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ON THE TRINAJSTIC INDEX OF SOME ZERO DIVISOR GRAPHS

ALPARSLAN CENIKLI AND ARIF GURSOY [

Abstract. In this paper, the Trinajstic index, a novel topological index, is analyzed
within the framework of basic concepts in Graph Theory, particularly focusing on Zero-
Divisor Graphs, excluding trees. The Trinajstic index, initially developed in the context
of Chemical Graph Theory, investigates chemical structures based on a distance-balance
concept. After constructing a pseudocode to calculate the Trinajstic index, the relevant
algorithms were implemented using MATLAB. Subsequently, MATLAB codes for generating
graphs and calculating the Trinajstic index were combined to compute the index for various
graphs. Formulas relating to prime-based Zero-Divisor Graphs were derived and proven.
Keywords: Graph theory, Chemical graph theory, Topological index, Trinajstic index,
Zero-divisor graphs

2020 Mathematics Subject Classification: 05C09, 05C25.

1. INTRODUCTION

Graph theory plays a crucial role in many areas of science. Nowadays, graph theory is
particularly essential in chemistry for representing chemical molecules as graphs, enabling
deeper analysis and a better understanding of their structures. This necessitated the devel-
opment of chemical graph theory. In chemical graph theory, numerous topological indices
have emerged, including the Wiener index, Szeged index, Harary index, and others. Some
topological indices are computed using the degrees of a graph, while others are determined
based on the distances between its vertices. Additionally, various features can be explored to
understand how different topological indices are calculated and what aspects they are related
to. In 2022, the Trinajstic index, which will briefly be referred to as NT', was introduced
by Boris Furtula [IT]. He provided information on this index in the context of complete
graphs, cycle graphs, path graphs, star graphs, and trees. This topological index is based on
distances between vertices to determine whether the structure is balanced. It is particularly

relevant in chemical graph theory for understanding the balance of chemical structures.

Received:2024.11.30 Revised:2024.12.23 Accepted:2024.12.31
* Corresponding author
Alparslan Cenikli ¢ alparslan.cenikli@yasar.edu.tr ¢ https://orcid.org/0009-0004-3115-742X

Arif Giirsoy ¢ arif.gursoy@ege.edu.tr ¢ https://orcid.org/0000-0002-0747-9806.
63


HTTPS://ORCID.ORG/0009-0004-3115-742X
HTTPS://ORCID.ORG/0000-0002-0747-9806

64 A. CENIKLI AND A. GURSOY

2. PRELIMINARIES

The zero divisor graph is distinct from other types of graphs because of its construction.
Zero divisor graph was studied on by I. Beck [4] and its construction is related to commutative
rings that is related to algebraic combinatorics. Beck’s definition for the zero divisor graph
is that graph consists of vertices in R. If any two vertices of graph yields xy = 0, graph is
zero divisor graph.

The Trinajstic index was defined for connected, undirected and simple graph G as follows:
NT(G)= > (nu—m) (2.1)

u,veV(G)
where n,, is number of vertices closer to u than v, n, is number of vertices closer to v than

u.

This topological index is distance-based, and can also be referred to as distance-balance-

based topological index to understand of graph structure.

3. TRINAJSTIC TOPOLOGICAL INDEX OF I'(Zj,)

Zero divisor graph of Z is popular for especially in chemical graph theory. For that reason
the Trinajstic index could be also considered on zero divisor graphs for n = p?, n = p>,

n = pg, n = p>q and n = pgr. In this section, we will focus on Trinajstic index of I'(Z,,).

Theorem 3.1. Let p be a prime number and be n = p>. Trinajstic index of [(Z,3) is as

follows:
NT (T (Z2)) = p(p? — p— 1)*(p— )% (3.2)

Proof. Vertex set of zero divisor graph could be partitioned as V' (I'(Z,3)) = V1 U V5 and
for i, 7 € 1,2 there are two subsets of (F (Zpa)) such that

Vi ={pa|la =1,2 ..., p°1,pfal,

Vo ={p*a|la = 1,2, ..., p-1} where Vj N V5 = 0.
In addition property of zero divisor graph with n = p3, | Vi | =p(p—1) and | Vo | =p—1
for all w € V4 and v € V5, n, and n, as follow:

ny, =| Vo | and

ny = 1. Then,

NT (T (Z3) = Y (u—my)
{uv}eV(r(z,3))
=| Vi || Vo |( V4] = 1)?

=p(p* —p—1)*(p— 1)

The results for I'(Z,3) for prime p < 20 are listed in Table
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TABLE 3.1. Results of T'(Z3)

pln=7p3 NT
2 8 2
3 27 300
5 125 28880

7 343 423612
11 1331 | 13069100
13 2197 | 44974800
17| 4913 | 319615232
19 | 6859 | 715825836

Theorem 3.2. Let p and q be prime numbers and n = pq. Trinajstic index of I'(Z,q) is as

follows:
NT (T (Zpg)) = (p — 1)(q — 1) (p — q)° (3.3)

Proof. Vertex set of zero divisor graph could be partitioned as V' (I'(Z,4)) = Vi U V3 and
for i, j € 1,2 there are two subsets of (I'(Z,q)) such that

Vi ={pala =12 ...,q — 1},

Vo ={qa|a =1,2, ..., p— 1} where V1 N V5, = 0.

Since | Vi |=¢—1and | Vo | =p—1,T(Z,g) has (p — 1)(¢ — 1) vertices. For set of sets
pair Vp, Vs, we are able to construct graph as follow:

O, ®

FIGURE 1. Structure of I' (Z,q)

for all w € V; and v € Vo, n, and n, are as follow: n, = | Vi | and n, = | V5 |. Therefore
(nu —ny)? = (| Vi | = | Vo |)%. Now, we can calculate NT as
NT (I'(Zyq)) = Z (o — nv)2
{uw}eV(I(Zpg))

= Vi || Va|(|Va|—]|Vi|)?

=(p — )@ — (p — a)*
O

Results pertaining to I'(Z,,) for primes p < 50 and ¢ < 50 are summarized in Table

Theorem 3.3. Let p and q be distinct prime numbers and n = p?q. Trinajstic index of

[(Z,2q) is as follows:

NT (T (Z,2,)) =p(p— 1) (0°q — p° — 20* ¢ + p*q + p* + p°¢® + 13p°¢* — 19p%¢+
6p° — 3p2¢3 — 24p%¢% + 36p%q — 14p> + 4pg® + 6pg® — 3pqg + p — ¢* — 5q + 2)
(3.4)



66

A. CENIKLI AND A. GURSOY

Proof. Since p, p? and ¢ are divisors of n = p?q, Vertex set of zero divisor graph could be

partitioned as V (I'(Z,)) = Vi U Vo U V3 U V4, i #jandfor i, j € 1, ..., 4 there
are four subsets of (F (szq)) such that

Vi ={pala =12 ...,p¢0 -1, pfaqfa}

Vo ={qa|a =1,2,...,p° — 1, p ¢ a},

Vs ={p*ala =1,2,...,q¢ — 1} and

Vi ={pga|a =1,2, ..., p — 1}

Size of each subsets are | V1 | = (p — 1)(¢ — 1), [ Va| = plp — 1), | V3| =
(g — 1), | Va| = (p — 1), respectively. Graph was constructed by using V1, Vo, V3 and

V4 is below:

FIGURE 2. Structure of T’ (szq)

In order to calculate Trinajstic index of I’ (szq) we must investigate these cases below:

Case 1: For the pair of sets V7 and V5 with u € V4 and v € V5, n, and n, are determined

as follows:

ny=|Va|[+| V1],

ny=1|Vs|+|Va|

Thus, (ny —ny)” = (| Va [+ Vi | = (| Vs |+ V2 ).

Case 2: For the pair of sets V7 and V3 with v € V5 and v € V3, n, and n, are as follows:

Ny = 1,
ny= | Va|+1

Hence, (n, —ny)? = (1 — |V,|+1)% = |V,|*.
Case 3: For the pair of sets V; and V4 with v € V; and v € V4, n, and n, are described

as follows:

Ny = 1,

Thus, (ny — )’ = (| Vi [+ Va |+ Vs | = 1),
Case 4: For the pair of sets V5 and V3 with u € V5 and v € V3, n, and n, values can be

expressed as follows::

nu:|‘/3 |7
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Therefore, (n, —n,)2= (V1 |+ | Vo |+ | V4 |—| V5 |)2

67

Case 5: For the pair of sets V5 and V; with u € V5 and v € Vy, n, and n,, are as follows:

Ny = 1,

ny= [ Vi [+]Vy |
Hence, (ny —ny)2 = (| Vi |+ | Vi | — 1)
Case 6: For the pair of sets V3 and V4 with v € V3 and v € V4, n, and n, are described

as follows:

ny=1+1]V |,
ny=|Vi [+| Vs |+1-1=|Vi |[+]|V5 |
Thus, (n, —n,)2=( Vi |+]|Va |—1)2%

In this way, Trinajstic index of F(Z(p2 q) ) is

NT (F (Zp2q)) =

>

(wler(t(z,z,))

(ny — nv)2

= Vi | VB [V VA VA (VA |+ Va |+ V3| —1)+
| Va | Va [(| Vi [+ Va |+ | Va|—]|V5])+
(Vo [ Val( VA |+ Vi | =12+ | Vs || Va|(| Vi |+ Va|—1)

Then this equation will be

NT (T (Zyg)) =p(p—1) (0°q— 0° = 20"¢* + p"q + p" + p*¢* + 13p°¢* — 19p%¢ + 6p°—
3p%q® — 24p°¢* + 36pq — 14p* + 4pg® + 6pg® — 3pg + p — ¢* — 5q + 2).

Table provides the results for I'(Z,2,) for primes p < 20 and ¢ < 20.

Theorem 3.4. Let p, q and r be distinct prime numbers and n = pgr. Trinajstic index of

['(Zypgr) is as follows:
NT(T(Zpgr ) =(p —

(¢ —
(p —
(¢ —
(p —
(p -
(p —
(p —

D7 (r — 1) (pg — 2¢ — p
D?(r — 1) (pg — q — 2p

D2 (q = 1) (pr —2r — p
(= 1*(pg — 1 = 2p
(g — 1)*(pr — 2r — ¢
(= 1*(pg — 1 — 2

Dig = D(r — 1) (pg — ¢

Dig = D(r — 1) (pg = 3¢ — 7
(g — 1)(

-9 (p — D - D+
— )’ (@ — Dr — )+
2 — 1> (p - 2)
9)? (p — D¢ — 1) (

+ + + + + o+

p+opro+oar + 2%+
p+opro+ oar + 2%+

¢ (p—rPp -0 -1+
(b =71 —1(—1%(q -2 — 1+
(¢ — Dr — D+
I 1)2 (r — 2)2.

O
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Proof. Since p, q, r, pq, pr and gr are divisors of n = pqr, vertex set of zero divisor graph
could be partitioned as V(I'(Z,)) = Vi UVa U VUV, UV5U Vg, i # j and for i,5 € 1,2, ..., 6.
There are six subsets of V(I'(Z,q)) such that

Vi ={paja=1,2,..,qr — 1,qta,rta},

Vo ={qala=1,2,....pr — 1, pta,r{al,

Vi ={rala=1,2,...,p¢ - 1,pfa,qfa},

Vi ={pgala =1,2, ..., — 1},

Vs = {praja=1,2,...,q — 1},

Vo ={qrala=1,2,....,p—1}.

Norm of each subsets are |Vi| = (¢—1)(r—1), [Va2| = (¢—1)(r—1), |V3] = (p—1)(rq¢—1),
Vil = (r — 1), |V5] = (¢ — 1) and |Vg| = (p — 1), respectively.

Graph was constructed by using Vi, Vs, V3, V4, Vs, and Vg is below:

FIGURE 3. Structure of I' (Z ;)

In order to calculate Trinajstic index of I' (Z,q,) we must investigate these cases below:

Case 1: Considering the pair of sets V4 and Vs, where u € V; and v € Vb, the values of
n, and n, are described as follows:

ny=|Vs|+| V1|,

’I”LUZ‘V5|+‘V2 |

Thus, (ny —ny)” = (| Vs [+ Va | = (| Ve |+ Vi ).

Case 2: Considering the pair of sets V; and V3, where u € V; and v € V3, the values of
n, and n, are described as follows:

ny=1|Vs|+| V1|,

nv:|‘/4|+|v3 |

Hence, (ny —ny)? = (| Vs |+ Vi | = (| Va |+ V5 ).

Case 3: Considering the pair of sets V; and Vy, where u € V; and v € V4, the values of
n, and n, are described as follows:

Ty = 0,

ny=|Vs|+[Vs[+]|Val.

Therefore, (ny, —ny)*> = (| Va |+ | V5 | + | Va )2
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Case 4: Considering the pair of sets V7 and Vs, where u € V; and v € Vj, the values of
n, and n, are described as follows:

ny = 0,

ny=|Va|+|Va|+]|Val

Hence, (n, —ny)* = (| Va |+ V3 | + | Va )%

Case 5: Considering the pair of sets Vi and Vg, where v € V; and v € Vg, the values of

n, and n, are described as follows:

’flu:|‘/6|,
Ny =|Val+|Va|+|Val+|Vs[+]| V1]
Thus (ny — 1) = (| Vo [+ Vs | + [ Va| + | Vs |+ | Vi|— | Vs]|)™

Case 6: Considering the pair of sets Vo and V3, where u € V5 and v € V3, the values of
n, and n, are described as follows:

ny=|Vs[+|Val,

ny=1|Vy|+| V3l

Therefore, (ny, —n,)* = (| Vs [+ Va | = (| Va [+] V3 )%

Case 7: Considering the pair of sets Vo and Vj, where u € V5 and v € Vjy, the values of
n, and n, are described as follows:

ny = 0,

ny=| Vs |+ Vi|+]|Vs]

Hence, (ny —nu)” = (| Vs |+ Vi | + | Vs )%

Case 8: Considering the pair of sets Vo and Vi, where u € V5 and v € V5, the values of

n, and n, are described as follows:

nu:|‘/5|7
ne=|Vi|+|Val|+|Vs|+]|Va|+]| V5|
So, (ny—nu)’ =(Vi|+| Vol + [ Va| + [ Val+ | Vs|— |V5])™

Case 9: Considering the pair of sets Vo and Vg, where u € V5 and v € Vg, the values of
n, and n, are described as follows:

ny = 0,

ny=|Vi|+|Vs|+]|Vsl

Accordingly, (n —mn0)* = (| Vi | + [ Vs | + | Vi |)°.

Case 10: Considering the pair of sets V3 and Vy, where u € V3 and v € Vy, the values of
n, and n, are described as follows:

nu:|‘/;l|)
e = | Vi |+|Val+|Vs|[+]|V5]|+] V5|
Thus, (ny —no)> = (| Vi |+ | Vo | + | Va| + | Vs |+ | Vs |— | Va|)™

Case 11: Considering the pair of sets V3 and V5, where u € V3 and v € Vs, the values of
n, and n, are described as follows:

ny = 0,

ny=|Vil+[Val+]|Vsl.

Hence, (ny —no)* = (| Vi [+ Va | + | Vs )%

Case 12: Considering the pair of sets V3 and Vg, where u € V3 and v € Vi, the values of
n, and n, are described as follows:

ny = 0,
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ny=|Vi|+|Val|+]| V5]

So, (nu—mn)? = (Vi |+ Va| + | V5 )%

Case 13: Considering the pair of sets V4 and V5, where u € Vy and v € V5, the values of
n, and n, are described as follows:

ny=|Vs|+]| V5|,

ny=|Va|+]Val

Thus (ny —n,)° = (| Vs [+ Vs | = (| Va |+ Va |),

Case 14: Considering the pair of sets V4 and Vi, where u € Vy and v € Vg, the values of
n, and n, are described as follows:

ny =|Vs[+]Vsl,

ny=|Vi|+]| Vsl

Therefore, (n, —n,)* = (| V3 | +| Vs | — (| Vi [+] Va )%

Case 15: Considering the pair of sets V5 and Vg, where u € V5 and v € Vi, the values of
n, and n, are described as follows:

ny=|Va|+]| Vs,

ny=|Vi|+]V5]

Hence, (ny, —nu)? = (| Va |+ Ve | = (| Vi [+ V5 ).

In this way, Trinajstic index of I' (Z,4,) is

NT (L' (Zpgr)) = Z (1, — ”v)2

{u,v}e V(T'(Zpgr))

= VAV (Vs [+ Ve = (I Ve l+IVa])*+

VIl Vs (Vi L+ 1 Ve [ = (1 Vs |+ Va ) +

VAVl Va I+ 1 Ve [ +1 Ve D? + VAl Vs I(I Val+]Va| +]Val)?+

VAl Ve [ VA L+ Vo | +1 Ve +1Val +1Vs]—1]Ve )+

VoIl Vs [(| Va l+1 V5 [ = (I Vs |+ Va )*+

| Va [ Val( Vi I+ Va | +1 Ve )+

(Va [ Vs [(IVA |+ Va | +|Va| +|Val +|Vs|—|Vs])®+

V2 ([ Ve [ VAl + | V] + | Va >+
(
(
(
(
(
(

[Vl Val(| Vil +1Val +1Val +|Vs| +|Vs|—]|Val)+
|V [ Vs [(I Vi I+ Vol +1 Ve ) +

Vel Vs [ Vi |+ Va | +1Vs )2+

| Va [ Vs [ Ve [+ 1 Va = (I Va |+ Vs ) +

| Va [l Ve IV I+ Va | = () Va [+ Ve )*+

Vs I Ve [(| Vi I+ 1 V5 [ = (I Va |+ Vs )

(3.5)
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Then Equation will be

NT (C (Zgr)) = (o~ 1 (r — 1) (o4 — 24— p+ar +1)° +
(@=1*(r=1)(pa—q—2p+pr+1)*+
(p—1%(g—1)(pr—2r —p+aqr+1)°+
(@=1)(r=1)*(pg =7 —2p+pr+1)*+
(p=1)(q—1)*(pr—2r —q+qr+1)*+
(p—1)(r—=1)*(pg —r—2q+qr+1)"+
(p=1)(a=1)(r=1)(pg—q—3r—p+pr+qr+2)>
(p—1)(g=1)(r—1)(pg—3q—7 —p+pr+qr+2)°
(p—1)(g—1)(r—1)(pg—q—7—3p+pr+qr+2)°
=0 (p—1D)g=D+¢(p—r)(p—1)(r—1)+

p*(q—71)°(q—
(

D(r—1)+(p-1)°(p-
—r)2 (-1 (p-2°@-)r-D+(p—q>(p-

_|_
+
+

D(g-1)*@-2°(r-1)+
D(g—1)(r—1)7*(r

Table lists the results obtained for I'(Z,q,) for primes p < 10, ¢ < 10 and 7 < 10.

The Trinajstic index is a novel topological index that is one of the topological indexes to
study on chemical graph theory, especially on chemical structure. The Trinajstic index could
also be applicable on zero-divisor graphs except complete graph, star graph, path graph and

4. CONCLUSION

71

O

cycle graph to improve theorems related to computer science and also graph theory too.

As discussed in this paper, the Trinajstic index can be calculated analytically using prime

numbers, without computational tools.

Acknowledgments. The authors would like to thank the referee for some useful com-

ments and their helpful suggestions that have improved the quality of this paper.

