that for each p € P,
{z = ap(x)} € C%(0q, 2"(0p, V),
is a diffeology on Q"(X,V).
Working on plots of the diffeology, one can define the product and the differential of

differential forms, which have the same properties as the product and the differential of

differential forms.

Definition 4.5. Let (X,P) be a diffeological space.

e (X, P) is finite-dimensional at x if and only if
dnpeN, VneN, n>ng=dm(Q"(X,R))=0
Then, we set
dim(X,P) = max{n € N|dim(2"(X,R)) > 0}.
e If not, (X, P) is called infinite dimensional.
Let us make a few remarks on this definition. If X is a manifold with dim(X) = n, the
natural diffeology as described in section m (also called “nébuleuse” diffeology) is such

that
dim(X,Py) = n.

Now, if (X, F,C) is the natural Frolicher structure on X, take P; generated by the maps of
the type goc, where ¢ € C and ¢ is a smooth map from an open subset of a finite dimensional

space to R. This is an easy exercise to show that

dim(X,P1) = 1.
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This first point shows that the dimension depends on the diffeology considered. This leads
to the following definition, since P(F) is clearly the diffeology with the biggest dimension
associated to (X, F,C):

Definition 4.6. The dimension of a Frolicher space (X,F,C) is the dimension of the
diffeologial space (X, P(F)).

4.2. Riemannian diffeological spaces.

Definition 4.7. Let (X,P) be a diffeological space. A Riemannian metric g on X (noted
g € Met(X)) is a map

g:{p:0p > X} ePrryg,
such that

(1) x € Op — gp(z) is a smooth section of the bundle of symmetric bilinear forms on
TO,

(2) let y € Op and y' € Oy such that p(y) = p' (). If (X1, X2) is a pair of germs of
paths in Im(p) N Im(p'), if there exists two systems of 2—wvectors (Y1,Y2) € (T,0,)?
and (Y, Y4) € (TyOy P, if pa(V1, Y2) = (Y, Y3) = (X1, Xa),

gp(Y1,Y2) = gp’<Y1/a YQI)
(3) for each non zero germ of smooth path'Y,
g(Y,Y) > 0.

(X,P,qg) is a Riemannian diffeological space if g is a metric on (X, P). If condition (3)

is not everywhere fulfilled, we call it pseudo-Riemannian diffeological space.

For any germ of path X we note || X|| = 1/g(X, X).
Definition 4.8. We call arc length the map L : C*°([0;1], X) — Ry defined by
v = [ It
Let (z,y) € X2. We define
dg(z,y) = inf {L(7)[7(0) = 2 Ay(1) = y}

and we call Riemannian pseudo-distance the map d : X x X — R that we have just

described.
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The following proposition justifies the terms “pseudo-distance”:

Proposition 4.7. (1) Vz € X,dg(z,x) = 0.
(2) V(x,y) € X2,dg(.7),y) = dg(y,x)
(3) V(az,y, Z) S stdg(x7z) < dg(x7y) + dg(yaz)'

Proof. The proofs are standard, let us recall the main arguments. For|l] the constant
path gives the minimum. For the reverse parametrization ¢ — 1—t defines a transformation
from the paths from x to y to the paths from y to z under which L is invariant. For [3| the
paths passing by y are only a part of the set of paths from z to z.

One could wonder whether d is a distance or not, i.e. if we have the stronger property:
V(z,y) € X2, dy(z,y) =0 = 2 =y.

Unfortunately, it seems to appear in examples arising from infinite dimensional geometry
that there can have a distance which equals to 0 for x # y. This is what is described on
e.g. a weak Riemannian metric of a space of proper immersions in the work of Michor and
Mumford [24]. Moreover, the D-topology is not the topology defined by the pseudo-metric d.
All these facts, which show that the situation on Riemannian diffeological spaces is different

from the one known on finite dimensional manifolds, are checked in the following remark.

Remark 4.3. Let Y = [[;cn+ Ri, where R; is the i—th copy of R, equipped with its natural

scalar product. Let R be the equivalence relation

xT; = xj @f ZT; S 0
(zi ¢]0; 1 [Az; €]0;5)) = ) . )
ziRwj & ri+l—f=y+1-% ife;>1
(z; €]0; %[\/:L'j €]0; %[) = 1=]NT; =1
Let X = Y/R. This is a 1-dimensional Riemannian diffeological space. Let 0 be the class
of 0 € Ry, and let 1 be the class of 1 € Ry. Then dg(0,1) = 0. This shows that dg is not

a distance on X. In the D—topology, 0 and 1 respectively have the following disconnected

1
Uy = {f,,:n@ < 21}

1
Ui = {fl‘l'l > 21}

This shows that d does not define the D—topology.

neighborhoods:

and

This leads to the following definition:
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Definition 4.9. A Frélicher-strong or arc-length-strong Riemannian metric is a Rie-

mannian metric g for which d is a distance.

