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EDITORIAL

BAYRAM SAHIN

Dear readers and authors,

As SIMA Digital Publishing, we are here with a new journal. In addition to the Inter-
national Journal of Maps in Mathematics, which is currently in publication, our new
journal named CALCULATION will start its publication life with this issue. CALCU-
LATION journal will appeal to a wide range of readers in terms of the scope. Essentially,
papers will be published not only in the field of Mathematics, but also in all branches of Ba-

sic Sciences, Engineering Sciences and Social Sciences where Mathematics is used intensively.

We aim for CALCULATION journal to be a platform for new and qualified results

produced in the world of science.

We hope that CALCULATION journal will attract the intense interest of readers and
authors as soon as possible and find a good place for itself in scientific publishing with the

support of authors and readers.

(B. Sahin) DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, EGE UNIVERSITY, IZMIR, TURKIYE
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WARPED PRODUCT POINTWISE SEMI-SLANT SUBMANIFOLDS OF
NEARLY PARA-KAEHLER MANIFOLDS

SEDAT AYAZ|!© ¥ AND YILMAZ GUNDUZALP

Abstract. In this article, firstly we introduce pointwise slant and pointwise semi-slant
submanifolds in nearly para-Kaehler manifolds. We demonstrate that there exist pointwise
semi-slant non-trivial warped product submanifold M7T x; M? in nearly para-Kaehler man-
ifolds by giving an example. We get a characterization, give certain theorems depending on
the casual characters and we reach an optimal inequality.

Keywords: Nearly para-Kaehler manifold, pointwise semi-slant submanifold, warped prod-
uct submanifold

2020 Mathematics Subject Classification: 53C43,53C15,53C40.

1. INTRODUCTION

Pointwise slant submanifolds were first introduced by F. Etayo in [I1] as quasi-slant sub-
manifolds. Such submanifolds have been studied extensively by B.-Y. Chen and O.J. Garay
[10]. Then P.Alegre and A.Carriazo studied slant submanifolds in para-Hermitian manifolds
and detailed definitions of types of submanifolds in semi-Riemannian setting were provided
by them [3], 4].

Warped products emerged in the mathematical and physical subjects before 1969, for
example, semi-reducible space, which is utilized for the warped product by Kruchkovich in
1957 [19]. It has been succesfully used in the general theory of relativity, string theory and
black holes. On the other hand, warped product manifolds was introduced and studied by
R.L. Bishop and B. O'Neill [9]. Later, many authors researched on warped product and
submanifolds [T}, 2, [5, [7, 8, 12, 14} [15] 20]

B. Sahin studied warped product pointwise semi-slant submanifolds in Kaehler manifolds
[23]. He researched that there exist of the second form M7T x; M? in Kaehler manifold M.
Also he found a characterization, theorem, interesting results, inequality and he obtained
examples of such submanifolds. Later, S. Ayaz and Y. Giindiizalp studied warped product
pointwise hemi-slant submanifolds whose ambient spaces are nearly para-Kaehler manifolds
[6].
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Nearly Kaehler manifolds were studied by Tachibana in [25]. For example, S® (six dimen-
sional sphere) is a example of nearly Kaehler non-Kaehler manifold.

Every nearly para-Kaehler manifold isn’t a para-Kaehler. But Every para-Kaehler mani-
fold is a nearly para-Kaehler [24]. So, we give some examples for both nearly para-Kaehler
and para-Kaehler manifold and we research pointwise semi-slant warped product submani-
folds in nearly para-Kaehler manifolds in this paper.

This article is organized as follows. In section 2, we recall some fundamental notins for the
paper. In section 3, we introduce pointwise semi-slant submanifolds of nearly para-Kaehler
manifold and give some examples. In section 4, we introduce pointwise semi-slant non-trivial
warped product submanifolds in nearly para-Kaehler manifold. We also provide an example.

In section 5, we obtain an inequality in terms of the second fundamental form.

