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ABSTRACT. In the present paper, we study slant submanifolds of an almost poly-Norden
Riemannian manifold and give examples. Also we investigate conditions for the normality
of the induced structure provided by the almost poly-Norden structure of the ambient man-
ifold.
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1. INTRODUCTION

In Riemannian (as well as semi-Riemannian) manifolds, different geometric structures
such as almost complex structures, almost product structures, almost contact structures,
almost paracontact structures etc. allow rich differential and geometric features to emerge
while investigating geometry of submanifolds.

A solution of the equation 2> — z — 1 = 0, the number ¢ = 12—‘/5 = 1.618..., is known
as the Golden ratio and it is also considered to be the order relation that gives the best
harmony and proportions in art and architecture since ancient times. As a generalization of

the Golden ratio, Spinadel introduced metallic means family or metallic proportions in [24].
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Members of metallic means family, namely (p, ¢) metallic numbers, are the positive solutions
of the equation 22 — pr — ¢ = 0 and denoted by

Opq = W, (1.1)
where p and ¢ are positive integer numbers. The well-known members of the metallic means
family are the Golden mean, the Silver mean, the Bronze mean; the Copper mean etc. These
means constitute a bridge between mathematics, physics and art.

In recent years, inspired by the Golden mean and the metallic mean, the Golden struc-
ture and the metallic structure on Riemannian manifolds were introduced in [10] and [18],
respectively. Golden Riemannian manifolds, considered an important subclass of metallic
Riemannian manifolds and their submanifolds, have extensively been studied by many ge-
ometers (see [13] [T [15] 16] 17]).

In 2006, by a different approach, Kalia [2I] introduced a new Bronze mean and studied
Bronze Fibonacci and Lucas numbers. The author revealed the relationship between the
convergents of continued fractions of the power of Bronze means and the Bronze Fibonacci
and Lucas numbers. Note that, unlike the Bronze mean contained by the metallic means
family defined in [24], that new Bronze mean given by Kalia [21I] can not be expressed with
op,q, for positive integers p and q.

Considering the differentiable structure that may occur on a semi-Riemannian manifold
depending on the Bronze mean given by [2I] and the study on a Riemannian manifold with
the Golden structure [I0], a new type of manifold equipped with the Bronze structure was
introduced by Sahin [26] and the author named it an almost poly-Norden manifold. After
then, Perktag [28] studied submanifolds of almost poly-Norden Riemannian manifolds and
examined fundamental geometric features of such submanifolds with the induced structure
provided by the almost poly-Norden structure of the ambient manifold.

Slant submanifolds were first defined by Chen (see, [8], [9]) in complex manifolds. Later,
submanifolds of this type have begun to be widely studied on different manifolds. For slant
submanifolds in almost contact metric manifolds, in Sasakian manifolds, in para-Hermitian
manifolds and in almost product manifolds we refer to [2], Bl 4 [7, [6, 22] 25]. Invariant, anti-
invariant, semi-invariant, slant, semi-slant, hemi-slant and bi-slant submanifolds of a metallic
Riemannian manifold were studied in [5 19 20]. Some types of lightlike submanifolds of a
Golden semi-Riemannian manifold and metallic semi-Riemannian manifold were introduced

in [, [12) 14, 23, 27].
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In the present paper, we study slant submanifolds of an almost poly-Norden Riemannian
manifold and give examples. Also we investigate conditions for the normality of the induced

structure provided by the almost poly-Norden structure of the ambient manifold.

2. PRELIMINARIES

The Bronze mean introduced by Kalia [21] is the positive solution of 22 —mx+1 = 0,which
is defined by
B,=———. (2.2)

For detailed reading on the relations between Bronze Fibonacci numbers, Bronze Lucas
numbers and family of sequences given by the recurrences, we refer to [21].