5. APPENDIX

Table 5.2: Results of I'(Z )

pla|n=pq NT

21 2 4 0
2| 3 6 2
20 5 10 36
20 7 14 150
2|11 22 810
2113 26 1452
2|17 34 3600
2119 38 5202

—2)?
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Table 5.2 — continued from previous page

Pl q|n=npq NT

2123 46 9702
2129 58 20412
2|31 62 25230
2| 37 74 44100
2|41 82 60840
2|43 86 70602
2|47 94 93150
3| 2 6 2
3 3 9 0
315 15 32
3| 7 21 192
3111 33 1280
3113 39 2400
3|17 51 6272
3119 57 9216
323 69 17600
3129 87 37856
3131 93 47040
3|37 111 83232
3|41 123 115520
3143 129 134400
3|47 141 178112
5| 2 10 36
5 3 15 32
5/ 5 25 0
507 35 96
511 55 1440
513 65 3072
5|17 85 9216
519 95 14112
5123 115 28512
5129 145 64512
5|31 155 81120
5|37 185 147456
5|41 205 207360
543 215 242592
5| 47 235 324576
7| 2 14 150
7| 3 21 192
7|5 35 96
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Table 5.2 — continued from previous page

p|aq|n=pq NT

7|7 49 0
711 7 960
7113 91 2592
7117 119 9600
7119 133 15552
7123 161 33792
7129 203 81312
7131 217 103680
737 259 194400
7|41 287 277440
7|43 301 326592
7|47 329 441600
11 22 810
11 33 1280
11 55 1440
11 77 960
11|11 121 0
1113 143 480
11|17 187 5760
1119 209 11520
1123 253 31680
1129 319 90720
11131 341 120000
11|37 407 243360
11| 41 451 360000
11 | 43 473 430080
11 | 47 517 596160
13| 2 26 1452
13 3 39 2400
13| 5 65 3072
13 7 91 2592
1311 143 480
13|13 169 0
13|17 221 3072
13|19 247 7776
13|23 299 26400
13 |29 377 86016
13 |31 403 116640
13 | 37 481 248832
13 | 41 533 376320

73
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Table 5.2 — continued from previous page

Pl q|n=npq NT

13 |43 559 453600
13 | 47 611 638112
7] 2 34 3600
17| 3 51 6272
17| 5 85 9216
17 119 9600
17 | 11 187 5760
1713 221 3072
17| 17 289 0
17 | 19 323 1152
17 | 23 391 12672
17 | 29 493 64512
17 | 31 527 94080
17 | 37 629 230400
17 | 41 697 368640
17 | 43 731 454272
17 | 47 799 662400
19| 2 38 5202
19| 3 57 9216
19| 5 95 14112
19| 7 133 15552
19 | 11 209 11520
19 |13 247 7776
19 | 17 323 1152
19 | 19 361 0
19 |23 437 6336
19 | 29 551 50400
19 | 31 589 77760
19 | 37 703 209952
19 | 41 779 348480
19 | 43 817 435456
19 | 47 893 649152
23| 2 46 9702
23| 3 69 17600
23| 5 115 28512
23| 7 161 33792
23| 11 253 31680
23 | 13 299 26400
23 | 17 391 12672
23| 19 437 6336
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Table 5.2 — continued from previous page

p|aq|n=pq NT

23 | 23 529 0
23 | 29 667 22176
23 | 31 713 42240
23 | 37 851 155232
23 | 41 943 285120
23 | 43 989 369600
23 47| 1081 582912
29| 2 58 20412
29| 3 87 37856
29| 5 145 64512
29| 7 203 81312
29 | 11 319 90720
29 | 13 377 86016
29 | 17 493 64512
29 | 19 551 50400
29 | 23 667 22176
29 | 29 841 0
29 | 31 899 3360
29 (37| 1073 64512
29| 41| 1189 161280
29 | 43| 1247 230496
29 |47 | 1363 417312
31| 2 62 25230
31| 3 93 47040
31| 5 155 81120
31| 7 217 103680
31|11 341 120000
31|13 403 116640
31|17 527 94080
3119 589 77760
31123 713 42240
31129 899 3360
31131 961 0
31|37 | 1147 38880
31|41 1271 120000
31(43| 1333 181440
31|47 | 1457 353280
37 74 44100
37 111 83232
37 185 147456
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Table 5.2 — continued from previous page

p | g |n=npq NT

37| 7 259 194400
37|11 407 243360
37|13 481 248832
37|17 629 230400
37119 703 209952
37|23 851 155232
37129 | 1073 64512
37 (31| 1147 38880
37 (37| 1369 0
3741 1517 23040
37143 | 1591 54432
37 47| 1739 165600
411 2 82 60840
411 3 123 115520
411 5 205 207360
41| 7 287 277440
41 | 11 451 360000
41 13 533 376320
41 | 17 697 368640
41 19 779 348480
41 |23 943 285120
41129| 1189 161280
41 31| 1271 120000
41 37| 1517 23040
41 [ 41| 1681 0
41 | 43| 1763 6720
41 [ 47| 1927 66240
43| 2 86 70602
431 3 129 134400
43| 5 215 242592
43| 7 301 326592
43 | 11 473 430080
43|13 559 453600
43 | 17 731 454272
43119 817 435456
43| 23 989 369600
43 (29| 1247 230496
43 31| 1333 181440
43137 1591 54432
43 | 41| 1763 6720
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Table 5.2 — continued from previous page

p|aq|n=pq NT

43 |43 | 1849 0
43|47 2021 30912
47 2 94 93150
471 3 141 178112
471 5 235 324576
47| 7 329 441600
47 | 11 517 596160
4713 611 638112
47 | 17 799 662400
47119 893 649152
47123 | 1081 582912
47129 | 1363 417312
47 | 31| 1457 353280
47|37 1739 165600
47 | 41| 1927 66240
47 143 | 2021 30912
47 | 47| 2209 0

T
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Table 5.3: Results of I'(Z,24)

p | q| p* |n=rp NT

2| 2] 4 8 2
2| 3] 4 12 116
2l 5] 4 20 600
2| 7] 4 28 1836
2111] 4 44 8100
2113] 4 52 13896
2ol17] 4 68 32736
2119] 4 76 46548
3] 2] 9 18 1062
31 3] 9 27 300
3] 5] 9 45 10404
3l 7] 9 63 26112
3[11] 9 99 95832
3/13] 9 117 156756
3117] 9 153 348012
3119 9 171 485256
50 2] 25 50 43860
51 3] 25 75 95960
51 5] 25 125 28880
50 7] 25 175 561960
5011] 25 275 1843320
513] 25 325 2957760
5017 25 425 6470160
5019 25 475 9002520
7] 2] 49 98 491946
7] 3] 49 147 966336
7] 5] 49 245 2107140
7] 7] 49 343 423612
7111 49 539 11130000
7113 ] 49 637 17509716
7117 ] 49 833 38036796
7119 49 931 53087328
1] 20121 242 12997710
11] 3121 363 23982200
1] 5121 605 42850500
11] 7121 847 62037360
1111121 1331 13069100
1113121 1573 174942900
1117121 2057 349767660
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Table 5.3 — continued from previous page

p|q| P |n=p NT

1119121 2299 483076440
13] 2169 338 43707612
13| 3169 507 80297256
13] 5169 845 139324224
13 7]169] 1183 190351512
13]11]169| 1859 320583432
13]13]169| 2197 44974800
13] 17169 2873 782036112
13]19]169| 3211 1058991336
17| 21289 578 305388816
17] 371289 867 563382176
17] 50280 1445 966976320
17| 71280 2023 1265474016
1711289 3179 1762029600
17] 131280 | 3757 2067512256
17] 17289 | 4913 319615232
1719|280 | 5491 3857328288
19] 2361 722 682331382
19] 3]361] 1083 1263762504
19] 5/361] 1805 2177294436
19| 7]361] 2527 2838441312
19]11]361] 3971 3787845624
19] 13361 4693 4268235924
19] 17361 6137 5720724972
1919361 6859 715825836

79



80

A. CENIKLI AND A. GURSOY

Table 5.4: Results of I'(Z,q,)

plqglr|n=pqr NT

2122 8 2
21213 12 116
212|5 20 600
2127 28 1836
2132 12 116
21313 18 1062
213|5 30 14922
213|7 42 48980
2152 20 600
215(3 30 14922
215(5 50 43860
2157 70 273278
21712 28 1836
21713 42 48980
21715 70 273278
217 |7 98 491946
31212 12 116
31213 18 1062
3125 30 14922
3127 42 48980
31312 18 1062
31313 27 300
313(5 45 10404
3137 63 26112
3152 30 14922
315(3 45 10404
3/5(5 75 95960
3157 105 734912
31712 42 48980
31713 63 26112
3|71(5 105 734912
3|77 147 966336
51212 20 600
51213 30 14922
51215 50 43860
5127 70 273278
51312 30 14922
5131(3 45 10404
5131(5 75 95960
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Table 5.4 — continued from previous page

plqlr|n=pgr NT

5137 105 734912
51512 50 43860
51513 75 95960
555 125 28880
515|7 175 561960
5712 70 273278
51713 105 734912
51715 175 561960
SI|T|T7 245 2107140
71212 28 1836
71213 42 48980
71215 70 273278
71217 98 491946
71312 42 48980
7133 63 26112
71315 105 734912
71317 147 966336
71512 70 273278
71513 105 734912
71515 175 561960
7157 245 2107140
772 98 491946
71713 147 966336
71715 245 2107140
7T 343 423612
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Abstract. The current study investigates the concept of pointwise hemi-slant conformal
submersions from almost contact metric manifolds to Riemannian manifold. We investigate
the geometrical implications of the horizontal and vertical vector fields & while studying the
distribution integrability and total geodesicness of distribution leaves. Finally, we explore
¢-pluriharmonicity from the almost contact metric manifold.
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1. INTRODUCTION

Immersions and submersions are well known to be special tools in both differential and Rie-
mannian geometry. It is important in Riemannian geometry, particularly when the involved
manifolds have a differentiable structures. Four decades ago, B. O'Neill [22] and A. Gray
[12] separately formulated the cornerstone of the theory of Riemannian submersions, which
has experienced major advances over the past two decades. In mathematics and physics,
Riemannian submersions have been widely used, particularly in theories like Yang-Mills and
Kaluza-Klein (see [8], [35], [20], [17]).

Riemannian submersions from almost Hermitian manifolds to Riemannian manifolds were
studied in 1976 by B. Watson [34]. On the foundation of the findings from this study, B. Sahin
[26] assessed the geometry and distinctive features of anti-invariant Riemannian submersions
onto Riemannian manifolds. Afterwards, authors explored this field further, looking at slant
submersions [10], [28], semi-slant submersions [16], [23], anti-invariant submersions [3], [26]
and semi-invariant submersions [27] among other topics. Tastan, Sahin, and Yanan [33]
defined and studied hemi-slant submersions from almost Hermitian manifolds as a generalized
case of semi-invariant and semi-slant submersions.

J. W. Lee and B. Sahin [19] introduced pointwise slant submersions from almost Hermitian
manifolds to Riemannian manifolds in this addition, thus expanding the concept of slant sub-

mersions even further. They established characterizations for pointwise slant submersions in
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addition to offering examples of this kind of submersion. As a generalization of Riemannian
submersions, B. Fuglede [I3] and T. Ishihara [I8] presented the idea of conformal submersion
and talked about some of its geometric characteristics. As a generalization of holomorphic
submersions, conformal holomorphic submersions were studied by Gudmundsson and Wood
[15]. They determined the necessary and sufficient conditions for harmonic morphisms of
conformal holomorphic submersions. Later, conformal semi-invariant submersions [4], con-
formal slant submersions [2], conformal anti-invariant submersions [29], [24] and conformal
semi-slant submersions [1] were studied and defined by Akyol and Sahin. Conformal hemi-
slant submersions [31], [32], conformal bi-slant submersions [5] and quasi bi-slant conformal
submersions [6] have all been discussed in the context of geometric studies recently, along
with an assortment of decomposition theorems. Moreover, from almost Hermitian manifolds
to almost contact metric manifolds, the concept of pluriharmonicity was extended.

We study the geometry of pointwise hemi-slant conformal submersions by considering both
the horizontal and vertical aspects of the structural vector field £. The paper is organized
as follows: Our investigation’s goals can be achieved by introducing almost contact mani-
folds, such as the Sasakian manifold, which we discuss in Section 2. In the third part of
this investigation, we define pointwise hemi-slant conformal submersions and describe some
interesting results by considering the horizontal structure of the Reeb vector field . A thor-
ough examination of the total geodesic and the integrability of distributions is also given in
Section 3. While in section 4, we consider vertical aspect of Reeb vector field £ and study of
pointwise hemi-slant conformal submersions. Additionally, as the nature of the Reeb vector
field differs in Sections 3 and 4, we compared the findings of these two sections.

Note: We use the following abbreviations in this article.
Pointwise hemi-slant conformal submersion- PWHSCS
Riemannian submersion- RS

Riemannian Manifold-RM

Horizontally Conformal Submersion-HCS

Sasakian manifold-SM

Almost contact metric manifold-ACMM

2. PRELIMINARIES

Authors find the study of RSs to be an extremely intriguing topic. We now begin with
a discussion of a few significant points and some useful results that are highly beneficial to
our research.

Definition 2.1. [34] Let (Z1,91) and (E2,g2) be two RMs and & be a smooth map between
(Z1,91) and (E2, g2) where, my and mg are the dimensions of Z1 and Zy respectively. Then
@ is called horizontally weakly conformal or semi conformal at x € =y if either
(1) Qugy =0, or
(ii) @sz maps horizontal space Ny = (ker(@u,))t conformally onto Tzs(Z2) i.e., Gug is
surjective and there exits a number A(x) # 0 such that
92(07*9051, d*xﬁQ) = A(x)g(ﬁl) 62)’
for any Py, B2 € Ry.
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Above equation can be reduce as:
(Qxg92)z [roxr, = A(T)g(2) |n, %, -

A point z is a critical point of & if it fulfills (¢) in the definition above. A point that
satisfies (i7) is known as a regular point. At a critical point, @., has rank 0, whereas at a
regular point, it has rank n and defines a submersion. The number A\(z) is called the square
dilation and its square root A(z) = \/A(z) is called the dilation of @ at « which is necessarily
non-negative. A map & is considered horizontally weakly conformal or semi-conformal on =
if it is weakly conformal at all points of Z;. If & has no critical points, it is considered a

(horizontally) conformal submersion.

Definition 2.2. [7] Let & be a RS between two RMs. Then & is called a horizontally
conformal submersion, if there is a positive function A such that

. 1 _ _
g1(w1,Wa) = ﬁgz(a*wha*wz), (2.1)

L. It is obvious that every RSs is particularly a horizontally

for any wi,ws € T'(keraw)

conformal submersion with A = 1.

Let be a RS @ : (21,91) — (E2,92). If B1 € T'(keraw)*, then a vector field 51 on Z; is
referred to as a basic vector field and a-related to =g using a vector field f; i.e ax(51(q)) =

pra(q) for q € E;.
According to O’Neill, the two equations of the (1,2) tensor fields 7 and A are:

AE1F1 = NVNEl vF; + UVNEZ NF], (2.2)

TEI = NVUEJ vF; + Vg, NFy, (23)
for any F4, Fy € I'(TZ1) and V is a Levi-Civita connection of g;. From above two equations
of O’Neill, we can deduce that

Viwe = Toywa + vV, we
vwlﬁl - 7:.;151 + valﬁl
Vglwl = Aglwl + vy VgILUJ
Vg, B2 = RV, Bo + Ag, Bo
for any vector fields w1, ws € T'(kera.) and By, B € T'(keraw )t [I].
We note that
9(Ag, E1, F1) = —g(E1, Ag, 1), 9(Tw, B, 1) = —g(Er, Ta, F),

for any vector fields Fy, F1 € I'(TZ;). In the unique scenario where & represents a HCS, we

POsSsess:

Proposition 2.1. [I4] Let & : (E1,91) — (E2,92) be a horizontally conformal submersion
with dilation X\ and 31, B2 be the horizontal vectors, then
1 1
Ap, B2 = S {v[B1, Be] — )\29(51,52)97"0611;(/\7)} (2.8)

measures the obstruction integrability of the horizontal distribution.
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The second fundamental form of smooth map & is provided by the formula
(V@*)(wl,WQ) = Vgl@*a@ — Qs Vi wa, (2.9)

and the map be totally geodesic if (Va,)(wi1,w2) = 0 for all wy,wy € I'(T'E;) where V and

V@ are Levi-Civita and pullback connections.

Lemma 2.1. Let @ : 21 — 2o be a HCS. Then, we have
(1) (Vau)(B1, B2) = Bi(InA)au(B2) + B2(InA)a(B1) — g1(B1, B2)a(grad In)),
(i) (Vau)(wr,w2) = = (Tu,w2),
(iii) (Vau)(Br,w1) = —a«(V,wi1) = —au(Agwi)
for any B1, Ba € T'(keras) and wi,ws € T'(kera,) [34).

Let M be a (2n + 1)-dimensional almost contact manifold with almost contact structures

(¢,&,1m), where a (1, 1) tensor field ¢, a vector field £ and a 1-form 7 satisfying

where [ is the identity tensor and there exists a Riemannian metric g in such a way that
9(dwr, pwa) = g(wr, w2) — n(wi)n(wa), (2.11)

which can be noticed as follows:
77(W1) - g(wla 6)5 (212)

for any wy, wy € T'(T'M). Then (¢, &, n, g)-structure is called an almost contact metric struc-

ture. A normal contact metric structure is called a Sasakian structure, which satisfies

(Vo @)wz = g(wi, w2)€ — n(wz)wr (2.13)
where V is the Levi-Civita connection of g. For a SM, we can deduce that
Vi § = —dwr. (2.14)
The covariant derivative of ¢ is defined by
(Vg,8)B2 = Vg, P2 — ¢V, P, (2.15)

for all vector fields (81,082 in M. S. A. Sepet and M. Ergut [30] defined pointwise slant

submersion as:

Definition 2.3. Let (Z1,¢,£,1,91) be an ACMM and (Z1,¢,€,m,91) be a RM.Let & be a
RS from Z1 to Zy. If the wirtinger angle 0(31) between ¢B1 and the space kerav, is inde-
pendent of the choice of the non-zero vector field 1 € T'(kera,)— < & > at each given point
q € 21, then a is a pointwise slant submersion. The angle 0 represents a function on =,

known as the slant function of the pointwise slant submersion.

Now, we extended the concept of ¢-pluriharmonicity from almost contact metric manifolds
to (21, ¢, &, 1, g1) which was once studied and defined by Y. Ohnita [21]. Let & be a PWHSCS
from almost contact metric manifolds to (21, ¢, &, 7, g1) onto a Riemannian manifold (Zg, g2).
Then PWHSCS is ®+-¢-pluriharmonic, D%-¢-pluriharmonic, (D+ — D%)-¢ pluriharmonic,
kerdy,-¢-pluriharmonic, (kerd.)*-¢-pluriharmonic and ((kera,)* — keray )-¢-pluriharmonic if

(Vau)(B1, B2) + (Vau)(9B1, ¢f2) = 0, (2.16)
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for any 1,82 € I'(D1), for any B, o € I'(D?), for any By € I'(D1), o € I'(D?), for any
B1, Ba € I'(keray), for any 31, B2 € I'(ker@, )" and for any 31 € I'(kera, )", B2 € I'(kerdy).

3. POINTWISE HEMI-SLANT {-CONFORMAL SUBMERSIONS

In this section, we will revisit the idea of PWHSCS with ¢ € T'(kera)*.

Definition 3.1. Let @ : (21,6,&,1,91) — (E2,92) be a HCS where (21, ¢,£,1,91) is an
ACMM and (Eg,92) is a RM. A HCS & is called a pointwise hemi-slant conformal
submersion with ¢ € T(keray ) if there ewists two distributions ®+ and D such that
kera, = D% @ DL, (D) C I'(ker @)t and for any given point ¢ € Z1 and 31 € (D7),
the angle 0 = 0(B1) between ¢B1 and space (D), is independent of choice of non-zero vector
b1 € (’De)q, where D is the orthogonal complement of ©+ in kera,. In this case, the angle

0 can be regarded as a slant function and called pointwise hemi-slant function of submersion.