2. PRELIMINARIES

Let (M, g) be a 2n-dimensional semi-Riemannian manifold. If there is a tensor field P of
type (1,1) on M, such that

G(PXe, PVs) = —3(Xa, Vo), P2Xy= A, (2.1)

for any vector fields &,,)), on M, it is said a para-Hermitian manifold. In addition, it is
called to be para-Kaehler manifold, if it satisfies VP = 0 identically [17].
Let TM be the tangent bundle of M and V, the covariant differential operator on M
with respect to g. If
(Va,P)X, =0 (2.2)
for any 7 M, then an almost para Hermitian manifold is called nearly para-Kaehler struc-

ture. Equation (2) is equivalent to

(Va,P)Vo+ (Vy,P) Xy =0 (2.3)
for any vector fields X,,)), on M

Let M be a submanifold of (M, P, §). The Gauss and Weingarten equations are

Vadb = Va b + (s, Vy), (2.4)

VaVe = —Ap Xa+ Vi Ve, (2.5)
for X, Yo € D(TM) and V. € [(T ML), that h is the second fundamental form of M, Ay,
is the Weingarten endomorphism with V. and V+ is the normal connection. Ay, and h are
related by

g(AVchayb) :g(h(‘){avyb)?VC)? (26)

here g states the semi-Riemannian metric on M. For any tangent vector field X, we denote
PX, = RX, + SA,, (2.7)

that RAX, is the tangential part of PX, and SX), is the normal part.
For any normal vector field V.,
PV, =1V, + sV., (2.8)
that 7). and sV, are the tangential and normal vectors of PV,.
Now, denote by Gy, ), and Ux, ), the tangential and normal parts of (V, P)Vs, i.e.,
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(Va,P)Vs = G, Vs + Ux, Vs, (2.9)
for any X, ), € T'(T M,). Using of (2.7)), (2.8)), (2.9) and the Weingarten and Gauss formu-

las, we obtain

G, Vb = (Va, R)Vs — Asy, Xo — rh(Xa, V) (2.10)
and
Uz, Vo = (Va,8)Vy — h(Xa, RVS) — sh( X, V). (2.11)
Similarly, for any V. € T+ M, denote the tangential and normal parts of (Vx, )V, by Gy, Vs
and Uy, ), respectively, we get

Gx, Ve = (Va,m)Ve+RAY, X, — Asy, X (2.12)
and
Ux, Ve = (Va,8)Ve + h(rV., X,) + SAy, X, (2.13)

where the covariant derivative of R,S,r, s are defined by

(Va,R)Vs =V, RV — RVAYs, (Va,8)Vs =V, SV — SV, D,

(Va,r)Ve=Va,rVe =1V Ve, (Va,s)Ve=Vz, sVe—sVz W

for any X, ), € TM and V. € T(T M)
For the proporties of G and U we refer [18], which we express here for later use.

(ml) ((I) gXa—l-bec = gXa W, + gbec
(b) Ux,+y,We =Ux,We + Uy, Wk

(m2) (a) Gx,(Vp +We) =Gx, Vb + Gx, We
() Ux,(Vp +We) =Ux, Vo +Ux NV,

(m3) (a) G(Ga, Vo, We) = —g(Vp, Ax, We)
(b) gUx, Vo, Vs) = =9V, G, Vy)

(ma) Gx, PV +Ux,PVp = —P(Ga, Vo +Ux, W)

for any X,, Yy, We € T(TM,) and V; € T(T M)
On a nearly para-Kaehler manifold M. by equations (2.2)) and (2.9)), we get

(@)Gx, Vb + Gy, X =0 ()Ux, Vo + Uy, X, =0 (2.14)

for any X, ), € T(TMy)
The mean curvature vector field is defined by

1 v
H = —traceh. (2.15)
n
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We now introduce the following notions in a nearly para-Kaehler manifolds.

Definition 2.1. We call that a submanifold M in a nearly para-Kaehler manifold (M, P, §)
s pointwise slant, if for all timelike or spacelike tangent vector field X,, the ratio

§(RX,, RX,)/§(PX,, PX,) is a function. Moreover, a submanifold M of nearly para-Kaehler
manifold M is said pointwise slant [13], if at each point p € M, the Wirtinger angle PX
between 0(X) and T,M is dependent of the choice of the non-zero X € T,M. In this
instance, the Wirtinger angle causes a real-valued function 0 : TM — {0} — R which is said
slant function or the Wirtinger function.