Inspired by the Bronze mean given by , Sahin [26], defined a structure on a dif-
ferentiable manifold, precisely the Bronze structure. A differentiable manifold M with a
(1,1)-tensor field & satisfying

% =md I, (2.3)
where [ is the identity operator on the set of cross sections of tangent bundle T M denoted
by F(TM ), is called an almost poly-Norden manifold equipped with a poly-Norden structure
d. Also, an almost poly-Norden manifold (M , <i>) having a semi-Riemannian metric § which
is i)—compatible, ie.,

equivalent to

g(®X,Y) = g(X,dY), (2.5)

for any X,Y € T'(TM), is called an almost poly-Norden semi-Riemannian manifold [26].
Every complex structure F allows to reduce two poly-Norden structures to a semi-Riemannian
manifold given by [26]:

N m 4—m? . . m 4—m? .
b1=—JI+——-F &y=—]— —+—F =2 2.
1 5 + 5 s 2 5 5 , <m<

Conversely, every poly-Norden structure @ give rise to define two almost complex structures
in the followings [26]:

N m 2 N A m 2 2
B=— I+ b, B=— " 1% b —2<m<2
! V4 —m? V4 —m? 2 4 —m?2 4 —m?2

A poly-Norden semi-Riemannian manifold is an almost poly-Norden semi-Riemannian man-
ifold with a parallel poly-Norden structure d with respect to Levi-Civita connection V on

the manifold. The integrability of d is defined by vanishing of the its Nijenhuis tensor field
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Ng(X,Y) := [0X,dY] — ®[0X,Y] — X, dY] + ®2[X, Y], for any X,V € ['(T'M). Note
that Ng = 0 is equivalent to Vo = 0, where V is the Levi-Civita connection on M. It was
shown that in case of m is being zero every Norden manifold becomes an almost poly-Norden
manifold [26].

Throughout the paper we will consider m # 0.

3. SUBMANIFOLDS OF ALMOST POLY-NORDEN RIEMANNIAN MANIFOLDS

Let (M,®,g) be an (n + k)-dimensional almost poly-Norden Riemannian manifold and
M be an n-dimensional isometrically immersed submanifold of M. For any X € I(T'M) and
U eT(TM%), we put

X = fX +uwX, (3.6)

dU = BU+CU, (3.7)

where fX (resp., wX) is the tangential (resp., normal) part of ®X and BU (resp., CU) is

the tangential (resp., normal) part of dU.
From ([2.5)) and (3.7 one can easily see that

g(fX.Y) = ¢g(X,fY), VXY e(TM), (3.8)

g(CU, V) = g(UCV), YUV eD(TM?). (3.9)
Also, the maps w and B are related by g(wX,U) = ¢g(X,BU), for any X € I'(T'M) and
UeTl(TM?Y).

Denoting by V and V, the Levi-Civita connections on M and M, respectively, then Gauss

and Weingarten formulas are given as follows:

k
VxY = VxY+) hg(X,Y)N, (3.10)
B=1
k
VxNg = —An, X+ 03y (X)Ny, (3.11)
y=1

for any X,Y € T'(TM) and an orthonormal basis {Ny,..., Ny} of TM*L, where 8,7 €
k

{1,...,k}. Here, h(X,Y) = > hg(X,Y)Ng and A, is the shape operator in the direc-
B=1

tion of Ng defined by g(An, X,Y) = hg(X,Y). Also, g, (1 < B,7 < k) denotes the
. k
1-forms on the submanifold M which satisfy V& Ng = 3 0,(X)N,. Note that by taking
v=1
the covariant derivative of g(Ng, Ny) = dg, on M, one gets g, = —0,3.
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For any X € T'(TM), X and @Nﬁ (1 < B < k) can be written respectively in the follow-

ing forms:
k
OX = fX + > vs(X)Ng, (3.12)
B=1
k
®Ng = (s + ) 0, N, (3.13)
y=1

where f is a tensor field of type (1,1) on M which transforms tangent vector field X on M
to the tangential component of dX, vg are 1-forms and g, are differentiable real valued