Let & be a PWHSCS from an ACMM (E1, ¢,&,m, g1) onto a RM (23, g2). Then, for any
we € T'(kera,), we have

wo = Pwsy + Dwo (3.17)
where 98 and  are the projections morphism onto ®+ and ®?. Now, for any wy € I'(keray),
we have

pwe = dwo + F wo (3.18)
where dwy € T'(ker@,) and F wsy € I'(kera, ). From (3.17) and (3.18)), we have

Gt =p(PG1) + #(Q0)
=0(BC1) + F (B&1) +6(Q¢) + F(QG),
for any ¢; € I'(ker a). Since ¢®+ C T'(ker a)*, we have §(B¢1) = 0, we have

¢C1 = F (PBG) +3(Q¢) + F ().
Now, we have the following decomposition
(kera,)t =D’ @ Fot o, (3.19)

where v is the orthogonal complement to F ®% @ F D+ in (kera, )’ such that v is invariant

with respect to ¢. Now, for any f; € I'(kera, )", we have
B =T B+ Np (3.20)
where JB; € T'(kera,) and N'f; € T'(kera,)*.

Lemma 3.1. Let (E1,¢,&,1,91) be an ACMM and (Eg,g2) be a RM. Ifa:ZE — Ez is a
PWHSCS, then we have

—wy = —6%wi + TFwi, Fowi+NFwy =0, =1 =FJIB1+N?B1, n(B1)§ =0T b1+ TNPB,
for any vector field wy € T'(keraw) and By € T'(keray)*.
Proof. By considering the (3.18)) and (3.20]), the proof of Lemma exists. O

Let us now provide some helpful outcomes, which will be applied throughout the research
paper.
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Lemma 3.2. Let & be a PWHSCS from an ACMM (E1,¢,€,m,91) onto a RM (Ea,g2),
then we have

6%Cy = (— cos?0)(a, (3.21)
for any vector fields ¢y € T'(D?).

Lemma 3.3. Let & be a PWHSCS from an ACMM (E1,¢,&,m,91) onto a RM (Eaz, g2),

then we have

(1) g1 (SCL SCQ) = COS2 991(417 CQ);
(it) g1(F 1, F ¢2) = sin® 0g1(C1, Ga),
for any vector fields 1, ¢ € T'(D?).

Proof. The proof of the preceding Lemmas is identical to the proof of Theorem (2.2) of [9].
As a result, we omit the proofs. O

Lemma 3.4. Leta : E; — 2y be a PWHSCS with hemi-slant function 6 where, (21, ¢,&,1, g1)
a SM and (E2,92) a RM, then we have

(1) Ag, NBa+ vV, T B2 = IRV, B2 + 0.As, B2
(il) RV, N Ba + Ag, T Ba = NRV, B2 + F Ag, B2 + g1(B1, B2)€ — n(B2) A1
(iii) vV, dwa + Ag, Fuws = JAg,wz + (%V,gzw,g
(iv) Agl&uQ + NVQIFLUQ = NAﬁ1w2 + F’UVﬁl Wa
(V) ’UVUJQJBI + nzNﬁl = 57;2/31 + jvagﬁl + 77(61 )U‘)?
(Vi) T TB1 + RV ,NB1L = F To, 1 + NRV, 51
(vii) vV, 0ws + T, Fwe = 60V, we + T Toy,we
(viil) To, 0wz + RV, Fwo = NTowa + F oV, we — g1 (wy,w2)E,

for any vector fields w1, ws € T'(kerdw) and B1, B2 € T'(kerdw)™ .

Proof. Using (2.13)), , and (2.7) (3.20), we obtain the first two relations (z) and (7).
Equations (2.13)), (2.15) (2.7)), (2.4)-(2.7), and (3.18]) (3.20|yield the expected results. O

To investigate the geometry of PWHSCS @ : =1 — =9, we will now review several key
findings. Direct calculations might lead to the following conclusions:
(@) (Vi 0)ws = vV, 0wy — 50V, we
(0) (Ve Flwa =RV, Fwa — FoV,,ws
(c) (Vp,T)B2 =vVp,TB2 — IRV, B2
(d) (Vg N)B2 =RV N2 — NRVp, s,

for any vector fields wy,ws € T'(ker &) and Sy, B2 € T'(ker aw)*t.

Lemma 3.5. Let & : 21 — 23 be a PWHSCS with hemi-slant function 6 from a SM onto
a RM, then we have
(1) (Vard)wz = T Toywz — Ty F w2
(il) (Vi F)wa = NToywa — Tos 0wa + g1 (wi, w2)é
(iii) (Vg,J)B2 = 0.A5 B2 — As, N B
(iv) (Vg N)B2 = F Ag B2 — Ap, T B2 — n(B2) B + 91(B1, B2)€,
for all vector fields wy,ws € T'(keray) and B, B2 € T'(kerd,)™ .
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Proof. The results may be obtained by using the above-mentioned formulae (a) — (d), as well
as [215), (@27)- @9, =

The tensor fields 6 and F, if they are parallel with regard to the Levi-Civita connection

V of Z1, then we obtain
T Tnwa = Ty Fwz, NTowz — gi1(wi, we)é = To,y 0wo

for any vector fields wy,wq € T'(TZE)).
We are going to discuss about the anti-invariant distribution ® and the slant distribution

D9, as well as their integrability and total geodesic.

Theorem 3.1. Let & be a PWHSCS from a SM (21,6,&,1,91) onto a RM (Za, g2) such

that the structure vector field & is horizontal. Then the following are equivalent
(i) The anti-invariant distribution ©+ is integrable.
() &0a(VEE(F )~ VEa(F G, au(Fen)
=9(Ve F oG+ Ve FoGi,wr) — g(Te F G+ TeoF Giy0wr)
for any (1, G € T(DY) and wy € ©7.
Proof. By using (2.11)), (2.13)),(3.18]), (2.4) and (2.5)), we can write
91(V¢ G w1) = —g1(6V ¢, 6o, wi) + g1(Te, F Co, 0wr) + g1(RV ¢, F Ca, Fuwy),

for any (1,¢( € I'(D)* and w; € T'(D)?. Taking account the fact from (3.17)), , (2.5)),
and (3.18)), we have

91(V¢, Gy wi) = —91(V e, 0%Cayw1) — g1 (Ve F6Caywi) + g1(Te, F Ca, dwi) + g1 (RV e, F G, Fwr).

By using the horizontal conformality of & and changing the role of (1, (s and from (2.9)) with
Lemma [2.1] Lemma [3.2] we finally get

sin? 0g1 ([C1, Ca), w1) =g1(Te, F G2, 0wr) + g1 (TeF 1y 0w1) — g1(Ve, F6Ca,wi1) — g1(Veo F G, wh)

1 —— . 1 —— _
+ FQQ( & (FC)yas(Fwr)) — FQQ(VZ(FCZ),Q*(FCLH))-
This completes the proof. O
Theorem 3.2. Let & : =1 — Z9 be a PWHSCS from a SM =1 onto a RM =9 such that

structure vector field & is horizontal. Then the following are equivalent.

(i) Slant distribution DY is integrable.

(i) §292(VE ax(Fwr), au(Fw2)) + 3292(VE,0(Fwi), ax(6G1)) + g1(wr, 1], w2)

= sin20g; (w1, ws) — cos?0g1 (Ve wi,wa) — g1(Te, Fwi, dwa) — g1 (Tan Fwi, ¢C1),
for any wi,ws € T(DY) and ¢; € T(DL).
Proof. For any wy,ws € I'(D)? and ¢; € T'(D)* with taking account the fact from ([2.11)),
(2.13) and (2.15)), we get
gi([wr,wa, Q1) = —g1([w1, C1], w2) — g1(V¢ dwr, dw2) — g1 (Vs dwr, C1).

By using (2.4), (2.5) and (2.13)), we can write
g1(lwi, w2, (1) = — g1([wr, G1],w2) + g1(Ve, 0%wi, wa) — g1(Te, Fwi, dws)
— 1RV ¢, Fwr, Fwz) — g1(Toy0wi, ¢¢1) — g1 (RVu, Fwi, ¢C1).
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In the light of with Lemma we get
g1([w1, w2, 1) = — g1([wr, C1], w2) + 8in20¢1 (0) g1 (w1, wa) — cos29g1(V¢1w1,w2)
— 390NV Fn), 0 (F2)) — 5302(00 RV 1), 34 (661))
— 91(Toy0w1, 9C1) — g1(Te, Fwn, wz).
By using the horizontal conformality of & with Lemma and , we finally have
g1([w1,wa), (1) = — g1([wr, 1), wa) + sin0¢1 (0) g1 (w1, w2) — cos?0g1 (V¢ wi, wa)

- 91(721’5"‘)17&‘)2) - %%(ng*(lfwﬂ,d*(,fm))
- (V5 (Fn), 6 (60)) + 3502(Va) (w2, Fen), 0 (661))

— g (ToaBen, 661) + 35302((V32) (G, Feor), 8 (F2).

This is the required proof of theorem.

Theorem 3.3. Let a : (Z1,¢,£,1,91) — (E2,92) be a PWHSCS from a SM =1 onto a RM

Ho such that structure vector field & is horizontal. Then the following are equivalent.

(i) Vertical distribution (ker &) is integrable.

(ii) %g2(vg1a*(ﬁﬂ:pwl), ax(Fw2)) + 1292( G, 0 (F Qw1 ), a(Fw2))
= 052091 (V g, Qui, wa) —sin2031 (0) g1 (Quw1, wa) + g1 ([w1, B1], w2) — g1 (Ag, 0Bwi, N B1)
—g1(vV g, 8Bwy, TB1)+91(Ag, 8PBwi, dws)—g1(Va, F6Quw;,wze)+g: (Ag, FQuw, dws)
+ 91 (T, 0ws , NB1) + 91 (vVau,owys, TB1) + g1 (Tanows, T B1) + 91 (RVu, Fwi , N By)
+91(B1, Fw2)g: (FPwy,gradIn\) + g1 (FPwr, Fwe)gr (81, gradIn A)

— 91(B1, FPwi)gs (Fwga,gradIn \) + g1 (81, Fwz)g: (F Qwy, gradIn )

+ 91 (FQuwi, Fwz2)g:(Br,gradIn\) — g7 (B, F Qw;)gs (Fwe, gradIn \),

for any wi,ws € T'(ker &) and B1 € T'(ker a,)*.

Proof. By using (2.11)), (2.13)), (2.15)) and (3.17)), we have
g1([wr,wal, B1) = —g1([w1, B1], w2) — 91(V, ¢wi, dwa) + g1 (Ve dwi, 951),
for any w,ws € T'(ker ) and 31 € T'(ker @&,)*. In the light of (2.4)-(2.7) and (2.15), we can

write
g1([w1,wal, B1) = — g1(Tdw1, NB1) — g1(vVi, 0w, TB1) — g1 (TouFwi, TB1)
— g1 (w1, B1],w2) + g1(Ap, 6Bwi, NB1) + g1(vV,6Bw, TB1)
— g1(Ap, F Puwr, dws) — g1(RV 5, F Pwr, Fwa) + 91(V i, ¢0Qw1, wo)
— 91((V,0)0Quw1,w2) — g1 (Ag, F Qui, dwa) — g1 (RV g, F Quor, F wo)
— g1(RV, Fwi, N'By).
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By using Lemma [3.2] with (2.1]), we get
91([w1,wa], B1) = — g1(To,0wi, N'B1) — g1 (vVw,0ws, T B1) — 91(Toy 0w, T B1)
+ 8in2031 (6) g1 (Qw1, wa) — cos”0g1 (V g, Qui, wa) + 1(V g, F 0Quw1, wy)
— g1([wi, Bl wa) + g1(Ag, 0Bwi, NB1) + g1(vV 5, 6Bwi, T B1)
100 (N 5, T Ben), 0 (T )) — 550200 (RV 5, T ), @ 2)
— g1(Ag, F Qur, dwa) — g1 (RV, Fwi, NB1) — g1(A, F Puwr, dws).
Il

By using the horizontal conformality of & from Lemma and with (2.9), we finally
deduce that

g1([wr,wa], B1) = — g1([w, B1], w2) + g1(Ag, 8Bw1, N B1) + g1(vV 3, 6Bwy, T B1)
+ 5in26031 (0) g1 (Qwr, wa) — cos?0g1 (V g, Qu1,wa) + 91(V, F 6Qw1, ws)
— 91(Ten0w1, NB1) — g1(vVu, 0wy, T B1) — 91 (Tay 0wy, T B1)
— 91(B1, Fw2)g1(FPwi, grad In X) — g1 (FPwi, F wa)g1(B1, gradIn \)

— g1(B1, FPw1)g1(F we, grad In A) + %gg(vgla*(ﬁmm), A (Fuwy))

= 91(B1, Fwa) g1 (F Qui, gradIn A) — g1 (F Qu1, F w2)g1(B81, gradIn A)

— 91(B1, F Qui)g1(F w2, grad In A) + %gz(vg‘lo‘z*(Fle), @ (Fw))

— g1(Ag, FPwi, dwa) — g1 (Ag, F Qur, dwa) — g1(RV, F w1, N B1).
This completes the proof of theorem.

Theorem 3.4. Let & : (E1,0,&,1m,91) — (E2,92) be a PWHSCS where (Z1,¢,&,1m,91) is a
SM and (Z2,g2) is a RM such that structure vector field & is horizontal. Then the anti-

invariant distribution D+ defines totally geodesic foliation if and only if

1 - _ 1 _ _ -
pQQ(V?ﬁ*(F@), . (Fwi)) :p.gQ((va*)(Ch Fé2), a(Fwr)) — g1(T¢,6G2, F)
— q1(vV¢,0Ce, 0wy) — g1(T¢, F (2, 0wy)

(3.22)

and
0 (VE G ), NB)) = 1g(Va) (G F G, 8a(MB1)) — 1 (Te, 860, N B)

- gl('UV(](S_CQ, jﬂl) — 91 (721 F_C27\751) + 91 (&1@2)”(51%
(3.23)

for any (1,6 € T(DY),wy € (DY) and By € T'(ker &)t
Proof. By using , and , we get
91(V, G2, w1) = 91(V, 6C2, ¢wr) + 91(Ve, T o, duon).
In the light of , , and , we can write
91(VerGor1) =01(TerF oo o) + 3302(8 RV G2, 0 (F )
+ g1(T¢, 062, Fwi1) 4+ g1(vV ¢, ¢z, dwy ).
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By using the horizontal conformality of & with Lemma and (2.1)), (2.5)), we finally get
91(V¢ G wi) =g1(T¢, 662, Fwi) + g1(vV ¢, 082, 0wi) + g1 (T¢, F 2, 0wy)

— 50a((Va)(G1 F @), au(Fen) + 3502(VE 0 G), u(Feon))

On the other hand, for any (1,(s € I'(D1), B1 € I'(kera,) and by using , ,
(2.15)), we have
91(V¢ G2, 81) = 91(V ¢C2, 9B1) + 91(6C1, G2)n(B)-

Finally, in the light of , , and , we get
1 - _ 1 _
91(VaGa, B1) =1392(VE 0 (F G2)s (N 1)) = 1592(Va) (G, F G2), a(N 1))
+ 91(Te, 0G0 N'BY) + g1(vV ¢, 6Co, TB1) + g1 (Te, FCor T B1)

+ 91(8¢1, ¢2)n(Br).-
This is the required proof of theorem. O

Theorem 3.5. Let a: (Z1,0,£,1,91) = (E2,92) be a PWHSCS from a SM (Z1,0,£,1m,91)
onto a RM (Ez,g2) such that the structure vector field & is horizontal. Then the slant
distribution defines totally geodesic foliation if and only if

V@ (Fn),6a(F ) — g 0a((V2) (G Fen). i (Fia)) + 01 (TeyFeon, )
= g1([w1, (1], w2) — sin20¢1 (0) g1 (w1, w2) + cos*0g1 (V¢ wi, wa) — g1(T¢, F OW, w2)
and
1 ) I 1 o
pgz((Va*)(ﬁz, Fuwr), au(Fws2)) — pgz(V%QOé*(le)a e (Fuw2))
= g1([wi, Ba], wa) — sin2032(0) g1 (w1, wa) + cos*0g1(V w1, wa) — g1 (Ag, F owr, we)
+ g1 (Ap, F wi, 0ws) + g1(B2, Fwa) g1 (Fwi, gradIn X) + g1 (Fwi, F wa)g1 (B2, grad In \)
— 91(B2, Fwi)g1(F w2, grad In X),
for any wi,ws € T(DY),(1 € T(DL) and Bo € T'(ker &) L.

Proof. For any wi,ws € T(DY) and ¢; € T'(D4) with using (2.10)) , (2.11), (2.12) and (2.15),
we have

91(Verw2,G1) = g1([w1, Gl w2) + 91(Ve, 6%w1,wa) + g1(Vey Fowr, wa) — g1 (Ve Fwi, pwa).

In the light of (2.5), (2.10) and (2.9) with Lemma we can write

9(Vew2, (1) = — g1([w1, 1], wa) + sin20¢ (0) g1 (w1, w2) — cos*0g1 (Ve wi, wa) + g1(Te, F wi, dwo)
1 _ _ 1 _ _ _
- ﬁQZ((Vd*)(Ch Fuwy), o (Fw2)) + pgz(vad*(ﬂm), ay(Fws)).

On the other hand, for any wy,ws € I'(®?) and By € I'(ker a.)® with using (2.10), (2.11)),
(2.12)) and (2.15)), we get

91 (Vi w2, B2) = —g1([wi, Ba,w2) — g1(Vp,0%w1, wa) + g1(V g, F dwi,wa) — g1(V g, F wi, guwa).
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From (2.7) and with lemma we have
91 (Vi wa, B2) = — g1([wi, Ba], wa) + sin2082(0) g1 (w1, wa) — cos*0g1(V g,w1, wa)
+ g1(Ag, F dwi,w2) — g1(Ag, Fwi, dwz) — g1(RV g, F wy, F ws).

Finally by using the horizontal conformality of & with (2.1]), (2.9) and Lemma we can
deduce that

gl(vwlw27 ﬁQ) = gl([wb 52]70‘)2) + Sin2662(9)gl(w1,WQ) — 0082091(V52w1,w2)
_ _ _ 1 _ ~ B
+ g1 (Ap, Fowr,w2) — g1(Ap, F w1, dwa) — §g2(vgza*(FW1)7 @ (Fuwy))
— g1(B2, Fw2)g1(F wi,gradIn X) — g1 (F wi, F w2)g1(B2, gradIn \)
+ g1(B2, Fwi)g1(F we,gradIn \).

This completes the proof of theorem.

Theorem 3.6. Let & : =21 — =3 be a PWHSCS from SM (Z1,¢,£,1m,91) onto RM (22, g2)
with structure vector field ¢ is horizontal. Then (ker &, )" defines totally geodesic foliation if
and only if
1 - _
159295, N Ba), 4, (F 1)
= g1(B1, F C1)g1(N B2, grad In \) + g1 (N B2, F C1)g1(B1, grad In A)
— g1(B1, N B2)g1(F C1,gradIn \) — g1(A, T B2, F 1)
— 91(vV3, T B2,6C1) — 91 (A, NB2,0¢1) — 1(B2)g1 (B1, FCh),
for any By, B2 € T'(ker &)t and ¢; € T'(ker a,).

Proof. For any f31, B2 € T'(ker &)+ and ¢; € I'(ker a,) with using (2.10)), (2.11), (2.12)), (2.13)),
(2.10) and (2.7), we can write

91(V,82,C1) =91 (Ap, T B2, F C1) + 91(vV g, T B2,6C1) + 91 (A, N B2, 5¢1)
+ 91(HV g, N B2, F C1) +1(B2)91(Br, F C).
By using the horizontal conformality of & with , and Lemma we finally get
91(V,82,C1) =91(Ap, T o, F 1) + 91(vV 5, T B2, 0C1) + 91 (Ag, N B2, 0C1)
— 91(B1, F C1)g1(N B2, grad In A) — g1 (N B2, F (1)g1(B1, grad In )

0161 N o)1 (TG grad n ) — 5502V, 0 (NBa), (7 1)

+n(B2)91(B1, F C1),
which is the required proof of the theorem. O

Theorem 3.7. Let @ : (Z1,0,£,m,91) — (Z2,92) be a PWHSCS where, (E1,6,&,m,91) a
SM and (Eg,g2) a RM with structure vector field & is horizontal. Then the following are
equivalent.
(i) (ker a) defines a totally geodesic foliation.
(i) 3292(VE,au(F QB1), ax(F B2))+91([B1, F 1, B2)+91(Ae, 0 PB1, F Ba)+g1(Ag, F PPB1,85a)
= sin20¢2(0)g1(QP1, B2) — cos?0g1(V,QB1, B2) — g1(vV ¢, 0PB1,6¢2)
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— 91(HV ¢, F PB1,F B2) — g1 (Ac, F QB1,6B2) —n(B1)g1(C2, FB2) +n(B2)91 (52, B1)
+91(C2, F B2)g9:1 (F QB1,gradIn\) + g1 (F QB1, F B2)91(C2,gradIn \)
—91(C2, F QB1)g1(F B2, gradIn \),

for any B1, B2 € T'(ker @) and (o € T'(ker aw)*.