We have to notice that this notion is not the same as the notion of strong Riemannian
metric on a Hilbert vector bundle. Based on the arc-length pseudo-distance d; the termi-
nology “arc-length strong” appears to us as very natural. However, since (smooth) paths are
the contours of the Frolicher structure, and since they generate the Frolicher structure itself,
we get the intuition that the notion of arc-length strong metric is itself intrinsically related
to the Frolicher structure under consideration. This is the reason why we propose also the

terminology “Frolicher-strong” that we shall use all along the text.

4.3. Volume and diffeologies. On a (finite dimensional) Riemannian manifold M, the
notion of Riemannian volume is related to the dimension of the manifold, and to the notion
of volume form wys. on the one hand, if the Riemannian manifold M is viewed now as a

Frolicher space, with underlying diffeology P, we have that
Vf e P, f*wy =0« Dimension of f < dimM.

On the other hand, if f € P is an embedding O — M, and if O is an open domain of
dimension p, f(O) is a submanifold of M and it can be equipped with the p—dimensional

Hausdorff measure induced by the geodesic distance on O, and we have:

Proposition 4.8. Assume that O C R™ is a n—dimensional submanifold. The Hausdorff
dimension of O is n and, for any relatively open subset U C O, if H" is the n—dimensional

Hausdorff measure in R™,

(U = /Uwo.

We remark that, given a chart O on M, O is equipped with the standard Lebesgue volume

dX = wo, and M is equipped with the Riemannian volume wjs, on O,

wys = \/detg.d

and hence, if U is a n-dimensional submanifold of O, noting 4,, the canonical injection U — O,

we can define
Hiy (U) = / Vdet(i*g)dH™.
U

This corresponds to the n dimensional Hausdorff measure with respect to M viewed as a

metric space. As a consequence, a Riemannian manifold does not only carry one volume
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measure, but a family of measures on the plots of its diffeology. If f is a ndimensional plot
of the diffeology of M, we define Hy = f*H’j,;. This property is stable under composition
of plots, reparametrization, gluing. This leads to the following on Riemannian diffeological

spaces:

Definition 4.10. Let (X, P) be a diffeological space. The Hausdorff diffeological volume
associated to a Riemannian metric is the collection {Hy;p € P} of dim(D(p)) Hausdorff

measures on the domains D(p).

Let us remark that:

o if det(p*g) > 0 on D(p), the domain of p, then H,, is dim(D(p))-dimensional Hausdorft
measures on D(p) induced by the Riemannian distance on D(p) C X.

e for any (p,p’) € P? of same dimension, if p’ = f o p, Hy, = [*H,p.

o If there exists x € D(p) such that det(p*g,) = 0, the definition of the Hausdorff

metric via the (pseudo)-distance on D(p) remains valid [15].

We have here to remark that the Riemannian metric needs not to be Frolicher-strong,
because this is the induced Riemannian metric on each D(p) which defines the Hausdorff

measure, one should say on the (classical) Riemannian manifold D(p).

4.4. On oo — p forms and volume forms. This section is based on ideas from A. Asada

[1, 2] adapted to the context of a diffeological space .

Definition 4.11. Let (X, P) be a Riemannian diffeological space. An orientable plot on
X is a plot p € P, dim(p) = n, such that there exists a n-form w, € Q"(X,R) such that
pshy = wy, where hy, is a n—form on D(p), that induces the Hausdorff measure H,. The

space of orientable plots of the diffeology P is noted O(P).

Proposition 4.9. Let X be a smooth n-dimensional compact manifold, equipped with its
nébuleuse diffeology P. X is orientable if and only if there exists a n-plot p € P, surjective,
such that p € O(P).

The proof is straightforward, setting a Riemannian metric g on X, and using the expo-

nential map to define the plot p.

Example 4.1. Let X = S™, n > 1. Let P, P be two antipodal points. The mapping expp :

TpS™ — S™ has an injectivity radius v = w. The cut locus is P'. Thus, considering the
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open ball B(0,3n/2) C TpS™ and the plot p : expp|p(o,3r/2), we get the construction, even if

prwsn =0 on p~ 1 (P') (here, wgn is the canonical volume form on S™).

Example 4.2. Let X' =]0;1[x[0;1], let ~ be the relation of equivalence on X' defined by
(t,0) ~ (1 —t,1) and let X = X'/ ~ be the (open) Mébius band. The mapping p :]0;1[x] —
1/2;3/2[— X' defined by

(x,y+1) if <0
p(,y) =9 (2,v) if x€[0;1]
(r,y—1) if x>1

is a 2-dimensional plot such that the trace of the canonical Lebesque measure coincides with
Hp, but for which there exists no 2-form wy on X' such that p,\ = wy where A is the canonical

Lebesgue measure on |0;1[x] — 1/2;3/2[, because wy should be non zero everywhere.
After these examples, let us turn to the key definition :

Definition 4.12. Let (X, P) be a Riemannian diffeological space with set of oriented plots

OP. We call volume form of X a collection of forms
p € OP = w, € QPPN (D(p) R)

such that
- the form w, defines the dim(D(p))— Hausdorff measure on D(p)

-if p and p’ are oriented n—plots such that p' = po f, then w; = ffwp

Definition 4.13. Let (X, P) be a Riemannian diffeological space with volume form w. Let

g € N. A (00 — q)—form is a collection
p € OP s w, € Q4mP(P)=4(D(p), R)
such that there exists a g—form € Q4(X,R) such that
Vp € OP, 0 Ap*ff = wp.
For the consistency of the definition, if ¢ > dim(p) or if wy, = 0, we set oy, = 0.