functions on M providing a k x k matrix denoted by (0s,),. -

Since g(<i>X, Ng) = g(X, @Ng) and g(CﬁNg,NV) = g(Ng,Ci)Nv), by using 1) and 1'

we have

Lemma 3.1. [28] In a submanifold M of an almost poly-Norden Riemannian manifold

(M, <i>,g), we have

ve(X) = g(®X, Np) = g(X,(p), (3.14)
k
g(f X, 1Y) =mg(X, fY) — g(X,Y) + D vs(X)vy(Y), (3.15)
Byy=1
05y = 045, (3.16)

for any X, Y € T(TM) and 1 < 8,7 < k.

Proposition 3.1. [28] Let M be an n-dimensional isometrically immersed submanifold of an
(n+ k)-dimensional almost poly-Norden Riemannian manifold (M, ®,g). Then the structure

(f,9,v8,Cs, (084) k) O M induced by the almost-poly Norden structure of M satisfies

k

(Vx f)Y Z (wY,Ng)An, X + hg(X,Y)BNs}, (3.17)
X = mfX-X-— Zvﬁ )Cs, (3.18)

B=1
vp(fX) = mug(X) = Opy0,(X), (3.19)

k
Uy(Cs) = mBgy =8y — Y B3, (3.20)

A=1

k
fé = m—> 050, (3.21)
v=1
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for any X € T(TM). Moreover, in case of M is being a poly-Norden semi-Riemannian

manifold, we have
k k
FAN, X +VxCs— > 0p,An, X =Y 05y(X)¢ = 0. (3.22)
y=1 y=1

4. SLANT SUBMANIFOLDS

Let M be a submanifold of an almost poly-Norden Riemannian manifold (M D, g). By

using the Cauchy-Schwartz inequality, namely,

9(@X, £X) <||®X | IFX]l, VX e D(TM),

we can state that there exists a function 8 : T, M — [0, g] satisfying

l9(®X, £X)| = cos6(x) || [17X].

for any X € I'(T'M). Here 6(X) is called the Wirtinger angle of X.
Now we define the slant submanifolds of an almost poly-Norden Riemannian manifold

similar to the definition given in [§]:

Definition 4.1. Let M be a submanifold of an almost poly-Norden Riemannian manifold
(M, d,g). If for any X € D(TM) the angle 0(X) between ®X and T, M does not depend on
X, €T, M, then M is called a slant submanifold of (M, (i),g).

In this case, 6 is called the slant angle of M. Furthermore, we have
g(®X,fX) _ |IfX]
|ex|nrxi - [ox]

cosf = (4.23)

for any X € I(TM) and ®X # 0. The invariant and anti-invariant submanifolds of an
almost poly-Norden Riemannian manifold are slant submanifolds with the slant angle 6§ = 0

and ¢ = 7, respectively.

Proposition 4.1. Let M be an n-dimensional submanifold of an (n+ k)-dimensional almost
poly-Norden Riemannian manifold (M, P, g). If M is a slant submanifold with the slant angle

0, then we have

g(fX, fY) = cos?0{mg(®X,Y) — g(X,Y)}, (4.24)
gwX,wY) = sin®0{mg(®X,Y) - g(X,Y)}, (4.25)

for any X, Y € I'(TM).



28 V. AYHAN AND S. YUKSEL PERKTAS

Proof. Since M is a slant submanifold with the slant angle 6, then by putting X +Y
instead of X in (4.23)) we get

cos? 0g(®X, DY) = g(f X, fY). (4.26)

From (2.4) and the last equation we obtain (4.24)).
On the other hand, using (3.6 we write

g(®X,Y) = g(fX, fY) + g(wX,wY),

which implies

g(wX,wY) = (1 — cos® 0) {mg(®X,Y) — g(X,Y)}
via (4.24) and (2.4). Hence we obtain (4.25]).