Proof. Considering the fact

91(V,82,G2) = —91([B1, G2l B2) — 91(V @81, 6B2) — n(B1)g1(Ca, F B2) + n(B2)91(5¢2, Br),
by using (2.11)), (2.15)), (2.10) and for any 81,82 € I'(ker &) and ¢ € T'(ker @, ). In
the light of (3.17), and (3.20), we can write
91(V,62,G2) = — 91([B1, G2, B2) — 91(V .0 PB1, 32) — 91(V o F PP, ¢f2)
— 91(Ve,F QBr, 082) — 1(Br)g1(Cas F B2) +1(B2)91(3C2, A1)
— 91(V,0QB1, 952).
From , , and , we have
91(V,82,C2) = — g1([B1, G2l B2) — 91(A¢, 0P, F B2) — g1(vV ¢, 6P By, F B2)
— 1 (HV & F PB1, T B2) + 91(V,6° QB B2) — g1(Ag, I QB1,552)
— 1 (HV ¢, F QB1, F B2) — 1(B1)g1(C2, F B2) + 1(B2)91(5¢2, 51)
— g1(Ae, F PB1,003a).
By using , and from the fact that & is a PWHSCS, we finally get
91(Vp,B2. W) = — g1([B1. G2, B2) — 91(A¢,0PBr, F B2) — 1(vV ¢, 0Py, F B2)
— g1 (HV [ PPy, F B) + sin202(6)g1 (@B, B2) — cos*0g1 (Y, QB B2)
(AT QB1,562) — 1302(VE0(T QBr), (T 62)
+ 91(C2, F B2)g1(F QBr, gradIn A) + g1(F QB , F B2)g1(C2, grad In A)
— g1(C2, FQB1)g1 (F B2, grad In A) — n(B1)g1(Ca, F B2) +n(B2)g1(5¢2, X)
— g1(Ag, F PB1,603%2).
This is complete proof of the theorem. O

Theorem 3.8. Let a : (Z1,¢,£,1,91) — (Z1,92) be a PWHSCS from a SM =1 onto a RM

o such that the structure vector field £ is horizontal. Then & is totally geodesic map if and
only if

(i) 3292(VE,a(F w1), au(F ¢1)) = sin2082(0)g1 (w1, C1) — cos?0g1(V g,w1, C1)
— 91(Ap, F ow1, C1) — g1(Ap, F w1,61) + g1(B2, F (1) g1 (Fwr, gradIn \)
+ g1(F w1, F ¢1)g1(B2, grad In X) — g1(B2, Fwi)g1(F ¢1, gradIn X) — g1 ([B2, w1], 1)
(ii) 'Tczjﬁuq + V@./\/FWQ S F(ker 5(*)
(i) 3292(V§,ax(Fowr), ax(Ba)) = cos?0g1(Vg,wi, B2) — g1(Ap, Fwi, T B)
+ 3292((Va) (Br, F dwr), au(B2)) + 3292((Van) (B1, Fwi), @ (N B2))
- %92(Vg154*(ﬁw1)a (N B2)) — 91(T Br,w1)n(B2),

for any wy, G € T(DY), (o, ws € T(DL) and B, B2 € T'(ker &)t
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Proof. By using (2.1)), (2.15)), (2.9) and (2.13), we can write
1 _ _
1292((Va)(w, 1), 6:(82)) = —g([B2, 1], &) = 91(Vg, 01, 0C1),

for any wi, ¢ € T(DY) and By € T'(ker @)L, In the light of (3.18)), (2.13) and Lemma we
get

1 .
ﬁgz((V@*)(M, (1), @(B2)) = — g([Ba,w1], C1) + sin202(0) g1 (w1, (1) — cos*0g1(V g,w1, (1)
— g1(Ag,Fw1,601) — g1 (HV g, Fwi, F Q).
From (2.9) and by using the horizontal conformality from Lemma we have
1
p%((V@*)(wh (1), ax(52))
= —g([B2,w1], C1) + 8in2052(0) g1 (w1, (1) — cos’0g1 (Vg,w1, 1)
- 1 5 _ -
— g1(Apg, F w1, 0C1) — ﬁgz(vgzd*(:faq), a(F 1))
+ 91(B2, FC1)g1(F w1, gradIn A) + g1 (F w1, F (1)g1(B2, grad In A)
= g1(B2, Fwi)g1(F ¢1, gradIn A),
which is the proof of (7). On the other hand, from (2.1)), (2.9), (2.13]) and (2.15)), we get

202((Va) (1,6, 84(82)) = ~1(Vey, 061),

for (o,ws € T'(D+) and B1 € I'(kera,). By using the fact ¢ws € T'(ker @y ), we € (D)
and from (2.4), (2.5, we have

1 _ _ _ _
ﬁgQ((va*)(wal)?a*(ﬁQ)) = gl(ACQJFCL&,ﬁl) + gl(HszNFw2761)7
which proves the (ii) part. For part (iii), by using (2.1), (2.9), and (2.13), we can

write

%92((V65*)(ﬁ17w1)7 ax(B2)) = —91(Vg,0w1, ¢B2) — g1(T B1,w1)n(B2),

for any w; € T(DY) and By, B2 € T'(a.)*. In the light of (3.18), (2.11)), (2.13), (2.7) and
Lemma [3:2] we get

1 g _
FQQ((VO_Z*)(WM (1), @ (B2)) = — cos*0g1(Vg, w1, B2) — g1(HV g, F Swr, B2) — g1(Ap, F w1, T Ba)
= 1MV g, F w1, N B2) — g1(T Br, wi)n(B2).-
By using the horizontal conformality of & with (2.9) and Lemma we finally have

%m((va*)(wl, G1), @ ()
= —cos’0g1(Vg,w1, B2) — 91(Ap, T w1, T Ba) — 91(T B, wr)n(Ba)
+ %gg((V@*)(Bl, th‘.)l)a@*(ﬁ2)) - %QQ(Vgla*(FSwl)’ &*(B2))

+ 302 (Va0) (81, Feon), 3, (N B2)) — 3502(V5, 0 (Fi01), 0 (NBa)).

This completes the proof of theorem. O
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Theorem 3.9. Let a : (Z1,0,£,m,91) — (Z2,92) be a PWHSCS where, (Z1,6,€,m,91) a
SM and (Z2,g2) a RM with structure vector field & is horizontal. Suppose a is D%-¢-
plurtharmonic. Then the following are equivalent.

(1) DY defines a totally geodesic foliation.

(i) V@ au(G) + Vi, au(F (1) = VE au(F (o) = cos*0an(NHV5e, G2 + F T, G2
+FoVie, o) —sin20(5¢; (0)ax(FCe) + FCi(0)an(F () — n(Vie, 0C2) s
— au(HV e, Co + FAre, F6Co + NHV ¢, F0C2) — F ¢ (In N)a(F(2)
—FCe(InN)aw(F ) + g1 (FCrs FCe)an(gradIn\) — au(Hge, F C2) + N Ape, e,

for any (1, ¢ € T(DY).
Proof. By using the concept of ¢-pluriharmonicity with and , we have
V¢, G = V& a.((2) + V?Qd*(éﬁfz) — .V, 600 — @V F G — @V 0C — auVie F G,
for any (1, ¢ € T(DY). In the light of , and (2.12)), we can write
@V G2
= V& au(C2) + Vi, @u(6C2) + au(¢V5e, $0C2 + 1(Vie, 62)8)
+ @V, 006G + n(Vie,002)€) — Vi, F G — @V F Go.
By using , and Lemma we get
V¢, G2
= V& a.((2) + Vi, @ (¢C2) + sin206(; (0)a (¢C2) — cos®0a. (¢V 5, C2)
+ sin207 (1 (0) i (¢¢2) — cos®0a. (V¢ C2) + W d(Tse, G2 + HV 5, C2) }
+ (Ve 062)0:E + au{ (A, F0Ca +HV ¢ F0G)} + (Ve 602)ané
— Ve @(FC) + (Vau)(F G, FG) — au(Tse, FGa + Mg, F Ga)-

Finally, by using the horizontal conformality of & from Lemma, and with (2.7), (2.1)), we
have

V¢, G2 =V, @u($C2) + sin206¢1 (0) e (F (2) — cos”0a. (N HV 5, G2 + F Tz, C2)
+ sin20F ¢1(0) @ (F C2) — cos* 00 (N Af ¢, G2 + FuVie, o) + au(HV 5., C2)
+ 1(Vse,062) @€ + au{F (Ape, F0C + NHV ¢, F6G)} + (Vi 062) 0
+ FCG(InX)aw(F G2) + F G(InN)aw(F ¢1) — g1(F 1, F ¢2)ax(gradIn A)
— au(Hse, F G2) + VE au(C2) = Vi au(F C2).

This completes the proof of the theorem.

4. POINTWISE HEMI-SLANT CONFORMAL SUBMERSIONS WITH VERTICAL REEB VECTOR
FIELD-¢

This section will go over the definitions and results that will help us understand and
investigate the concept of pointwise hemi-slant conformal submersions from ACMMs by

considering the Reeb vector filed £ vertical.
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Definition 4.1. Let @ : (21,6,&,1m,91) — (ZE2,92) be a HCS where (E1,6,&,m,91) is an
ACMM and (Eg,g2) is a RM. A HCS @ is called a pointwise hemi-slant conformal sub-
mersion if there exists distributions ®+ and Y such that kera,, = D?@D+@ < ¢ >, ¢(D1) C
['(ker &)t and for any given point ¢ € =1 and By € (D%),, the angle 0 = 0(B1) between ¢
and space (D?), is independent of choice of non-zero vector By € (9%),, where DY is the
orthogonal complement of ®+ in kera,, and < £ > is 1-dimensional distribution. The angle

0 is a slant function, often known as the pointwise hemi-slant function of submersion.

Let @ be a PWHSCS from an ACMM (E;1,¢,&,m,91) onto a RM (Eg, g2) with vertical
Reeb vector field . Then, for any Y € (kera.), we have

Y =BB2 + QP2 + n(B2)¢ (4.24)

where 8 and 9 are the projections morphism onto ®+ and ©°.

Lemma 4.1. Let & be a PWHSCS from an ACMM (Z1,6,€,m,91) onto a RM (Z,92),
then we have
62wy = —cos?0(I — n @ &)w, (4.25)

for any vector field we € T'(kera).

Lemma 4.2. Let & be a PWHSCS with vertical &, from an ACMM (E1,¢,&,1,91) onto a
RM (Eqg, g2), then we have

(i) 91(3¢1,8¢2) = cos® 8{g1 (1, G2) — n(C)n(G2)},
(i) g1(FC1, FGa2) = sin® 0{g1(C1, C2) — n(C1)n(¢2)},
for any vector fields (1,2 € T'(kera).

Moving further, we shall talk about the integrability of slant and anti-invariant distribu-

tions ©¢ and D1 respectively.

Theorem 4.1. Let & be a PWHSCS from SM onto a RM with vertical £ and 0 is a
hemi-slant function, tfae
(i) The anti-invariant distribution D= is integrable.
(i) 71292(V?2@j(FCl) — Vg 0 (F G2), au(Fan)) )
= 9(Ve,F0G + Ve I 06, wi) — g(Te, F G+ TeoF Gy dwn),
for any (1, € T(DY) and wy € DY,
By comparing the preceding conclusion with Theorem it is inescapable that there is

no influence of the Reeb vector field £, whether horizontal or vertical. For slant distribution,

we have

Lemma 4.3. Let a : (Z1,0,£,1,91) — (E2,92) be a PWHSCS with § € T'(keraw) where,
(21,0,€,m,91) a SM and (Ea,92) a RM. Then the slant distribution is not integrable.

Since the slant distribution is not integrable, now we will discuss about distribution ©@ <

&>,

Theorem 4.2. Let & : =1 — =5 be a PWHSCS from a SM Z1 onto a RM Zo such that £

is vertical. Then the following are equivalent.
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(i) Slant distribution D@ < & > is integrable.
(ii) x292(VE au(Fwr), ax(Fw2)) + 3292(VE,au(Fwi), as(6¢1)) + g1 ([wi, Gil, w2)
= sin20g; (w1, ws) — cos?0g1 (Ve wi,wa) — g1(Te, Fwi, dwa) — g1(Tay Fwr, $C1),
for any wy,wy € T(DYD < € >) and § € T(DY).

Proof. For any wy,ws € (D@ < ¢ >) and ¢ € T'(D)* with taking account the fact from
@.11), @13), 2-15), .4), @.5), (2-1) with Lemma [3.2] we get
g1 (w1, wa], (1)

= —g1([w1, (1], wa) + sin20¢1 (0) g1 (w1, wa) — 08?091 (Ve wi, wa) — g1 (Taydwi, $C1)

— U(Te P, B2) = 3502(@e RV Feon), 0 (Fi)) = 5500(0 (R F o), 34 (661).
By using the horizontal conformality of & with Lemma and , we finally have
g1([wr, wa], C1)
= —g1([w1, 1], wa) + sin*0¢1 (0) g1 (w1, w2) — cos*0g1 (V¢,wi, wa) — g1 (Tadwr, pC1)

_ - 1 - _ _ 1 _ _
— g1(Te, F wi, 0wa) — p&h(vgd*(:ﬁm), as(Fwsa)) + ﬁQQ((Vd*)(Cly Fwi),as(Fws))

— 5 0a(V5, . (F ), 0(6)) + 3502((70) (w2, F 1), 34 (660)).

O

Although the nature of ¢ differs, the proofs of Theorem [3.2] and the previous result are
identical as well.

Corollary 4.1. Let & : (E1,¢,&,1m,91) — (E2,92) be a PWHSCS from SM (Z1,¢,£,1,91)
onto a RM (Eq, g2) with hemi-slant function 6. The following conditions holds.

Let (i) D@ < € > is integrable with | (ii) D7 is integrable with
a:(21,0,6,n,91) | € € T(keray) if and only if ¢ € D'(keray)™ if and only if
— (E2,92) 3292(VE ax(Fwi), @ (F w2)) 3292(VE @ (Fwi), @ (F wa))
be a PWHSCS | +3502(V3,au(F wi), @ (6¢1)) +3292(VE, a(Fuwn), ax(6G1))
Jrom SM onto a —/—gl([wl, Cl],WQ) = sin26 +gl([w1, Cl],WQ) = sin26
RM with hemi | gy (w1, ws) — g1(T¢, F wi, 0ws) g1(w1,w2) = g1(Twy F w1, ¢C1)
slant function 6. -C0829g1 (VC1 w1, w2) —COS2991 (Vﬁf"}l? wa)

Then 91 (Tan F w1, 1) -q1(T¢, F wi, 0wo)

Then, for (i), wi,ws € T(D® < € >) and ¢ € T(DY), for (ii), wi,ws € T(DY) and
(1 eT(D1).

For totally geodesicness of anti-invariant distribution ©+ considering ¢ to be vertical spe-
cially ®+@ < € >, we have

Theorem 4.3. Let a be a PWHSCS from SM (E1,¢,&,m,91) onto a RM (Ea,g2) with
hemi-slant function 0 and vertical Reeb vector field £. Then the anti-invariant distribution
DL® < € > defines a totally geodesic foliation if and only if
1 == - 1 _ _ - -
pQQ(VZa*(F@), s (F wr)) Zﬁm((vw)@h F (), ax(Fwi)) — g1(Te, 662, F)

— q1(vV¢,0Ce, 0wq) — g1(T¢, F (2, 0wy)
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and
%92(V?107*(FC2), ax(Np1)) :%92((V@*)(Cl, F (), au(NB1)) — g1(T, 62, N Br)

— q1(vV¢,6Co, TB1) — 91(Te, F 2, TB1) + 91(C1. BB )n(Ca),
for any (1,6 € T(D+@ < € >),w; € T'(DY) and By € I'(ker ) *.

Proof. From , , , and , we obtain

L 1 - B
gl(vCl@ﬂﬂl) 291(721 FCQv le) + FQQ(&*(NVCIFQQ), @*(le))
+ 91(7¢, 02, Fwi) + g1(vV ¢, 6C2, 6wy).
Lemma (2.1)), and the horizontal conformality of & allow us to ultimately obtain

91 (Ve G, w1) =g1(Té,6Ca, Fwi) + g1(vV¢, 8¢, 0wi) + g1 (Te, F (o, dwy)

- (V) (G, F G),an(Fen) + 3502(VE 0 (F ), au(F i),

However, using , , , , , and , for any (1, (e € I'(®1) and

B1 € T'(ker a,)*t, we have

9(VerGar 1) =702 VAG(F ), 3. W) — 3502((Va) (€1, F G2), 4 (N B1)
+91(76,06, NBr) + g1(vV ¢, 0C2, TB1) + 91 (T, F C2, T Br)
+ g1(C1, BBN(C2).
This is the required proof of theorem. O

Theorem 4.4. Let & be a PWHSCS from SM (E1,¢,€,m,91) onto a RM (Za,92) with
hemi-slant function 6 and vertical Reeb vector field &. Then the slant distribution ®+ not
defines totally geodesic foliation.

Since the slant distribution is not defines totally geodesic foliation, we can discuss the total
geodesicness of D@ < ¢ > as follows :

Corollary 4.2. Let & be a PWHSCS from SM (E1,6,&,m,91) onto a RM (Ea,g2) with
hemi-slant function 6 and vertical Reeb vector field ¢. Then the slant distribution ®+@ < £ >
defines a totally geodesic foliation if and only if

302 (VE AT G, (Feon)) =3502(Va) (G, T ), (T o)) = 91(T6,36a. )

o ) (4.26)
—91(vV¢,0C2,0wr) — g1 (T¢, F 2, 0wy)
and
1 - _
122(VE au(F &), an(NBY)
= %gz((véz*)(cl, F (o), (N B1)) — 91(T,8C2, N'B1) (4.27)

—g1(vV¢,0C2, T B1) = 91 (T, F o, TB1) — 91(8F €1, B1)n(Cz),
for any 1,6 € T(DL),wy € (DY) and By € T'(ker &)t

Theorem provides an easy way to prove the above conclusion by taking the vertical

character of £-. When we compare the proof of both results, there is no change in equations



Calculation(2025) 1(2):84-102/ A NOTE ON POINTWISE HEMI-SLANT CONFORMAL ... 101

(3.22) and (4.26]), but in comparison (3.23) and (4.27)), single term g1 (6¢1, (2)n(B1) is substi-
tuted by —g1(6F C1, B1)n(¢2)-

5. CONCLUSION

This research article examined the effect of a vector field - with dual nature (vertical and

horizontal) on pointwise hemi-slant conformal submersions from Sasakian manifolds. The

conditions of distribution integrabiities and their leaves’ total geodesicness are also examined.
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Abstract. In this article, we examine the interaction between Ricci solitons and the
properties of the geometric structure in a perfect fluid spacetimes that admits a Lorentzian
Concircular structure manifold with a Concircular curvature tensor. We investigate the
conditions under which a Ricci soliton exists within such a framework and analyze its
implications on the curvature properties of the spacetime. The study focuses on the influence
of the soliton potential on the energy-momentum tensor of the perfect fluid and examines the
interplay between the Ricci curvature and the Concircular structure. Further, we establish
key geometric conditions that characterize the nature of the Ricci soliton in this setting
and derive significant constraints on the manifolds topology. Our findings contribute to the
broader understanding of the role of Ricci solitons in relativistic fluids and their impact on
spacetime geometry.