With such a definition, a volume form is a (co — 0)—form. We note by Q=9 (X R) the

space of (oo — ¢)—forms.
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5. H*(S',N) As A RIEMANNIAN DIFFEOLOGICAL SPACE

5.1. Settings.

Proposition 5.1. Let s < 1/2.. Then H*(S',N) and H§(S', N) are Riemannian Frélicher
spaces. The same holds for N = G.

Proof. H*(S', M) is equipped with its natural underlying structure of Hilbert
space, which carries a natural structure of Frolicher space. As subsets, H*(S', N) and
HE(SY, N) are equipped with the reflexive completion of their trace diffeology. So that, they
are Frolicher spaces. The natural Hilbert structure on H*(S', M) induces a Riemannian

metric on H*(S!, N).
Proposition 5.2. H*(S', N) is Frélicher-strong for s € R.

Proof. Let v be a smooth path in H*(S*, N) C H*(S!, M). Then the length of v is
bounded below by |[(1) = v(0)[fs(s1,Mm)
Let us now give a result for the extension of the multiplication of loop groups. For this,

we define the space

H1/2’+(51,G): U HS(Sl,G)

s>1/2

Lemma 5.1. The space H1/2’+(51,G) is a Lie group modeled on a locally convex vector

space.

Proof. For each s > 1/2, we have H*(S*, G) C C°(S!, G) and the usual (exponential)
atlas on H*(S', G) is induced by the atlas on CY(S!, @), see [14} 27] for the details. Then,

following [1§], we get the result.

Proposition 5.3. Let k > 1/2 and let s < k. The natural action C*(S*,G) x C*(S1,G) —

C>®(S,G) extends to a smooth action
H*(S',G) x H3(SY,G) — H*(SY, @),
and for s < 1/2, to a smooth action
HY2+(8Y, G) x H*(SY,G) — H*(S',G).

Proof. Since G C M, with smooth inclusion and trace diffeology, it is sufficient

to remark that this theorem is an application of the standard “multiplication theorem’ of
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Sobolev classes, which states that the multiplication, with the coefficients defined as above,

is a bilinear continuous map.

5.2. H3/2(Sl, N) and symplectic forms. We use here the following property: let [q(.;.)
be the L? scalar product. Then this scalar product coincides with the duality pairing between
H§ and H=* = (Hg)" (topological dual) for s > 0 on C°°(S!, M).

Let v € Hy/*(S', M). Then:

Lemma 5.2. 4 € H Y/2(S', M) and the canonical 1-form
000 = [ 6.%)
S1
defined first for v € C§°(S', M) and X € C*(S*, M) extends to a 1-forms on Hé/z(Sl,./\/l).
Proof. Since v € Hé/ 2(Sl,./\/l), differentiation is a differential operator of order 1
and hence 4 € H'/271(S', M) = H~Y/2(S', M) and the map ~ + # is smooth. Let us recall

that Hé/ 2(51,./\/1) is a vector space, and in particular a flat Hilbert manifold. Its tangent
bundle is then identified canonically with the product:

THY?(S', M) = HY*(S', M) x HY*(S', M).

By the way, a tangent vector X at v € Hé

Hé/Q(Sl, M). By the pairing of dual spaces

/ 2(S', M) is identified with an element of

H'?x H)? SR,

the formula
000 = [ (6.%)
Sl

1/2, o1 2
extends smoothly for (v, X) € (HO (S ,M)) .
So that,

Theorem 5.1. The symplectic 2-form on the based loop space C5°(St, N) defined by
VN
wy(X,Y)=di(X,Y) = / <X(s),Y(s)> ds
S1 ds
extends to a 2-form on Hé/2(Sl,N).

Proof. The 1-form 0 € Ql(Hé/z(Sl,M),R) restricts to a 1-form on Hé/z(Sl,N).
Following [28], 19], the 2-form wy = df is well-defined on Hé/Q(Sl,N) and restricting to
C§°(St, N), by the formula wy = df which still holds, we recover the usual symplectic form

of the based loop space [30].
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This is also the case when N = G. On C§°(St, ), the vector field % is not left-invariant.
We know that, on the based loop group, there is another symplectic form, which is not exact,

defined for left-invariant vector fields X and Y by

(d)flis) , Y(s)> ds.

But the 2-form w¢ does not seem to extend to Hé

we(X,Y) =/

Sl
/Z(Sl, G) because the full space H5/2(Sl, G)
is not a group. The biggest known group in HS/Q(Sl, G) is H01/2(517 G)NCY (S, G), see [21].
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