Theorem 4.1. A submanifold M of an almost poly-Norden Riemannian manifold (M, (f,g)

is slant if and only if there exists a constant X € [0,1] such that
fP=X(mf-1). (4.27)

Proof. Since M is a slant submanifold, from (3.8) and (4.24) we write

9(f2X.Y) 9(fX, fY) = cos? {mg(®X,Y) — g(X,Y)}

= cos’Og(mfX — X,Y),
for any X,Y € I'(T'M), which implies

f2X =cos?0 (mf —I) (X).

For A = cos? 6 gives (4.27).
Conversely, assume that there exists a constant A € [0, 1] which satisfies (4.27)). Then, for
any X € I'(TM) with fX # 0, we have

9(®X, fX)  g(X, f?X)

cosf = = =
|oxirx||ox]|nsx)
\M9(®X, X) — g(X, X)
|ox] s
By using || in the last equation we get cosf = )\%, which shows that

cos? § = \ = constant and hence, M is a slant submanifold. This completes the proof.
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Proposition 4.2. If M is a slant submanifold with the slant angle 6 of an (n+k)-dimensional

almost poly-Norden Riemannian manifold (M, &D,g), then we have
(Vxf3Y =mecos?0(Vxf)Y, (4.28)
for any X, Y e T(TM).
Proof. From (4.27), for all X,Y € I'(TM), we write
Vxf2Y =cos? §(mVx fY —VxY)

and
f2(VXY) = cos® O(mfVxY —VxY),

which completes the proof.

Hence, from (3.17)) and (4.28]) we give

Proposition 4.3. Let M be an n-dimensional slant submanifold of an (n + k)-dimensional

poly-Norden Riemannian manifold (M, ®,g). Then, for any X,Y € T(TM), we have

k
(Vxf?)Y =mcos® 0> {vp(Y)An, X + hs(X,Y)s} -
B=1

Proposition 4.4. If M is a slant submanifold with the slant angle 0 (6 # 5) of an (n + k)-

dimensional poly-Norden Riemannian manifold (M, Ci),g), then we have

k
f2= cotZHZVB ® (5.
B=1

Proof. It follows from (3.18) and (4.27]).

Example 4.1. Let R* be the 4-dimensional real number space with a coordinate system
(z,y,2,t). We define

P - Rr* — R*

(mayvzﬂt) — @(:C,y,z,t)Z(Bmsc,Bmy, (m_Bm)Z7(m_Bm)t)7

where B, = mtYm-—1 ‘2’"274. Then (R*, ®) is an almost poly-Norden manifold [26]. If we con-
sider usual scalar product {.,.) on R*, then we see that it is d-compatible and (R, o, (o))

is an almost poly-Norden Riemannian manifold. Now assume that M is a submanifold of

(RY,®,(.,.)) defined by the immersion

Qu1,ug) = (ug + ug,uy — ug, V2uz, vV2u1).
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In this case, TM 1is generated by
X =(1,1,0,v/2), Y =(1,-1,v2,0).
One can see that
X = <Bm, B, 0,v/2(m — Bm)) by = (Bm, —Bu, V2(m — Bp), 0) :
and
<<i>X,X> — 2B+ (m— Bp)) = 2m = <<i>Y,Y> :
= [ox]=[ov] - vam

which imply that M is a slant submanifold of <R4, <i>, (., >) with the slant angle

1]

0 = cos™! (2(::2_2)>, V2 <m< V2.

Example 4.2. Consider the almost poly-Norden structure given by

and the scalar product (.,.) on R. Then (R°,®,(.,.)) is an almost poly-Norden Riemannian

manifold. Now let M be a submanifold of (R°,®,(.,.)) by
U(u,v,w,2) = (Bpnucosl,By,vcost, Bywcosb, Byzcos,
Bpusinf, By,vsin @, B, wsin 6, By, zsin6,0).