Keywords: Ricci soliton, Einstein, perfect fluid, Lorentz space.
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1. INTRODUCTION

Geometric flows have emerged as a crucial tool in the study of Riemannian and semi-
Riemannian manifolds, as well as in the theory of general relativity. In his foundational
work, Hamilton [12] identified the Ricci flow as an effective method for refining the structure
of a manifold. This process modifies the metric of a Riemannian manifold M over time,

helping to smooth out its irregularities. The Ricci flow is defined by:

% = —2Ric (1.1)
where g represents the components of the metric tensor, Ric is the Ricci curvature tensor,
and t denotes the time parameter. Ricci solitons represent self-similar solutions to the Ricci
flow. They have attracted considerable attention in both differential geometry and general
relativity due to their strong connection with the Ricci flow and their role as a generalization

of Einstein metrics. On a Riemannian manifold (M, g), a Ricci soliton is a particular type of
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solution to the Ricci flow equation. It can be viewed as a natural extension of an Einstein

metric and is characterized by a triple (g, V, a), where the following condition holds:
Lvg+ 2Ric+ 2ag =0, (1.2)

where Ric is the Ricci curvature tensor of the metric g, £y g denotes the Lie derivative of
g along the vector field V on M, and a is a scalar constant. A Ricci soliton (g,V,a) on
a manifold M is classified as shrinking, steady, or expanding depending on the sign of the
constant a. Specifically, the soliton is: shrinking if ¢ < 0 : the manifold contracts over time,
steady if @ = 0 : the metric evolves trivially under the flow, and expanding if a > 0 : the
manifold expands over time.

Ricci solitons are fundamental in the analysis of geometric flows and general relativity, act-
ing as self-similar solutions to the Ricci flow equation. Their importance has led to extensive
investigations across various spacetime geometries, as they offer a deeper understanding of
how geometric structures evolve over time. Notably, exploring Ricci solitons within perfect
fluid spacetimes offers meaningful contributions to the fields of relativistic hydrodynamics
and cosmological modeling. A perfect fluid spacetime is an idealized model in which the
energy-momentum tensor represents a fluid with no viscosity or heat conduction, making it
a fundamental framework in general relativity. When such a spacetime admits a Lorentzian
Concircular structure, it imposes additional geometric constraints that influence the cur-
vature properties and behavior of Ricci solitons. The Lorentzian Concircular structure,
characterized by a Concircular vector field, plays a significant role in studying the conformal
geometry of spacetime and its interaction with fluid dynamics.

As a natural extension of the Lorentzian para-Sasakian manifold (commonly referred to as
the LP-Sasakian manifold, introduced by Matsumoto) A.A. Shaikh [21] developed the concept
of Lorentzian Concircular structure manifolds, exploring their existence and significance in
both cosmology and the general theory of relativity. These manifolds, denoted as (LCS),,-
manifolds, form a notable subclass within the broader category of semi-Riemannian manifolds
and play a crucial role in the analysis of spacetime geometry, especially in four-dimensional
equipped with a Lorentzian metric g with signature (—,+,+,+). The Lorentzian metric,
which stands out among indefinite metrics, introduces a distinct geometric framework where
not all directions are equivalent. This leads to a classification of vectors into timelike, lightlike
(null), and spacelike, depending on how they interact with the metric. The foundation of
Lorentzian geometry lies in understanding the causal character of these vectors. This causal
structure is what makes Lorentzian manifolds particularly well-suited for modeling spacetime
in the context of Einsteins theory of general relativity [14].

In recent years, Ricci solitons have been extensively explored by several geometers across
a wide range of geometric frameworks in [I], [4], [5], [7], [9], [10], [11], [16], [I7], [19], [20].
Furthermore, a number of researchers have investigated perfect fluid spacetimes from the
perspective of Ricci soliton geometry, highlighting their structural and curvature properties
in (31, [6], 8], [18], [24].

Based on the above this research investigates the relationship between Ricci solitons and
the geometric framework of a perfect fluid spacetime that possesses a Lorentzian Concircular

structure. By examining the essential characteristics of these spacetimes, the study aims to
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understand the role Ricci solitons play in shaping their geometric progression and stability.
Additionally, the work seeks to identify the criteria necessary for the existence of such soli-
tons, thereby offering valuable insights into their significance within the realms of differential
geometry and theoretical physics.

Relativistic fluid models play a vital role across various areas of physics, including as-
trophysics, plasma physics, and nuclear physics. In the context of general relativity, perfect
fluids serve as simplified yet powerful models for describing matter distributions, such as those
found within stars or in an isotropic universe. Einsteins field equations can be employed to
analyze the dynamics of a perfect fluid enclosed in a spherical body, while the FLRW equa-
tions are instrumental in modeling the large-scale evolution of the universe. Within general
relativity, the energy-momentum tensor acts as the source of spacetime curvature. A perfect
fluid is fully described by its mass density in the rest frame and its isotropic pressure. It
lacks shear stresses, viscosity, and heat conduction, and its energy-momentum tensor takes

the following form:
T, V) =pg(UV)+ (o +pnU)n(V). (1.3)

For any vector fields U,V € x(M), where p denotes the isotropic pressure, o represents
the energy density, and g is the Minkowski metric tensor, the velocity vector of the fluid is
given by & := #(n), satisfying the normalization condition g(£,£) = —1. When the relation
o = —p holds, the energy-momentum tensor becomes Lorentz-invariant, expressed as T =
—og, corresponding to the vacuum state. Alternatively, when o = 3p, the matter content is
identified as a radiation fluid.

The motion of a perfect fluid is governed by Einstein’s field equations, which describe the

interaction between matter and the curvature of spacetime:
Ric(U, V) + (A — g)g(U, V) = kT(U, V). (1.4)

For any vector fields U,V € x(M), where X\ denotes the cosmological constant, k represents
the gravitational constant (often taken as 87G in geometric units with G the universal
gravitational constant), Ric is the Ricci curvature tensor, and r is the scalar curvature
associated with the metric g. These modified field equations arise from Einsteins original
formulation, where the cosmological constant was introduced in an attempt to model a static
universe. In contemporary cosmology, however, A is interpreted as a potential form of dark
energy responsible for the observed accelerated expansion of the universe. Substituting the
expression for T from equation into we obtain:

Ric(U,V) = — [)\ . g — k’p} g(U, V) + (ok + pk)n(U)n(V), (1.5)

for any U,V € x(M). Recall that a manifold exhibits a particular geometric property when
its Ricci tensor Ric can be written as a functional combination of g and n ® n, for n the g
dual 1-form of a unitary vector field, is called quasi-Einstein.

By contracting equation and considering that ¢g(&, &) = —1, we obtain:

r =4\ + ko — 3kp. (1.6)
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Therefore, the resulting expression simplifies to:

2\ + ko — pk
Ric(t,v) = | PRI y0,9) 4 (ko kpn(@)n(v), (1.7)
This relation holds for all vector fields U, V' € x(M).
2\ + ko — pk
QU:[+;rp}U+Mw+WMWK. (1.8)

Here, Ric denotes the Ricci tensor associated with the Ricci operator (), defined by the
relation Ric(U, V) = g(QU,V).

2. Basic CONCEPTS OF LORENTZIAN CONCIRCULAR STRUCTURE MANIFOLD

In this section, we explore key concepts of Lorentzian Concircular structure manifolds: A
Lorentzian Concircular structure manifold is a smooth manifold M equipped with both a
Lorentzian metric g and a Concircular structure.

An n-dimensional smooth, connected, and paracontact Hausdorff manifold M, equipped
with a Lorentzian metric g, is referred to as a Lorentzian manifold. This implies that M
possesses a smooth, symmetric tensor field g of type (0, 2) such that for each point p € M, the
bilinear form g, : T, M x T,M — R defines a non-degenerate inner product with signature
(—,+,...,+). Here, T,M denotes the tangent vector space to M at p, and R represents the
field of real numbers. A non-zero vector v € T,M is classified as timelike if g,(v,v) < 0,
non-spacelike if g,(v,v) < 0, null if g,(v,v) = 0, or spacelike g,(v,v) > 0, [I5]. The causal
character of a vector refers to the category it falls into based on this classification.

A Lorentzian manifold M admits a unit timelike concircular vector field £, referred to as the
characteristic vector field of the manifold. The manifold satisfies the following fundamental

conditions:

gU, ) =nU), g(& &) =—-1, (Vun)(V) =o{gUU,V) +nUU)n(V)}, (2.9)

where g denotes the Lorentzian metric, £ is the unit timelike concircular vector field, n is
the associated 1-form, V represents the Levi-Civita connection, and « is a smooth scalar
function on M. From equation (2.9)), we obtain:

Vi€ = afll + nU)e}. (2.10)

For any vector fields 4,V on M and V represents the covariant derivative operator associated
with the Lorentzian metric g, and « is a non-zero scalar function that satisfies:

Vuo = Ua) = do(U) = pnUd). (2.11)
Let p denote a scalar function defined by p = —(£«). By setting:
Vué = agld. (2.12)

Then, using equations (2.10) and (2.12)), we get:

QU =U +nU)E. (2.13)

Here, ¢ is a (1,1)-type tensor field, referred to as the structure tensor of M. A Lorentzian

manifold M, equipped with a unit timelike concircular vector field &, its associated 1-form
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7, and structure tensor field ¢, is known as a Lorentzian Concircular structure manifold,
abbreviated as an (LCS),-manifold [2I]. In such a manifold, the following fundamental

relations are satisfied:

PV = V+aV)E nleV)=0, n¢)=-1, ¢-£=0, (2.14)
geU,¢V) = gU, V) +nU)nV), (2.15)
n(RUVZ) = (o®=p)lgV, Z)nlU) — g, Z)n(V)], (2.16)
RUV)E = (o= p)lnOWU —nU)V], (2.17)
Ric(U,&) = (n—1)(a® = p)nU). (2.18)

For all vector fields U, V, Z on M, let R denote the Riemann curvature tensor associated with
the Lorentzian metric g, and let Ric represent the Ricci tensor corresponding to the Ricci
operator @, defined by Ric(U,V) = g(QU, V).

The Concircular curvature tensor C [3] is defined by the expression:

cu,vyz = RU,V)Z - gV, 20U — g(U, Z2)V], (2.19)

n(n—1)
where R is the Riemann curvature tensor, r denotes the scalar curvature, and Ric represent
the Ricci tensor associated with operator @, that is, Ric(U,V) = g(QU, V).

3. CERTAIN GEOMETRIC PROPERTIES OF A PERFECT FLUID SPACETIME ADMITTING
LORENTZIAN CONCIRCULAR STRUCTURE MANIFOLDS

In this portion of the paper, we investigate the geometric characteristics of a perfect fluid
spacetime modeled on a Lorentzian Concircular structure manifold (denoted as (LCS),-
manifold). Our aim is to explore how the intrinsic geometry of such a manifold interacts with
the energy-momentum distribution of a perfect fluid. We begin by recalling the fundamental
definitions and structure tensors associated with a Lorentzian Concircular structure manifold
and the energy-momentum tensor for a perfect fluid, followed by derivations of curvature
conditions, symmetry properties, and physical interpretations relevant to relativistic fluid
dynamics.

The Concircular curvature tensor ¢ [3] in perfect fluid spacetime endowed with a 4-

dimensional Lorentzian Concircular structure manifold is defined as follows:
cuv)z = RU,V)Z - %[Q(V, 20U - gU, Z)V]. (3.20)

After Covariantly differentiating equation and contracting, we derive
(divC)(U,V)Z = (divR)U,V)Z — 1—12[g(V, Z)Ur) —gU, Z)(Vr)]. (3.21)

Assuming divC = V - ¢ = 0, where div represents the divergence, we derive the following

from equation (3.21)):
, . 1
(VuRic)(V, Z) = (VyRie)U, 2) = 519(V. 2){Ur) — gU, Z)(Vr)]. (3:22)
Since 7 is a constant scalar curvature, the preceding relation indicates that

9(VuQ)Y — (W)U, Z) = 0 = (VuQ)V — (VvQ)U = 0. (3.23)
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By substituting equation ([1.8)) into (3.23), we obtain:
k(o +p)g(V, Vub)§ +n(V)Vus — gU, VvEE — nU) V€] = 0. (3.24)
Inserting (2.12), (2.13) in (3.24)) and on simplification, we get:

k(o + p)alnOW)U — nU)V] = 0. (3.25)

Here, k denotes the gravitational constant defined as kK = 87 in geometrized units, where
G is the universal gravitational constant. The preceding equation leads to the condition

p = —o, under the assumption that « % 0. This leads us to the following conclusion:

Theorem 3.1. Let (M, g) be a general relativistic perfect fluid spacetime endowed with a
Lorentzian Concircular structure manifold satisfying . If the divergence of the Concir-
cular curvature tensor vanishes, that is, divC = V - (' = 0, then the pressure and energy

density satisfy p = —o provided that o # 0.

If the Concircular curvature tensor is Concircularly flat, that is, C(U,V)Z = 0, then by
equation ([1.6)), it follows that:

A N+ k(o —3
Rz = PR 00 g - g,z (3.26)
If the condition p = —o is imposed in equation (3.26)), then it results in the following
expression:
Atk
RUNV)Z =~ 190, 20U — gd, Z)V). (3.27)

Based on this, we propose the following statement:

Theorem 3.2. Let (M, g) be a general relativistic perfect fluid spacetime that satisfies equa-
tion (@) and possesses a Lorentzian Concircular structure. If the Concircular curvature
tensor C'= 0 vanishes, implying that the manifold is Concircularly flat, then the spacetime

has constant curvature given by ’\‘Ei

In this case, we investigate the curvature properties under the assumption that the space-
time is 4-dimensional £-Concircularly flat that is:

Using the definition of the Concircular curvature tensor, we have:
CU,V)§ = RU,V)E- 1%[90775)“ —gU, V. (3.28)
If the manifold is £-Concircularly flat, then C(U, V)¢ = 0, which implies:
RU,V)E = 35 [9(V, U — gU V. (3.29)

By applying equations (1.6)) and (2.17) in (3.29)), the following result is derived:

—[4X + k(o — 3p)] + 12(a® — p)
12

W)U —nU)V] = 0. (3.30)

From (3.30)), we get:
4N+ ko —12(a® — p)
3k )

p= (3.31)

As a result, we conclude the following;:
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Theorem 3.3. Let (M, g) be a general relativistic perfect fluid spacetime satisfying equation

and admitting a Lorentzian Concircular structure. If the Concircular curvature tensor

. _ . AN+ko—12(a%—p)
satisfies Q(U, V) = 0, then the pressure p is equal to ————-—".

Definition 3.1. A second-order tensor ¢ is referred to as a parallel tensor if its covari-
ant derivative vanishes, i.e., V£ = 0, where V represents the covariant derivative operator

associated with the metric tensor g.

Consider £ as a symmetric second-order tensor. It is said to be parallel if it satisfies V£ = 0.

Employing the Ricci commutation identity, we proceed as follows:
Vi wl(3,20) — Vi ,0(20,3) = 0. (3.32)
Accordingly, the resulting expression is:
U(RU,V)3,20) + £(3, R(U,V)2) = 0. (3.33)

For arbitrary vector fields U, V), 3,20 on M, by assigning 3 = 20 = £ in equation (3.33)), and
applying equation (3.27)) along with the symmetry property of £, we obtain:

2L W i, ) - naouw. ) =0, (3.31)
From equation, it follows that either A\ = —ok, which is equivalent to o = _T/\ or
W)U, &) —nU)ev,§) = 0. (3.35)
By inserting Y = £ in and on simplification, we obtain:
(Y, &) = —n(W)(E,E). (3.36)

The fact that ¢ is parallel, combined with equation (3.36]), leads to the conclusion that £(&, )
is constant:

(VaO)(V,€) + L(VyV. ) + LV, VyE)
= —{lg(VyV, &) + g(V, Vu&U(E, &) + n(V)[(Vul)(§, €) + 26(Vus, §)I} - (3.37)
By considering V¢ = 0 and by virtue of in , we obtain:
VyV. ) + al(V, olh) = —{[n(VuV) + ag(V, pt)]E(£, &) + 2an(V)L(eWh, §)}.  (3.38)
By using in and by virtue of and on simplification, we have:

For any arbitrary vector fields £,V on M and assuming /¢ is parallel, it follows that £(&, &)
remains constant. Therefore, we conclude the following:

Theorem 3.4. In a perfect fluid spacetime that is Concircularly flat and equipped with a
Lorentzian Concircular structure manifolds, the presence of a symmetric parallel tensor of
second order implies that either the condition X = —ok is satisfied, or the tensor must be a

constant scalar multiple of the metric tensor g.
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If A+ ok # 0 in equation (3.34)), then Concircularly flat perfect fluid spacetime endowed
with a Lorentzian Concircular structure manifolds that admits a second-order symmetric

parallel tensor is a regular spacetime. Accordingly, we present the following corollary:

Corollary 3.1. In a Concircularly flat, reqular perfect fluid spacetime endowed with a
Lorentzian Concircular structure, a second-order symmetric parallel tensor possesses the
same directional and symmetry characteristics as the metric tensor and is uniformly scaled

by a constant factor across the manifold. Hence, it is a constant multiple of the metric tensor

g.

4. PERFECT FLUID SPACETIME SATISFYING (§,-)r - Ric = 0 AND LORENTZIAN
CONCIRCULAR STRUCTURE MANIFOLD

This section focuses on the analysis of a perfect fluid spacetime in Lorentzian Concircular
structure manifolds that fulfills the curvature condition (&, -)g - Ric = 0, which is equivalent
to the following [3]:

(& U)r- Ric)(V,Z) = (((ARU)- Ric)(V, Z)
= Ric((¢ARU)V, Z) + Ric(V, (EARU)Z), (4.40)

where the curvature operator (UARV) is defined by its action on a vector field Z as (UARV)Z =
R(U,V)Z. Utilizing this definition, equation (4.40) leads to:

Ric(R(&,U)V, Z) + Ric(V,R(&,U)Z) = 0. (4.41)
Inserting in , we get
(P72 (i, 0)v.2) + oV, R V)2)
+(ko + kp)In(R(&, U)V)n(Z) +n(V)n(R(E,U)Z)] = 0. (4.42)
By substituting equations and (2.17)) into (4.42)), we obtain the following expression:
(ko + kp)(e® = p)g(U, V)n(Z) + (U, Z)n(V) + 20(U)n(V)n(Z)] = 0. (4.43)
By replacing Z with ¢ in equation (4.43), we obtain:
(a® = p) (ko + kp)[g(U, V) + n(U)n(V)] = 0, (4.44)
we obtain 0 = —p and (a2 — p) # 0. Therefore, we can conclude the following:

Theorem 4.1. Let (M,g) be a perfect fluid spacetime in general relativity that admits a
Lorentzian Concircular structure and satisfies equation . If the curvature condition

(&,-)r - Ric = 0 holds, then the pressure p and energy density o satisfy o = —p.

5. PERFECT FLUID SPACETIME SATISFYING (&, )Ric - R = 0 AND LORENTZIAN
CONCIRCULAR STRUCTURE MANIFOLD

The current section is concerned with the perfect fluid spacetimes in Lorentzian Concir-

cular structure manifolds that satisfy the curvature condition (&, -)gic - R = 0. This condition
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is equivalent to the following expression:
(&, U)pic - R)(V.Z)W = (EAricU)R(V, Z)W + R((EARicU)V, Z)W
+R(V, (§AricU)Z)W + R(V, Z)(EARicU)W,  (5.45)
where (UARiV)Z = Ric(V, Z)U — Ric(U, Z)V. Rewriting the preceding relation, we obtain:
Ric(U, R(V, Z)W)& — Ric(§, R(V, Z)W)U + Ric(U,V)R(&, Z)W
—Ric(§,V)R(U, Z)W + Ric(U, Z)R(V,§)W — Ric(&, Z)R(V, U)W
+Ric(UW)R(V, Z)§ — Ric(§, W)R(V, Z)U = 0. (5.46)
Applying the inner product with the vector field £ in equation , we obtain:
—Ric(U,R(V,Z)W) — Ric(&, R(V, Z)W)n(U) + Ric(U,V)n(R(&, Z)WV)
—Ric(&, V)n(R(U, 2)W) + Ric(U, Z)n(R(V, )W) — Ric(&, Z)n(R(V,U)W)
+Ric(U,W)n(R(V,Z)§) — Ric(&, W)n(R(V,Z)U) = 0. (5.47)
Inserting in , we get

(AT (a0 RV 20W) — RV 2)W)n() + 90V )n(R(E 2)W)

n(VIn(BU. )W) + g(U. Zy(RV.OW) — n(Z)n(BV.U)W) + (U, Wn(R(V. 2))
—n(W)n(R(V, Z)U)] + k(o + p)In(U)n(V)n(R(E, Z)W) + n(V)n(R(U, Z)W)

O OW) + A D) + o kil 2

(W )n(R(V. Z)0)] = (5.45)

By using (2.16), (2.17) in (5.48)), we arrive at

(W) [—9(U, R(V, Z)W) + (a® = p){29(V, W)n(U)n(Z)

=29(Z,W)n(U)n(V) — g(U,V)g(Z,W) + g(U, Z)g(V,W)}]
+k(o + p)(a® = p)[g(U, Z)n(W)n(V) — g(U,V)n(W)n(Z)] = 0. (5.49)

By inserting Z = W = ¢ in (5.49)) and on simplification, we have
(@® = p)[2X = 2kp][g(U, V) + n(U)n(V)] = 0. (5.50)
From the above equation, it follows that p = % and (a? — p) # 0. Consequently, we present

the following result:

Theorem 5.1. Let (M, g) be a general relativistic perfect fluid spacetime satisfying equation
and admitting a Lorentzian Concircular structure manifold. If the curvature condition

(5, )ch - R =0 holds, then the pressure satisfies p = %, provided that (o — p) # 0.

6. PERFECT FLUID SPACETIME SATISFYING (&, ')Q - Ric = 0 AND LORENTZIAN
CONCIRCULAR STRUCTURE MANIFOLD

In this section, we investigate perfect fluid spacetimes admitting a Lorentzian Concircular

structure manifold that satisfy the condition (&, )Q - Ric = 0. This condition is equivalent to
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the following relation:
(€ V) RiO)(V.2) = ((EnqD)- Ri)(V.2)
= Ric((f/\QU)V, Z) + Ric(V, (f/\QU)Z), (6.51)

where the operator (U/\QV) acts on a vector field Z as (U/\QV)Z = C(U,V)Z. Reformulating
the preceding expression using this definition, we get:

Ric(C(&,U)V, Z) + Ric(V,C(§,U)Z) =0, (6.52)
Inserting in , we obtain:
(P12 ot v 2) +avicie. 0)2)

+ (ko + kp)[n(C(E, U)V)n(Z) +n(V)n(C(¢,U)Z)] = 0. (6.53)
By using , , and in , we get:

12(a® — p) — 4\ + k(o — 3p
(ko + ) { 2OV = A RO =3 107 vy 2) + (0. 20V
12
+2n(U)n(V)n(Z)] = 0. (6.54)
Replacing Z by £ in equation (6.54]), gives the following result:
12(a® — p) — [4AX + k(o — 3p
(ko -+ ) { 2O BRI vy oy =0 655)
Therefore, we arrive at two possibilities: either ¢ = —p or p = %ﬁf(oﬂ_p). As a conse-

quence, we establish the following result:

Theorem 6.1. Let (M,g) be a general relativistic perfect fluid spacetime endowed with a

Lorentzian Concircular structure manifolds satisfying equation . If the condition (&, -) o

2
Ric = 0 holds, then either 0 = —p or p = %ﬁf(a_p).

7. PERFECT FLUID SPACETIME SATISFYING (&, )gic - C =0 AND LORENTZIAN
CONCIRCULAR STRUCTURE MANIFOLDS

In this section, we examine perfect fluid spacetimes in Lorentzian Concircular structure

manifolds satisfying the condition (, -) ric-C = 0. This condition is equivalent to the following;:
(& O)Ric- C)V, 2)W = (§ARicU)C(V, Z)W + C((EARiU)V, Z)W
+CV, (EARiU)Z)W + C(V, Z)(EARicU)W (7.56)
where (XAgicY)Z = Ric(Y, Z)X — Ric(X, Z)Y.
The preceding equation can be expressed as:
Ric(U,C(V, Z)W)& — Ric(€,C(V, Z)W)U + Ric(U,V)C(E, Z2)W
—Ric(&,V)C(U, Z)W + Ric(U, Z)C(V, )W — Ric(§, Z)C(V,U)W
+Ric(UW)C(V, Z2)¢ — Ric(&, W)C(V, Z)U = 0. (7.57)
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Taking the inner product of equation with &, we obtain:
—Ric(U, Q(V, Z)W) — Ric(§, C(V, Z)W)n(U) + Ric(U, V)n(C(&, Z)W)
—Ric(&, V)n(CU, 2)W) + Ric(U, Z)n(C(V, )W) — Ric(&, Z)n(C(V,U)W)
+Ric(U,W)n(Q(V, Z2)§) — Ric(§, W)n(C(V, 2)U) = 0. (7.58)

Inserting equation (|1.7]) into (|7.58) gives:

(W) [—9(U, Q(V, Z)W) — n(C(V, Z)W)n(U) + g(U, V)n(C(&, Z)W)

—n(V)n(CU, 2)W) + g(U, Z)n(C(V, )W) = n(Z)n(C(V,U)W) + g(U, W)n(C(V, Z)§)
—n(W)n(C(V, 2)U)] + k(o + p)[n(U)n(V)n(C(&, 2)W) + n(V)n(C(U, Z)W)
+n(U)n(Z2)n(C(V, )W ) n(Z)n(CV,U)W) + n(U)n(W)n(G(V, 2)§)
+n(W)n(C(V, Z)U)] = (7.59)
By substituting equations , and into , we obtain:

- (B oo

o— a? —p) — o~
. <2>\+l<:2( p)> {12( p) [142A+k( 3p)]}[2g(v, W)n(U)n(2)

=29(Z, W)n(U)n(V) — g(U,V)g(Z,W) + g(U, Z)g(V, W)]

12(a? — p) — 4\ + k(o — 3p
o k) { AR o0 2y wyn(v)
—g(U,V)n(W)n(Z)] = 0. (7.60)
By substituting Z = W = £ in ([7.60) and on simplification, we have
12(a® — p) — [AX + k(o — 3p
2) - 2ky) { @)= AR =3 vy s wmv =0, (e
Therefore, either p = £ or p = %f(atp). Hence, we present the following;:

Theorem 7.1. Let (M, g) represent a general relativistic perfect fluid spacetime satisfying
, endowed with a Lorentzian Concircular structure manifold. If the condition (&,-)Ric -

C =0 holds, then either p = % orp= %1;(&—[))

8. RICCI SOLITONS WITHIN PERFECT FLUID SPACETIMES POSSESSING A LORENTZIAN
CONCIRCULAR STRUCTURE MANIFOLD

This section explores Ricci solitons within the framework of a perfect fluid spacetime
endowed with a Lorentzian Concircular structure.

Consider the Ricci solitons equation:
Leg + 2Ric + 2ag = 0. (8.62)

Let g be a pseudo-Riemannian metric, Ric the Ricci tensor, £ a vector field, and a a real
constant. A triple (g,,a) that satisfies equation (8.62) is called a Ricci soliton on M. The
soliton is said to be shrinking, steady, or expanding depending on whether a is negative, zero,

or positive, respectively.
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From the Lie derivative, it follows that:

(Leg)(U, V) = g(Vu&, V) + g(U, Vve). (8.63)
By using in , we obtain
Rie(U,V) = ~ag(U,V) — 5lg(Vu&, V) + 9(U, Fv€)]. (5.64)

By contracting both sides of (8.64)), we arrive at:
r=—a-dim(M)— div(§), (8.65)

where dim(M) denotes the dimension of the manifold M, and div(§) is the divergence of the
vector field &.

Let (M, g) be a spacetime representing a general relativistic perfect fluid with a Lorentzian
Concircular structure, and let (g, ¢, a) define a Ricci soliton on M. From equations and

(8.64)), we obtain:

k(o —p)

A
a+ A+ 5

g(U, V) + k(o +p)n(U)n(V)

+5lo(VuE, V) + g(U, Vve)] = 0. (5.66)

By an orthonormal frame field e; substituting U = V = ¢; in and by incorporating

the fluid parameters and the divergence of the vector field £, the soliton constant a takes the

form:

k(o —3p)  div(§)
4 4

Therefore, we present the following statement:

a=—-\—

(8.67)

Theorem 8.1. A Ricci soliton (g,&,a), wherea = —A— @ — divT(g), is classified as steady

when p = §3+§ + %55 it is expanding if p > 3+ §+ G, and shrinking if p < 3+ § + G-

9. CONCLUSION

This investigation highlights the fundamental role of Ricci solitons in perfect fluid space-
times characterized by a Lorentzian Concircular structure and a Concircular curvature ten-
sor. Through a detailed analysis of the relationship between the soliton potential, energy-
momentum tensor, and the geometric properties of the manifold, we have identified essential
conditions for the existence and nature of Ricci solitons. The results impose meaningful
constraints on the curvature and topology of the spacetime, offering new perspectives on the
geometric behavior of relativistic fluids. These contributions not only strengthen the theo-
retical understanding of Ricci solitons but also expand their relevance within the framework
of general relativity.

Looking ahead, this study can be extended by examining Ricci solitons in more generalized
geometric environments, such as manifolds with torsion or non-metric connections. Further
research could also address the stability, evolution, and physical significance of Ricci solitons
in dynamic spacetimes. Incorporating numerical approaches and analyzing specific solutions
to Einsteins field equations may offer practical insights, enhancing the applicability of the

theoretical findings to problems in cosmology and gravitational physics.
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TAUBERIAN THEOREMS IN NEUTROSOPHIC N-NORMED LINEAR
SPACES VIA STATISTICAL CESARO SUMMABILITY
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Abstract. In this study, the connection between statistical Cesaro summability as well as
sequence of statistical convergence within neutrosophic n-normed linear space (9nNLS) is
investigated. Although Cesaro summability along with its statistical variant within classical
normed spaces, fuzzy, intuitionistic fuzzy, and neutrosophic are covered in the literature,
this study is notable for both its methodology and its thorough approach, which covers a
wider range among spaces in addition explains the process beginning with the statistical
Cesaro summability concepts towards statistical convergence. The Tauberian theorems in
TMnNLS will follow from these findings.

Keywords: Neutrosophic n-normed linear space; Cauchy sequence; Tauberian theorem;
Cesaro summability
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1. INTRODUCTION

In 1965, Zadeh[23] initially presented the theory among fuzzy sets. He developed this the-
ory to deal with the idea of partial truth, in which truth values fall somewhere between being
entirely true and being entirely untrue. This strategy was especially helpful for handling
ambiguous or imprecise data, which conventional binary logic was ill-equipped to handle.
Atanassov[2], [3] introduced intuitionistic fuzzy set(IFS) theory in 1986. This theory adds
a degree among membership as well as a degree among non-membership to the usual fuzzy
set theory. Florentin Smarandache[I8][19] introduced the concept of neutrosophic sets as to
extend of the IFS. The degree of indeterminacy and the neutrosophic set were established as
distinct components in his 1995 manuscript, which was published in 1998. Compared with
traditional fuzzy sets, this enables a representation of imprecision and uncertainty, which
makes it especially helpful in situations where judgments must take into account ambiguous
or incomplete data. Gunawan and Mashadi[9], Kim and Cho[I3], Malceski[I4], and other

researchers have looked at n-normed linear spaces. Vijayabalaji and Narayanan[2I] defined
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a fuzzy n-normed linear space. Saadati and Park[I7] introduced the concept of intuitionistic
fuzzy normed space. Many more authors have conducted research on generalised difference
sequence spaces. Jeyaraman et al.[10],[11] established the concepts of Logarithmic summa-
bility and Cesaro summability in neutrosophic n- normed linear spaces. Praveena et al.[10]
generalized the concept of Cesaro summability method in Neutrosophic Normed spaces using
the Tauberian conditions.

Our aim in this research is to introduce the idea of statistical summability theory in a neu-
trosophic n- normed linear spaces 9indiL£S. In the context of 9NInN, this work will assist us in
establishing Tauberian conditions which enable the shift beginning with the statistical Cesaro
summability towards statistical convergence among sequences. In order to accomplish this,
we provide the ideas among Cesaro as well as statistical Cesaro summability. Future research

into related Tauberian theorems in a 9MNLS environment is made possible by these ideas.

2. PRELIMINARIES

This phase contains some of the basic definitions in addition to the notation required for
the next section.

Definition 2.1. [I0] The following azioms define a continuous t-norm as a binary operation
x:[0,1]x [0,1]— [0,1]

(i) x is continuous, commutative and associative,

(ii) px1=p forevery pe[0,1],

(1i1) If p <t and q < s then pxq < txs, for each p,q,t,s € [0, 1]

Definition 2.2. [10] The seven-tuple (L, fi, 7, &, *,0,0) is recognized as a MnNLS, where
L represents the space of vectors among dimensions that vary d > n on the domain R, x
indicates a continuous t-norm, ©, and o represent a continuous t-conorms, and [, U, and
@ are fuzzy sets described on U™ x (0,00). In this context, i denotes the membership de-
gree, U denotes the non-membership degree and w indicates the degree of indeterminacy
for elements (fl,fQ,...,fn,j\) € U™ x (0,00). The following requirements are met for each
(f1,f2y - - -y, ) € U™ and s,A>0:

(i) ifi s - s Bs A) + P01 s B A) + @1 s - Fn ) <35

(id) fu(fy fas - o A) =1, 5(fy,fas - s A) = 0 and @(fy, o, - - - fps A) = O for every

positive X iff f1,1a, ... ,f, are linearly dependent;

(iii) i(f1sfas - s fns A)s D(f1sfs - - - s A) and &(f1sfas - - - 50 ) are not influenced by any par-
ticular arrangement of f1,fa, ..., fy; ) )

(i0) s s A) = 1 (o 2 ) D00 fas o6 A) = 7 (Tisfs s ) amd
S(f1 T sl N) =@ (ool ) e A 0,c € F

(0) 1(f1,Tas - s Fs 8) % 01 fr o B A) < AT Fas ey s+ A);

(Vi) D(f1,fas - - - 1 Ts 8) © D(f1s T - - o s Ts A) = D(f1s s oo A s 8 + A);

(Vii) @y s - - s 8) 0 (T Fas - ooy A) = D (FFas - ooy + Fs S+ A):

(vii) ﬂ(ﬁ,fg,..;,fn,;\) £ (0,00) = [0,1], Z(f1s a1 f0s A) (0,00) = [0,1] and

O(f1,fay -« s fns A) 2 (0,00) = [0, 1] are always continuous in A;
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(viii) lim (fy,fa, - 60, A) = 1 and %iné/l(ﬁ,&,...,fn,}\) =0
*)

A—00 R R
(iz) lim U(f;,fa, .. 0, A) =0 and lim o(f;, fy, . . ., fp, A) = 1.
A—00 . A—0 R
(iz) lim &(fi,fa, ..., 0, A) =0 and lim @(f,fa, ..., A) =1
A—00 A—0

Definition 2.3. [22] Let (L, fi, 7, &, x,0,0) be NMnNLS.

(i) The § = fi, a sequence in 4 is considered to converge with £ € Y under YN (1, 7, ©)",
if V 0 € (0, 1),5\ > 0, and also f1,{, . - ., f,—1 € U, T a natural number kg in a way

(1 T2 s e 1s Ok — £50) > 1= 8, 5(f1s - -+ s T, 6 — £, ) < 3 and

O fre a1, B — £,0) <8V k> ko,

In order to indicate this convergence, (fi, 7,&)" —lim§ = £ or §j,

(ﬂ’@)n £ ask — oo.

(i) The § = 9 a sequence within L is defined to be Cauchy in relation to MmN (i, v, 0)",
if Vo€ (0,1),5\ > 0 and also f,fy,...,f,—1 € Y, T a natural number kg in a way that
Al fas -+ 1y O = 9ms A) > 1= 8, (i1, fas s a1, O — Oy A) < 0 and

O fre ot B = By A) < 8 for any k,m > ko.

(7i) If all Cauchy sequences in 34 converge, then a MnNLS U is complete with regard to NnN
(A, v, @)".

Definition 2.4. Let (8, i, 7, @, %, ¢,0) represent a MNLS as well as UV indicate any subset
of L. The set Y is considered bound if 3 0 > 0 and Mo > 0 are such that

ﬂ(fluf%"'vfruﬂ()) >1- ér Ij(flaf27"‘7fn75\0) < é anda}(fhf%"'afn75‘0) < é
for all f1,f5,...,f, € V. We tell that the set U is p-bounded if lim Py(A) = 1 and

A—00

lim Wy(A) =0 and lim @q(\) = 0 where
A—00 A—00

(I)m(T) = inf{ﬂ(ﬁ,fQ, e 7fn7f) . fl?fQ? e ,fn S m},
\IIQI(T) = Sup{ﬁ(fhf% cee afnvf) : flvf2> cee afn € Q]}
o(r) = sup{@(fi,fa, - - s s ©) = f1, 025 - - -, 1, € T}

1
Definition 2.5. Let U be subset of N. §(0) = li_>m —{k < n:k e U}, where |Y| indicates
n—oo N

the cardinality of the set U and determines the natural density of U whenever the limit exists.

Definition 2.6. A sequence { = {f,} among numbers is assumed statistically(st)-convergent
to £, whenV §>0, 6({k e N:[f, — £| > §}) = 0. That a case, we represent st — limf = £.

Definition 2.7. ([20]). Let (4, 1, 0,0, *,0,0) be MNLES. The { = {f,} a sequence within
U is assumed st- convergent towards £ € U in relation with NN (1, 0,0)", when for all
5 € (0,1),A> 0 along with hy, hy, ... hy_q € &,

S({k € N: ju(hy,ha, ... hyog,fp — £,0) < 1— g, B

v(hy,he, ... b1, f — £, /\) > 0,0(h1,he, ... hy—1,f, — £,\) > 0}) = 0. This is represented
by st(p sz — Imf= £.

3. STATISTICAL CESARO SUMMABILITY IN 99L&
We begin by introducing the concept of Cesaro summability.

Definition 3.1. ([7]). Let {a,} indicate a sequence within MNLS (U, 1, 7,0, *,0,0). The
equation X, = %HZZZO ag describes the arithmetic means (AM) X, among an. {a,} is
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referred to be Cesaro summable towards a € 81 when (i, 7,&)" — lim &, = a. Further, {a,}
m—0o0

is indicated as a st Cesaro summable towards a € U when sty zyn — lim X, = a.
v m—00

In a 9MNELS under p-boundedness of sequence, the st Cesaro summability method is

regular, as demonstrate by the following theorem.

Theorem 3.1. Let {a,} indicate a p-bounded sequence within a MmNLS (LU, fi, U, @, %, 0, 0).
If {an} converges statistically to a € 4, then {a,} serves as a st Cesaro summable to L in

relation to MmN (i, v,0)".

Proof. Let {a,} st converges towards a € 4 and also assume that it is p-bounded. Put
f1,f2, -5y € 4 If 3 > 0, then there is T, T’ > 0 which means

infnGN ,a(flvaa .. fn 1,an, T ) 1 - gv SupneN ﬁ(ﬁ?&’ . 7fn—17 a’n7€) < é? a'nd
SuanN(:)(flvaa cooylp—159n,t ) < Qv for every t > 2T.

Therefore, infnGN ﬂ (flva? s fn—l7 a, %) >1-— éa SupneN v (fla f27 s 7fn—17 a, %) < é and

SUp, ey @ (fl,fg, U N N 2) < ¢ for every t > 2T".