In this case the tangent bundle of the submanifold is generated by

E;1 = (Bpc0s6,0,0,0,B,,sin0,0,0,0,0),
Ey = (0,B,,c086,0,0,0, B,,sin0,0,0,0),
E3 = (0,0,B,,c0s6,0,0,0,B,,sin6,0,0),

Ey = (0,0,0,B,,c0s0,0,0,0, B,,sin6,0).

Then we calculate

®F, = (cos0,0,0,0,sin6,0,0,0,0),
®FE;, = (0,c0s6,0,0,0,sin6,0,0,0),
®F3 = (0,0,cos6,0,0,0,sin6,0,0),

®E, = (0,0,0,c0s6,0,0,0,sin6,0).
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and

<<i>Ek, Ek> = By, c0s20 + B, sin? 0,

|l = \/B2cos?0 + B2, sin?0,
o2 = 1
where 1 < k < 4, which tmply that

<(I)Ek7Ek> B,,, cos® 0 + B,, sin 6

[eB 15 VB cos? o + B sin®0.

Hence M is a 4-dimensional slant submanifold of (R°,®,(.,.)) with the slant angle t given
by
B,, cos? 0 + B,, sin’ 6

cost = ——= .
/B2, cos? 0 + B2, sin? 0

5. NIJENHUIS TENSOR FIELD AND NORMALITY OF THE STRUCTURE

Let M be an n-dimensional isometrically immersed submanifold of an (n+ k)-dimensional

almost poly-Norden Riemannian manifold (M , i), g). We consider the structure

II = (fvg)vﬂv Cﬁ) (957)k><k)

on M induced by the almost poly-Norden structure of M which satisfies the properties given

by Proposition [3.1

Definition 5.1. Let M be an n-dimensional submanifold of an (n + k)-dimensional almost
poly-Norden Riemannian manifold (M, P, g). The structure 11 is called normal if the Nijen-

huis torsion tensor field of f satisfies
k
Ny = 22dv5®(g.
B=1
Lemma 5.1. If M is an n-dimensional submanifold of an (n + k)-dimensional poly-Norden

Riemannian manifold (M,®,g) and Tl = (f,g,vs,(s, (08y) i) 15 the induced structure on
M, then we have

k
Ny(X,Y) = {9(X,¢s)BsY — g(Y,(s)BsX — g(BsX,Y)(s}, (5.29)
B=1
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k
2dvg(X,Y) = —g(BsX,Y) + Y {03, (X)g(V, () — 05, (Y)g(X, )} (5.30)

where Ag = An, and Bg = fAg — Apgf, 1 < B <k.
Proof. Since the Nijenhuis torsion tensor field of f is given by
Ni(X.Y)=(Vex )Y = (Viy ) X = f[(Vx /)Y = (Vv [) X],
then by using we have
Ny (X,Y) = Zk: 9(wY, Np)An, X + g(An, fX,Y)(s — g(wX, Ng)An, fY
p=1 | —9(X, AN, fY)(s — fg(wY, Ng) An, X + fg(wX, Ng)An, Y

which implies

k _
N (X, Y) = 9 AN fX — fAN X, Y)(p |
s=1 | —9(X, ) (AN, f — fAN,)Y +9(Y, () (AN, f — fAN,)X
and we obtain .

From the definition of dvg, it is well-known that
QdU,B(X?Y) = Q(VXCQ,Y) - g(Xa VYC5)7
for any X,Y € I'(T'M). By using (3.22)) we get

2dvs(X,Y) = —g(BsX,Y)

k
=+ Z {g(AN»yXa Y) - g(Xa AN»YY>} 067
v=1

k
+ Z {9(Y. y)opy(X) — 9(X, ¢y)op, (V)1
v=1

which gives (5.30)).
From (5.29)) and (5.30)), we obtain

Theorem 5.1. Let M be an n-dimensional submanifold of an (n + k)-dimensional poly-
Norden Riemannian manifold (M, P, g) with the induced structure I1 = (f, g,vg, (g, (08y) ;1) -

Then we have

k k
Np(X,Y) =2 dva(X,Y)Gs = > {9(X,()BsY — g(Y,(s)Bs X }
p=1 B=1
k k
- Z Z{Q(K ¢y)opy(X)
B=1~v=1

—9(X, ¢y)opy(Y)¢s}, (5.31)
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for any X, Y e T'(TM).