Thus, the following inequalities are implied:

infpen 2(f1, 25 -+« fm1,@n — @, %)

> min{infneN,Ec (f17f27 N T %) yinfpen o <f17f27 oy fn—tsa, 2)} >1-yg,
sup,en Y(f1, 25 - - fne1,3n — 2, t)

< maX{SUPneNﬁ (ﬁana coesfne1san, %) » SUPpeN ¥ (flvf?a S P2 2)} <0
and

sup,en @(f1, M2, - - - s f1,8n — &, t)

< max{supneN(I} (ﬁ,fQ, oo fn_1, an, %) , SUP, N W (fl,fg, ceesfp—1,a, 2)} <0

V T > min{2T, 2T"}. Since a,, which is st- convergent towards {l, we get that
O(Na(8,8)) = 6(Ny(8,8)) = 0(N(8,8)) = 0 for any & >0,

where

Nu(0,t) ={n e N: a(f,f2, .-, fp_1,8n —a,t) < 1

Ny(0,8) ={n e N:0(f1,f2,- -, fp_1,8n —a,t) > g} and
Nz(0,t) ={n e N:&(f;,fa .- fp_1,an —a,t) >
Describe the sets

D={keN:keNuy3,9},D ={keN:ke N1}, and

¢={keN:keNy,t)}, & ={keN:ke N;p,t)}, and

§={keN:keNy(5,8)},§ ={keN:ke N(5,7)}

which means |D| + |€| + |§| =n+1=|D'| +|¢'|+|F|, in which |- | indicates the cardinality
among a set.

Therefore, DNENF = ¢ = D' NE NF, we can determine. We determine that there is a

number ng € N which corresponds with the information above,

:&(flanv ) n—l?‘/%n - a’t)

IR .
= [t (fhf%”wfn—l, mZ(ak - a),t>

k=0
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=K f17f27"‘7fn7172(ak_a)+ Z(ak—a),(n+1)ft

keN, keNg

ﬂ fiof2y s fn—1s Z(ak—a)7|©|{' )ﬂ o625y faets Z(ak_a>a|©,|f'

kEN, keENS

2 min {I?elll\ln ﬂ(flvf% e iIn=—1» (ak - a)?@ 71521.1\%11({17{27' . 7fn—17 (ak - a)vf)}

kiGHI{}ﬂ(fhf% s 7fn—1a (ak - a)7€) 71?611.1\%;1('.17'.27. . )fnfla (a‘k - a‘)aft)}

and also

Ij(fhf%' s 7fn—17‘)z‘n - a‘vf)

U

< max {maXb(fluf% s 7fn—17 (a'k - a)7%)7 ma‘xlj(flvf% ce 7fn—17 (ak - a‘)?f:)}
keNy kENG

< max{sup ﬁ(fthv- o 7(71717 (ak - a‘)ae)agéaN}élj(ﬁanw e 7fn717 (a'k - a)vf)}

keNy

<0
and
a}(flvf% cee 7’.71717 )En —a, E)

< max {I?é%);a}(flyf% cee )fnfla (ak - a)af)a ’?é%}ga(flvf% s 7fn715 (ak - a)vf)}

< max{ sup (:)(flaf% cee 7fn—17 (ak - a)vf)vgel%%@(ﬁa&? cee 7fn—17 (a'k - a)vf)}

keNg

<0

for each t > min{2T, 2T"} > 0 along with n > ng. It implies that the set is as follows:

_ n € N:af,fa, - fpe1, Xn —a,t) <1—gor

ﬁ(fl)fQ? L 7fn717 Xn — a, E) 2 éa&)(ﬁ)va L 7fn—17 Xn — a, E) 2 é
containing, at most, a finite number of terms. The sequence a, is st-Cesaro summable
towards 4 in relation to MM (i1, 7, @)™ since a finite subset among natural numbers contains

zero density, as observed by the observation that §(&) = 0. O

We demonstrate in the following example that the converse among Theorem (3.1)) does
not necessarily have to be true.
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1+ (—1)* + €2 ift = m?
Example 3.1. Let by = ¢ 1+ (—1)! —(£—1)2, ife=m?+1 , form € N.
1+ (=1, otherwise,

be in MNLS (LU, i, U, @, x,0,0). At (U, fi, 7,0, *,0,0), the sequence (bg) is neither convergent
nor st-convergent. Furthermore, it is also not Cesaro summable.
To reach a limit, let’s use st-Cesaro summability. Cesaro means (a¢) of sequence (bg) is
L+ 155 (i) 8, ife=m?
ag = 1 [ -\ j .
L4325 (=9), otherwise.
Sequence (ag) is st-convergent to 1 since for each t > 0, we have

5{(,17;7@)n —lim ﬂ(ag— 1, %) = 1,5{(["57@)71 —lim ﬁ(ag — 1, E) =0 and 51‘(;1,17,@)" —hmd)(ag — 1, %) =0

where R ,
T —
I S S
———a—— otherwise
3 vy (=)
R EICOU —m2
oe—1,8)= | T
Ve G0 otherwise
3 iy (=)
|$ 3%y (=) +¢] t— m2
Olag — 1,t) = £ T

Y
T

, otherwise
Hence, sequence (bg) is st-Cesaro summable to 1 in (U, fi,0,o,*,0,0)

4. RELATED STUDIES LEAD TO THE TAUBERIAN THEOREMS

The following lemma establishes homogeneity and additivity among the limit of statistical
within a 9InMNLGS.

Lemma 4.1. Let (U, 1,7, @,*,0,0) be a MNLS and u = {ux},v = {vi} be sequences in L.
After that, the given are true:

(i) When the limit of (f1,0,0)"-statistical among u indicate £, together with the (1, 0,0)"-
st-limit among v is p, after that the limit of (i, v, 0)"-statistical among the sum (u + v)
represent 5—}— p-

(ii) When the limit of (f1,v,®)"-statistical among u is ¢, along with o represent any real

number, after that the limit of (f1,v,)"-statistical among au is oefv.

Theorem 4.1. Let (8, i, 7, @, x,0,0) be a MNLS along with {a,} denote a sequence within
. When {a,} is a st-Cesaro summable towards a in relation to MmN (i1, v, 0)", after that

PE% which is st-convergent towards a for every vy > 0, That is st 5z — lim PE% =a, in
v n—00

which v, = [yn].

Proof. Consider st; 5 gy» — lim X, = a. After that, for a sufficiently large N, follwed o0 > 0

n—oo

together with put fi,fy,...,f,—1 € L, the given sets are described:

R, (0.0 = {k <on i o, faor X — 2,8 < 13},
#(8,8) ={k <von: (1, fo, - fur, X —a,®) > 5},
(fisfos - s futs X — a0 8) > 5},
Ko (0,8) = {k <on: flfyfor o, dy, — a8 <15},

Il
—~—
ol
IA
Ny
=2
&
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b
a}-

Ky o0(0,8) = {k S9N D(f1s Ty o fpos Xy — 2, 8) >

H@”)E‘U(éyf) = {k S UN : G)(fth? s 7fn—17i‘\jk — a, f)

vV
¢

We then examine the cases given here.
Case 1: y > 1.

123

The case is easy to observe that “ﬂ,)?,,(@E) C Iiﬂ7)é(é, t), Iiﬁy)él)(é, t) C /il,’/.‘;(é, t) and also

#9(0,8) € Ky 3(0,¢) for every © > 0. It suggests that which follows:

K’ﬂﬂ%(@) f)| o U

Ry (GO _ 9l 2, (00l (2. 9)

N+1 — Ay+p — ov+1 = pn+1
XU(Q7 )| = Ul” XU(Qv )| Nk, )EU(éy E)| a2 /\?(Z)v f)'
< d < : and
N +1 ON + 9 oy + 1 oN +1
kg #0(0, %) = vlk, $(0,7)| nlm () _ vl ¢(0,7)]
N+1 UN + Y - o9y +1 - oynv+1

By applying the mentioned inequalities, accordingly, we can establish that
5("%’)20 (0,1)) < 05(5/}722(5, t)), d(k Ky, &, (0,7)) < 05("% #(0,1)), and 5(

Consequently, we may show that st(; ;o) — li_>m Aufnn = a.
n oo
Case 2: n e (0,1).

Ko, (8,8) < 90(rg 3(0, ).
Therefore, for each t > 0, we obtain 5(mﬂ7/‘;‘)(g,t)) = (5(&57%(9, t)) =d(k 7@(,_5,% ) =0.

To conclude our case, we now demonstrate that the expression &, in the sequence &j, , never

occurs beyond 1 + % times.

Assume that for few p,g € N, we get n =9, = 0p11 = ... = Yprg—1 < Vptqs
or similarly,

n<yp<ylp+1)<..<ylp+g-1)<n+1<np+qg).

Thus, we've been given n+9(¢g—1) <pp+n(¢g—1)=np(p+q¢—1) <n+1,

which gives (g —1) < 1, ie., g < 1+ % According to this field, we get for any ¢ > 0 and

also t > 0 that »
|k uxn(gv)\ <1+ >UN+1 55,2 (@D 2(U+1)\Hﬂ,x(9,r)\ and

N+1 N+1  yny+1  — py+1
Iy 0(60)] 1 1y 5 (2] Iy 5 (8,0
B o RS (1+ )N+1ﬁ§2(0+1>ﬁ 1
kg, XU(Qvt)l yn+1 5g 2 (8,9l ks (8,8l
—NFr S (1+7)1\1¥7+1W§2(U+1)W
for which N is large enough, such that (?\’;ﬂ) < 2.

Consequently, it follows that
0 1, (8,8)) < 200+ 1)d(x, 4(5,

8 D,XU(Q’ ©)) < 2(y + 1)d(r,, 4(8,%)) and

(5(&&7%(@,% ) <2(p+ )5(/%7)2( 0,t)) correspondingly.

Considering that {X),} is st-convergent toward &I,

0(r; 2(8,%)) = (ks 4(8,%)) = (kg 5(2,8)) = 0 for any £ > 0.
Therefore, Vi > 0, 6(/1/1 Xn( t)) = 5(f<; w9(0,1) = 5(:‘<&~ #9(0,7)) = 0.

We have therefore also demonstrated that sty z)» — lim Xn = a in this instance.
v n—00

O

Theorem 4.2. Let (U, i, 7,0, *,0,0) indicate a MmNLS and let {a,} be a sequence within

s If {a,} represents a st-Cesaro summable toward a in relation to YN ([, v, 0)".

After
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. 1 S )
that, sty poyn — nlgrgo — Z a = a, for any Y > 1 along with
k=n+1
n mt
stippon — nlggo . Z ap=a, forall0 <y < 1.
=Yn+1

Proof. Consider st(; y ) — lim X, = a. Select t1,t2 > 0 with a given ¢ > 0 so that

n—oo

max{ty,ta} < ¢ and min{1—1¢1,1 —12} > 1— 9. Next, define the following sets for each t > 0
and a sufficiently large IV:

Ko (1,t) = {k <N ilfy o, - o1 X —a,®) < 1— 1},
Ky (11, 8) = {k S N2 0(fy, o, fomrs X — a,8) > 1),
b1, ) = {k < N : 012 o1, Xk — 8,8) > a1},

R (280 = (kSN for oo gy, — X ) <1 -8},

/ﬁﬁ,)a/,‘?n(ag,f‘) ={k <N :0(f],f2y -y fpn_ 1,)(% —Xk, t) > to},

kg 2?,)?,,(‘2>f) = {k <N :@(f),fo - fp1s Ay — Xiy17) > B2}

We now explain the cases listed here.

Case I: p > 1. Define the following sets for any t > 0 and given ¢ > 0:
/‘ng(é,f) = {k <N: ﬂ(fl’f% s afnflasn(w) -4, E) <1l- 5}7
Kﬂ,ﬁ(@f) = {k <N: ﬂ(ﬁ?f% s afn—lvsn(w) - a, ﬁ) > é}a
’%5)73(57%) = {k S N @(ﬁ,fQ, R n—la\jn(w) -4, )

in which J,(w) = Unl_n 7 i1 @k for each n € N.
For each y > 1 and also sufficiently large n € N\{0} so that n < vy, along with n > 03(’3:}),

we get that for every t > 0 along with f,fy,...,f,_1 € 4L,

ﬂ(flvf%"'an—lv Z ak_at>

k n—+1
Dn n
N N, +1 1 1 R
= f;f?"'vf—77 ag — ap —a,t
M<12 nlon_non—&-lgk Un_nkzzo
~ Un+1 Un+1_nn+nv ~
= X X, —
H <f17f27 s In—1» Dy — Yn D — N n—at
. v v t . . t
2 nqp flvav"'vfn—laXUn_Xnvw y b flan?"'afn—len_ 7§
Un—n
. . . -1\ . o t
> n{:“’ <f17f27"'7fn1’)(1)n _‘XTH (U 40 ) )vﬂ(fhf%uwfnlu')(n_ 7>}

\V]

DO | >

= min {/l(fla&’ L afn—ly ')ék)n - ')énuft())a [1’ (flufZa oo 7fn71)‘)én — a, ) }
> min{l — 9,1 — 11}

>1-5
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and
lj(’.l?fQ?""fnl’ Z ar — a, t)
k n+1
On n
o v, +1 1 1 R
=v | f,fo,. 1, Zak— Zak—a,t
( Un_nnn+1k:0 Un_nk:O
o On + 1 On +1—0p+1n A
= X, — X, —
V(flaf% 7fn—170n_n Yn Un_n n a’7t
. v . t . v t
< maxq v f17f27"'an—11Xt)n_Xna2\)TH ) M flaf27-~-an—1a‘)(n_aa§
Yn—"n
. L. (DR .k
<1’I’laX{I/ (fl?fQ?"'?f’l’L—l?XUn _Xnv(nll)> 7l/<f17f27"'7fn—17Xn_aa )}
) 2
:max{l/ (fl?fZ?"'?fn—l?XUn _XTl’tO) vV (flaf??"'?fn—th_av 2>}
< max{tg, (1}
<0,
and
LD(flvaa"'vfn—h Z ak_at>
k n+1
Yn n
~ vy +1 1 1 A
=w f17f27"'7fn717 Zak_ ap —a,t
( Un n0n+1k0 Un_nk:O
~ n+1 > n+1_ n+n g ~
_w<f17f27'~'7fn—1vn X‘)n_‘) ) Xﬂ_avt>
Dn — Y — 1
. o) L%
< maxq v f17f27"'7fn717‘)(0n_‘)(n72\)ﬁ ) f17f2)"-7fn717')(n_3'7§
Un—n
- v v - D\ . 9 t
S max {w <f17f27"'5 n—lalen - Xna(n4)> , W <f1)f27"'afn—1a‘)(n — a, )}
] 2
~ > A . v T
zmax{w <f11f2,'--a n—laXl]n_XThtO)al/(ftha"') n—17XTL_ 72>}
< max{tg, 1}
<0,
where ty = T(‘gl) > 0. Therefore, we get for all t > 0,

C’/,\?(Ll,f) U/f;’/,\?/,\? (t2,%) C /<a ~(g,t
C
Hlj );- (L27 ) C I{“ "(Q7t)

7‘);‘ ,-)?, i)
&/‘?(q,t) U kS SR, (t2,%) C KE 5(0,%)
or equlvalently,
Kﬂ73(§7 'E) g ’V”-ﬂ’;?’);’](bb t) N /ill«n)([’hf%
k5,300, %) C Ky 3 x (L2, ) Nk 3(01,T),
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F3(0,8) C kg p 3 (12, 8) O kg 3(0, ©). (4.1)

For any r > 0 for which we take the asymptotic densities of both sides of (4.1]), we get

i, % (12, 7))

Ez
A
—~
~
T

+
e
<
><

><

~
v

=
\_/

Since {X,,} is st-convergent towards a € I,
O(riy 3(11,8)) = 0(ky, 3(11,8)) = (kg p(11,8)) = O for every & > 0. Therefore, {X,,} also
st-converges towards i1.

Using the argument above, st(; ; z)» — lim (Au"% — éf'n) = 0 is implied. Therefore, we get

5( Kp,2 %, (t2,1)) = 5("%){){ (t2,7)) = S(
0, T

Now, we can determine that 5(,%(@ )) = 0(kp3(8, %)) = 0(rz3(8,8) = 0.

>€(
=3
—
~
V)
>
N—
N—
Il
[an]
<C
>
V
o

1
Therefore, st 5 5 — lim —— z ar = a, for each y > 1.

n—oo 1), —
k n+1
Case IL: y € (0,1).
The following sets should be described for any t > 0 and given g > 0:
Hﬂ73(§7€) = {k S N : ﬂ(f17f27 v 7fn—17\~jk(w) -, E) S 1- é}a
’%573(@’{') - {k <N: 5(f1’f2> s afn—133k<w) —a, ‘E) > 5}7
K&)J(é?%) - {k S N . w(fhf?a e 7fn7173k<w) - a'7f) Z 5}7

in which J3(w) = njnn Z”Z%H ag for any n € N.

For all sufficiently large n € N\{0} together with 0 <y < 1 in a way that n > v,, along with
n > %, we get that V& > 0 along with f;,fy,...,f,_1 € 4, that

N 1 .
M flvaa"'7fn71a7 Z ap —a,t
n—"9Yn

k=9n+1

. g Y t R v
Z min {M <f17f27 s 7fn717Xl)n - XTIJ 2\]”+1> s K (flafZ?' .. 7fn717‘)(n —a, 2)}
n—"Yn

> min{l — 9,1 — 11}

>

>1-§
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and
1 &
v flﬁf2)'~'7n 1 Z a‘k—at
_Unk )
n+1
. U .k
§max v flaf?a"')fnflaXt)n_XTLaW vV f15f27"'7fn717')(n_a7§
n—"Yhn
§max{y <f17f27'~-7fn—17X\)n _Xn7t1> 7V<f17f27"'7fn—17Xn_av 2)}
< max{tg, (1}
<0,
and
1 Dn
’ —a,t
w f17f27 ,fn—lan_nn Z ag a,

k:U7z+1

) T A .
S max {UJ <f17f27"‘7fn—17len - Xn;w) , W <f17f27"'7fn—17Xn —a, 2)}
n—"Yn
)

3>

>

< max {w (fl,f2, s Ky, — fn,el) @ (fl,fQ, g, X —
< max{ia, (1}
<o,
where t; = (1%‘;’)% > 0. Therefore, for all ¢+ > 0, we obtain
ka3(0,8) C Ky g g (02,8) U K g (e, 8),
kir,3(0,8) S Ky 3 5, (12,8) U K 3 (01, 9),

H@J(é, f?) - RLD,/\?,/'\?U (Lg,f) U H@J(Ll,f). (42)

get

0 < 0(kp3(8,%) < 0(ry p(11,%) + 0y 4 1 (12, 9))

0 < 8(kp3(8, %)) < d(s VX(LI, )H{(””»“ (12,%)) together with
0 < 0(ka3(6,8)) < (kg (11, 8) +0(ky ¢ 1 (12, 9)):

Since {.9? } is st-convergent toward a € 4, we obtain {Xn } is also st-convergent towards a.

According to the proof provided, st(; y gy — hm (./'k"J —X,) =0.

OO

Therefore, we get &(r5(8,t)) = d(ki3(8,t)) = 5(% 3(9, ) =0.

Zak—aforeachlje(()l) O

Un+1

We can so demonstrate that st(; y z» — lim »
” n—oo N — Ny,
5. CONCLUSION

In this stydy, we extended classical Tauberian theorems to the framework of neutrosophic

n-normed linear spaces by employing the concept of statistical Cesaro summability. This
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integration offers a novel perspective for analyzing convergence behaviors within uncertain

and imprecise environments, which are effectively modeled using neutrosophic structures.

The established results not only generalize known theorems in normed linear spaces but also

provide a robust mathematical foundation for further applications in areas such as functional

analysis, information theory and decision-making under uncertainty. Future research can ex-

plore analogous results using other summability methods and extend the framework to more

generalized neutrosophic spaces, enriching the theoretical development of both summability

theory and neutrosophic analysis.
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INTEGRABILITY FOR THE DERIVATIVE FORMULAS OF THE TYPE-2
BISHOP FRAME AND ITS APPLICATIONS

EVREN ERGUN | & &

Abstract. The main objective of the work is to examine the integrability of the derivative
formulae for the type-2 Bishop frame in three-dimensional Euclidean space. We use the
coordinate system introduced in [12], which allows for the examination of integration. As
an application, we analyze the position vectors of certain curves that are important in
mathematics and physical study.
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1. INTRODUCTION

The theory of curves has gone through a long period of development until it reaches a
truly modern manner: from the theory of plane curves, with the beginning of calculus, in
1684, the year in which Gottfried Wilhelm Leibniz created it in his Meditaito nova de natura
anguli contactus et osculi, to the theory of space curves, reached to the peak point with
the infinitesimal calculus. In this development, we have to mention two important things.
The first one is the notion of moving frame, as we know it today, created by Gaston Dar-
boux. The second one is the term binormal mentioned in a treatise on space curves by Barre
de Saint-Venant. The Frenet frame is a well-known example of a moving frame utilized to
describe a space curve in three-dimensional ambient spaces, including Euclidean and Lorentz-
Minkowski spaces. The Frenet equations, or Frenet formulae, were first proposed in 1831 by
Karl Eduard Senff and Johann Martin Bartels, enhancing the simplicity and utility of the
theory of space curves. The scientists were once again discussed in Jean Frederic Frenet’s
thesis in 1847, published in 1852. Shortly thereafter, those equations were independently dis-
covered by Joseph Alfred Serret in 1851 and are sometimes referred to as the Frenet-Serret
equations (for more information at this early stage in history, , see [7]). On the other hand,
mathematicians have done a great number of surveys involving the concept of binormal. But
it was not until 2010 that the survey of the first moving frame established by the binormal
was published by Yilmaz and Turgut. The authors were the first to create the idea of the
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moving frame in a more novel manner than usual in their ” A new version of Bishop frame
and an application to spherical images.” The main principle is that they do this using a
common vector field as the binormal vector field of Frenet-Serret frame (for details, see [9]).

Later, an analogue of this survey is done in Lorentz-Minkowski 3-space. [8], [10]

The determination of the position vector field of a smooth curve with a certain prop-
erty—that is, a slant helix, where the principal normal vector field forms a constant angle
with a fixed straight line—was investigated in 2010 by Ali and Turgut. They discovered
a third-order vector differential equation. By solving the vector differential equation, they
obtained the position vector field of a timelike slant helix in Minkowski space, where the
straight line is parallel to es [1]. Refer to [2] for slant helices in Euclidean 3-space. In
2011, researchers conducted analogous investigations to ascertain the position vector field of
a generic helix using both the Frenet and standard frames in Euclidean three-dimensional

space [3]. Refer to [4, [5] for timelike and spacelike generic helices in Minkowski 3-space.

In the past two decades, the problem of determining the position vectors has emerged
as an attractive field of study. In recent years, Yerlikaya and his coauthor [12, [13] have
approached this problem from a different perspective than those mentioned in the literature.
This approach is based on a new coordinate system that will facilitate the integrability of
derivative formulas of the Bishop frame. Inspired by these studies, we focus on that of the

type-2 Bishop frame and examine the position vector field of several special curves.

2. PRELIMINARIES

When the real vector space R? is endowed with the standard flat metric, known as the
Euclidean metric, represented by g = dx% + da:% + dx%, the corresponding space is known as
Euclidean space and denoted as E?, where (21,9, x3) constitutes the usual coordinate system
of E3. The norm of an arbitrary vector w € E? is defined as ||u| = \/g(u, u). Furthermore,
given two non-zero vectors a = (a1, as,az) and b = (by, by, b3) in E3, it is important to note
that the cross product of u and v is denoted as

i 7k
axb=1|a as as
by by b3

Let v : J — E? be a smooth curve parametrized by the arbitrary parameter ¢, where .J is
an open subset of R . The curve =y is referred as a unit speed curve parametrized by the arc
lenght s if its velocity vector +/, the first derivative of the curve, fulfills the condition ||+/|| = 1.
The parameter of « shall hereafter be denoted as s. In Euclidean 3-space, the Frenet-Serret

frame along the curve v, denoted by {t,n, b}, has the derivative formula expressed as

' 0 x 0 t
n |=| -« 0 7T n |,
v 0 -7 0 b

where the curvature and the torsion functions of v are denoted by x and 7, respectively.
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The derivative formulae for the type-2 Bishop frame represented by {(1, (2, b} along v are

as follows:
Ci 0 0 —¢ ¢1
G |=10 0 —e G|, (2.1)
b/ €1 €2 0 b

where €1 and ey are the type-2 Bishop curvature functions of v and (i, (s are arbitrary unit
vector fields in E3. The geometric apparatus between the type-2 Bishop frame and the

Frenet-Serret frame, which we referred to before, is given by

t cosf(s) —sinf(s) 0 (1
n | =| sinf(s) cosf(s) 0 G|, (2.2)
b 0 0 1 b

k=—0'(s), T=1/€ + €3, (2.3)

where 6(s) = arctan (%) Note that the above apparatus differs from that of the study of
Yilmaz and Turgut [9]. By Eq. (2.3) and the angle 6, there exists the following theorem:

Theorem 2.1. [0] Let v = v(s) be a smooth curve with curvatures €; # 0 and €3 # 0. 7 is

a general helix if and only if type-2 Bishop curvatures of the curve satisfy

|
€ €
713 <2> = constant.
(f+65)> \

Remark 2.1. A necessary condition for the type-2 Bishop frame to exist at all points along a
curve is that the curvature of the curve should not be zero. If k = 0, then the principal normal
vector field of the curve denoted by n becomes (0,0,0). This means that the binormal vector
field b becomes (0,0,0). This causes a contradiction in the fact that the system {(1,C2,b} is

orthogonal.

3. CONCLUSION

Let E3 endow the Euclidean 3-space and its basis be B = {e1 = (1,0,0),es = (0,1,0),e3 = (0,0,1)}.
Let the coordinates of a vector relative to the basis B be {x1,z2,23}. In [12], the authors
established an ordered orthonormal basis B"” = {ef, e}, ¢4} and the corresponding new coor-

dinate system {xf, 24, 24} such that

el = 3% i=1,21i=1,2,3

I legxe]

1 .
—ey , j=1
(e;»’xeg):{ S,
1 J =4

)

Let v : I — E3 be a smooth curve parameterized by arc length s, where s € I, and its
type-2 Bishop apparatus {1, (2,0, €1,€2} at the point y(s). Let us consider an any curve

~ obtained from v through a rigid motion, in such a way that the binormal vector field b
at the point v(sg) of v aligns with 4. Consequently, due to this motion, ¢; and (3 sit in

the plane defined by e/ and ej. The other vector fields of v are designated as C_l and 52,
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respectively. Consequently, it is appropriate to discuss the transition matrix between the

systems < (1,(2, b ¢ and {e1”, e3”, es”}, which is structured as follows:

C1 cos u(s) —sinpu(s) 0 ey
52 = | sinp(s) cospu(s) O ey | (3.4)
b 0 0 1 ey

where the angle between the vector fields b and e4 denotes .

Furthermore, it is noteworthy that the rigid motion transforming ~(sg) into 7(sg) and

(1,Co, b into (1, (2, b is, in fact, identical to the aforementioned rigid motion. Hence, we write

G=C, =0 b=

for any s = sg.
By establishing ¢ = 2 and j = 2 by the argument that e = b = (b1, b, b3), we derive

elzg——7§c¢m%1—£,ww9 (3.5)

and
(—03,0,b1). (3.6)

Theorem 3.1. Let {e1”,e3”,e3”} be the new ordered orthonormal basis obtained from the
natural ordered orthonormal basis of E3 and €1(s), ea(s) be differentiable functions, where s
belongs to an open interval in R. According to the new coordinate system, the binormal vector
field b = (b1, ba,b3) in an indirect solution triplet of Eq. , which is determined by Egs.

and (@ is given by

bi(s) = cos fi(s)cos fa(s)

ba(s) sin f1(s)
b3(s) cos f1(s) sin fa(s)
e fils) =eu+ [ (eosnls) ex(s) + sinp(s) ea(s) ds, (3.7)
h@—@+/_mM$ig;$W®Q@»% (3.8)

and c1, co are constants.

Proof. Let {e1”,e2”,e3"”} be the new ordered orthonormal basis derived from the natural
ordered orthonormal basis in the Euclidean 3-space. Thus, Egs. (3.5) and (3.6) are valid.
Using Eq. (3.4), a relationship between type-2 Bishop vector fields and the vector fields of
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the new system is appeared as

Gls) = cospls) er”(s) — sinpu(s) ex"(s)
Ca(s) = sinu(s) e1”(s) + cospu(s) ea”(s). (3.9)

We will now compute the elements of the binormal vector field b(s). Substituting Eqgs. (3.5)
and (3.6 into Eq. (3.9) and putting it into Eq. (2.1]), we get

db1 —1 . 1

o= Tbg {{ cos u(s) €2 —sin u(s) €1} bg + { cos u(s) €1 + sin pu(s) 62}b1b2:| (3.10)
db2 . 2
e {cos pu(s) €1 +sinp(s) ea} /1 — b3, (3.11)

dbs _ _ -1 [{ sin pu(s) €1 — cos u(s) ea} by + { cosu(s) €1 + sinpu(s) ea} b2b3:| (3.12)

ds L\ /1-02
Due to the fact that Eq. (3.11) is a type of separable equations, it is simpler to solve com-

pared to other equations, and as a result, the answer ends up being

by = sin {cl + /( cos () €1 + sin pu(s) €2) ds} : (3.13)

=fi(s)
On the other hand, especially since Eqs. (3.10) and (3.12)) are non-linear differential equa-
tions, it is beneficial to introduce a new variable g(s) rather than solving them directly, which
adheres to the following situation:

b2 + b3+ b3 =1,

from which

by = cos fi(s) cos fa(s), bz = cos fi(s) sin fa(s). (3.14)
Substituting Eqgs. (3.13) and (3.14]) into Eq. (3.10]), we obtain
(—sin pu(s) €1 + cos pu(s) €2)
= d 1
f2(s) =2 +/ cos f1(3) s, (3.15)

which completes the proof.

The other important that this work will attain can be understood by finding its tangent
vector field for the position vector field of a curve. By the proposition that we have just
achieved, it may easily be calculated:

For this, we begin by getting the type-2 Bishop vector fileds {; and (5. Substituting Eqgs.
" and " into Eq. ‘ , for ¢ = (Cha Clza C13) and (2 = (C21a C225 C23)a we get

C1, = sinp(s)sin fa(s) — cos u(s)sin fi(s) cos fa(s) (3.16)

G, = cosp(s)cos fi(s) (3.17)
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i, = —cospu(s)sin fi(s)sin fo(s) — sin u(s) cos fa(s) (3.18)
and

oy = —sinpu(s)sin fi(s) cos fo(s) — cos pu(s) sin fa(s) (3.19)

G, = sinpu(s)cos fi(s) (3.20)

Gy = cospu(s)cos fo(s) —sin pu(s) sin f1(s) sin fa(s). (3.21)

From Eq. (2.2)) taking into account ¢; and (2, we have the following remark.

Remark 3.1. When referring to the position vector field, represented as vy, it is important
to remember the following equation:

dy

— = 1.

ds
With this relation, it is more convenient to perform the operation with the tangent vector

(3.22)

field than the binormal vector field. Referring to the proposition [3.1], we have the following

relations:
—1
h=—— (sin f1cos fo{eacospu — €1 sin u} — sin fo {€1 cos p + €2 sin u})
€] + €
cos fo .
ty = ———= {€acos pu — €1 sin pu} (3.23)
€+ €
-1 . : . :
t3 = ——= <sm fisin fo {ea cos pu — €1 sin u} + cos fa {€1 cos pu + €2 sin u})

4. APPLICATIONS

Some remarkable curves share the characteristic that a vector field makes a constant an-

gle with a fixed line in space. In the type-2 Bishop frame, two curves exhibit the specified
property:

Inclined Curve: A smooth curve is classified as an inclined curve if the vector field (; (or (2)
within its osculating plane forms a constant angle with a fixed line in space. It is analyti-
cally defined by the constancy of the ratio of Bishop curvatures ¢; and €, as presented by
Ozyilmaz in the Euclidean 3-space E3. [6].

Darboux Heliz: A smooth curve is classified as a Darboux helix if the Darboux vector
w = —ea(1 + €1(o makes a constant angle with a fixed line in space. The curvatures €;

and €9 of a Darboux helix adhere to the subsequent equation:
3
(e% + e%) 21
€ (2)'
€1
[11]. In Eq. (4.24), remark that the ratio 2 must not be constant. According to the theorem
(2.1), an inclined curve is a general helix, but not a Darboux helix.

= constant (4.24)
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A new coordinate system is presented in the preceding section, facilitating the integrabil-
ity of the derivative formulas for the type-2 Bishop frame. This results in a theorem that
demonstrates only one of the triplets of the indirect solutions of Eq. . In this section, we
examine the necessary conditions for the indirect solution to achieve stability. Alternatively,

we assess the nature of the integration measure.

It is widely recognized that the curvatures of a curve remain constant until a rigid motion
is encountered. Consequently, the type-2 Bishop curvatures e; and ez of r must satisfy the
subsequent conditions:

€1 =¢1, €= e,

where €; and ey are the type-2 Bishop curvature functions of r.

From the theorem (3.1)), we have Eqgs. (3.16]) and (3.19)) mentioned the previous section.

Consequently, we seek to determine the curvatures e; and eo, respectively. By differentiating
Equation (3.16|) with regard to s, we obtain

& = \/@“ . f;) e (4.25)

Similarly, it is evident that another curvature is represented by
= dp dfa
€y = \/<d 1 73 62. (426)

Lemma 4.1. Let v(s) be a curve in the Euclidean 3-space and let s be its arc length parame-

ter. Assume that the differentiable functions €1(s) and ex(s) be the type-2 Bishop curvatures
of v. If the following relation holds

Z—Z —sin f1(s) % =0, (4.27)

then there exist ”"steady” solutions satisfying Eq. (2.1), where fi(s) and fa(s) are given by

FEqgs. and (@, respectively.
Based on Lemma [£.I] we can examine two possible situations.

Case 1: Assuming p = constant, Eq. (4.27)) is simplified to

sin fi(s % =0. (4.28)

Suppose that sin fi(s) equals zero. Thus, we have f; = 0 or f; = 27k, k € Z. Conse-
quently, the integrand in Eq. (3.7) may be considered as

cos fu €1(s) +sinp ea(s) = 0. (4.29)
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The following statements are deduced from the last equality.

e when sinpu =0 (or cos = 0), we have ¢ = 0 (or e = 0). This never occurs.
o If sinp # 0 and cos p # 0, the resulting position vector field is an inclined curve with
€
2 = _cot .
€1
Note that the function fo(s) can be determined from the aforementioned relation using

Eq. 1} specifically fa(s) = co + =~ [€1(s) ds. Furthermore, when the position vector

sin p
field refers to an inclined curve, its straight line can determine d = (a, b, ¢) with the help of

Eq. (3.16):
(C1,d) = —cosp b+ sin p {asin fo(s) — ccos fa(s)}
The concept of inclined curves indicates that the necessary and sufficient condition for the

previous inner product to remain constant is the achievement of the following relations.
asin fa(s) — ccos fa(s) =0,
b=+1.
Hence, we obtain d = (0,41,0). This provides knowledge about the plane where the straight

line is spanned.

In light of this information, the position vector field of an inclined curve having a straight
line spanned by es is computed using Eq.(3.23) as the following;:

v(s) = (d1, das, d3), (4.30)

where d; (i = 1,2,3) is a constant of integration. The last equality expresses to us that the
above position vector field is a geodesic, which gives rise to a contradiction with the creation
of the type-2 Bishop frame according to Remark

Let % = 0. Thus, it is evident that fo = constant. Hence, the integrand in Eq. 1} is

—sinp €1(s) + cos p €a(s) = 0. (4.31)

The following statements are deduced from the last equality.

e when cosp =0 (or sinp = 0), we have ¢; =0 (or e = 0). This never occurs.
e If sin y # 0 and cos p # 0, the resulting position vector field is an inclined curve with
€2

— = tan u.
€1

Using Eq. li we can get the function fi(s) as follows: fi(s) = c1 + = [€1(s) ds. Also,

COS 14

if the position vector field corresponds to an inclined curve, its straight line may compute
d = (a,b,c) with the help of Eq. (3.16).

(C1,d) = cospsin fi {—acosm — csinm} — cos pcos f1 b+ sinp {asinm — ccosm},

where m depends on the constantity of fo. From the definition of inclined curves, the

previously mentioned dot product remains constant if and only if the subsequent relations
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are satisfied.:
acosm + csinm = 0,

asinm —ccosm =1,
b=0,

from which we get d = (sinm,0, —cosm). This provides details about the plane where the

straight line is located.

Similarly, it is easy to see the position vector field of an inclined curve having a straight

line spanned by e; and ez as the following;:
~v(s) = (sinm s,dy,cosm s).

This causes a contradiction for the same reason. Thus, we have the following result:

Corollary 4.1. There does not exist any inclined curve with the type-2 Bishop curvatures
€1(s) and ex(s) in E3.

For the last one, we have

Case 2: When p is not constant, three subcases emerge as

e f1 = constant, fo = constant
e f1 # constant, fo = constant
e f1 = constant, fo # constant

Upon analyzing the first two items, we identify a contradiction with the claim that
it # constant. As a result, these subcases do not happen. We will now analyze the last
item.

By the constancy of the function f;, we have the following.

cos pu(s)er(s) + sin p(s)ea(s) = 0. (4.32)
Combining the previous equation and Eq. , we get the function f; as
co + %1 / \/€1(s) + €3(s) ds, (4.33)
where n = cosc;. Hence, Eq. becomes
— +my/€2(s) + €3(s) = 0, (4.34)

from which we get

u(s) = m/ €2(s) + €3(s) ds, (4.35)

where m = Y 1;”2. From Egs. 1} and 1} we obtain
2 (€ !
4(3)

(& +e3)

(4.36)

m =
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Since the ratio of €2(s) to €;1(s) is non-constant due to Eq. (4.32)), we have m # 0. Therefore,

Eq. ([30) is
3
1 e+e2)2 1
— = ( ! 3 2) - = constant.
RS
€1

By substituting Eqgs. (4.32) and (4.33) into Eq. (3.23) with the help of Eq. (4.24), we get

the position vector of a Darboux helix.
Proposition 4.1. Let v be a Darbouz heliz in E? and e1(s), e2(s) be its type-2 Bishop

curvatures. Thus, its position vector field is calculated:

~v(s) = <—ﬂ/cos (cz—i-/p(s) ds> ds+ di, ns+ da,
m/sin (CQ+/p(s) ds> ds + d3>,
where p(s) = =L [ \/e}(s) + €3(s)ds and n # 1, c3 and d; for i =1,2,3 are constant.
) and ez (s) =1 in Pmpositz’on we get

Example 4.1. Substituting e (s) = tan (arcsing
the position vector of Darboux heliz in the sense of type-2 Bishop frame as follows:

V26 )
7‘(3) = <26 S +d1, — %/COS [02 —V 26 arcsin %] d8+d27
5 S
= [ s — V26 in—|ds+ds|.
26/s1n |:C2 aI“CSIIl5} S + 3>

Plotting for dy = do = d3 = co = 0, we have the following figure.

705

0o e

1

FIGURE 1. The Darboux helix with k1(s) = tan(arcsinms), ka(s) =1 for m = ¢

Remark 4.1. Taking n = 1 in the aforementioned statement shows that the position vector of
the Darboux helix is expressed as Eq. . In light of theorem we derive the following

corollary based on result [{.1]
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Corollary 4.2. A Darbouz heliz with the type-2 Bishop curvature functions €1(s) and €e(s)

m

E? is a general helix, vice versa.

Remark 4.2. This study examines the outcomes when i = 2. The geometric interpretation

of

the results for i =1 and i = 3 refers to the displacement of the components of the curve.
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