Since og, are the components of the normal connection V< and Bg = fAg — Agf, from

(5.31]) we have

Corollary 5.1. Let M be an n-dimensional submanifold of an (n + k)-dimensional poly-
Norden Riemannian manifold (M, o, g). Then the induced structure Il = (f, g,v3,(g, (08y) k1)
on M 1is normal provided that the tensor field f commutes with the Weingarten operator Ag,

forall p € {1,...,k} and the normal connection v+ identically vanishes on the normal bundle.

Lemma 5.2. Let M be a non-invariant submanifold of codimension k > 1 in a poly-Norden
Riemannian manifold (M, o, g). If the normal connection V- vanishes on the normal bundle,

then the vector fields (1, ..., are linearly independent.
Proof. From (3.14) and (3.20) we write

k
vy(Cg) =mb, — b, — Z O5x0xy = 9 (G, Cs) -
A=1

k
Assume that ) ¢;(; = 0, for some real numbers ¢y, ..., ¢x. Then we have
i=1

k
Ozzcig(Ci7C7)a gAS {17"'7k}7
i=1
which implies a linear equation system defined by

k

Z CiTij == 0, (532)

=1

k k
for any index j € {1,...,k}. Here, Y;; = mf,, — 1 — 3 03 and Y;; = mb;; — Y 0:\0,;, for
A=1 A=1
i,7 € {1,...,k} and i # j. The determinant of the coefficient matrix of the linear system
(5.32)) is the determinant of the matrix given by

P=mO-1,-0% ©=(0,),

In case of M is being a non-invariant submanifold with respect to <i>, the determinant of
P cannot be zero which implies that the linear equation system ([5.32) has only the trivial

solution. This completes the proof.

Theorem 5.2. Let M be a non-invariant submanifold of codimension k > 1 in a poly-Norden

Riemannian manifold (Z\%7 P, g) with vanishing normal connection V= on the normal bundle.
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Then the induced structure I1 = (f, g,v5,(s,(0py) i) 0n M is normal if and only if the
induced (1,1)-tensor field f commutes with the Weingarten operator Ag, for all 5 € {1,...,k}.

Proof. Assume that the induced structure I is normal. Since V& = 0 (equivalently,

0y = 0) on the normal bundle, from (5.31) we have, for any X,Y € I'(T'M):

k k
> 9(X,(s)BsY = g(V,(3)BsX,
B=1 B=1
which implies
k k
B=1 B=1

for any X,Y,Z € I'(TM). Replacing Y by Z in the last equation we write

k k
> 9(X,¢0)9(BsZ,Y) =Y 9(Z,(s)g(BsX,Y). (5.34)
p=1 B=1

By summing the last two equations side by side and using the skew-symmetry property of

Bg, we obtain

k
> {9(BsX, Z)¢s + 9(Z,C5)Bs X} = 0.
A=1

Interchanging X with Z in the last equation and summing these equations we get
k
> {9(Z,¢s)BsX +9(X,Gs)BsZ} =0,
B=1

which gives
k
> {9(2,¢p)9(BsX,Y) + g(X, (s)g(BsZ,Y)} = 0. (5.35)
B=1
From ([5.33)) and (5.35]), we obtain

k
> 9(Z,¢s)9(BsX,Y) =0,
B=1

for any X,Y,Z € T'(T'M). By considering the hypothesis and using Lemma we can
observe that there exists a vector field W € I'(T'M) such that it is orthogonal on
Span {{C1,...,¢:}\(g} and g(W,(g) # 0. So from the last equation we obtain that Bg = 0,
for all g € {1,...,k}.

The proof of the converse part is obvious from .
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