It is easy to see that a pointwise slant submanifold in nearly para-Kaehler manifold is
said slant, if its Wirtinger function « is globally constant. Also we notice that all slant
submanifolds are pointwise slant submanifolds.

If M is a para-complex (para-holomorphic) submanifold, in that case, PX, = RX, and
the above ratio is equal to 1. Moreover if M is totaly real (anti-invariant), then R = 0,
so PX, = SX, and the above ratio equals 0. Hence, both totally real and para-complex
submanifolds are the private situations of pointwise slant submanifolds. Neither totally real
nor para-complexr pointwise slant submanifold can be called a proper pointwise slant. These

manifolds are proper manifolds.

Definition 2.2. Let M be a proper pointwise slant submanifold in nearly para-Kaehler man-
ifold (M, P,g). We call that it is of

type-1 if for any space-like or time-like vector field X,, RX, is time-like or space-like, and

|RXa|
RN

type-2 if for any space-like or time-like vector field X,, RX, is time-like or space-like, and

|RX, |
. <1

Similar to the way of P. Alegre and A. Carriazo used [4], the following theorem and results

are obtained.

Theorem 2.1. Let M be a pointwise slant submanifold in nearly para-Kaehler manifold
(M, P,q). So,

(a) M is pointwise slant submanifold of type-1 if and only if for any spacelike or timelike
vector field X,, RX, is timelike or spacelike, also arise a function p € (1,+00). Therefore,

R? = uld. (2.16)

If 0 indicates the slant function of M, u = cosh?6.
(b) M is pointwise slant submanifold of type-2 if and only if for any spacelike or timelike
vector field X,, RX, is timelike or spacelike, also arise a function p € (0,1). Therefore,

R? = uld. (2.17)

If 0 indicates the slant function of M , u = cos® 6.
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Proof. Firstly, if M is the pointwise slant submanifold of type-1 for any spacelike tangent
vector field X,, RX, is timelike and by the equation of (2.1]), PX, is too. Furthermore, they
supply |RX,|/|PX,| > 1. Therefore, it follows that the slant function 6. Because of,
|RXa| _ \/_g(RXaaRXa))

PXa|  \/—§(PX,,PX,)

coshf = (2.18)

Using (2.1) and (2.18)), we have

G(R*X,, X,) = cosh? 0§( Xy, X,).
Thus, we get R?X, = X,I. So, from (2.18), we get y = cosh? 6.

In a similar method for any timelike tangent vector field Z, now, RZ and PZ are spacelike
and therefore, instead of (2.18]) we get

[RZ| _ 9(RZ,RZ))

cosh 6 = =
PZ| 9(PZ,PZ)

Because of R?Z = ;1Z, for any spacelike and timelike Z it further provides for lightlike vector
fields and therefore we get R? = uld. The converse is (a) direct calculation.

Similarly, we have (b).

Finally, for both pointwise slant submanifolds of type-1 and type-2, if X, is space-like, in
that case, PAX, is timelike. Thus, all pointwise slant submanifold of type-1 and type-2 should
be a neutral semi-Riemann manifold.

O

Using (2.1),(2.7) and Theorem we obtain the following corollary.

Corollary 2.4. Let M be a pointwise slant submanifold of a nearly para-Kaehler manifold
(M, P,g) with the slant function . For any non-null vector fields X,,), € ['(TM), we
obtain:

If M is of type-1, then

G(RX,, RY}) = — cosh? 03(X,, Vy), G(SXy, SVy) = sinh? 03(X,, V). (2.19)
If M is of type-2, then
§(RXa, RYy) = — cos” 03(Xa, V), §(SXa, SVp) = — sin® 05(Xa, V). (2.20)
Using ,, and Theorem we get the following corollary.

Corollary 2.1. Let M be a pointwise slant submanifold in nearly para-Kaehler manifold
(M, P,3). M is a pointwise slant submanifold of

*type-1 if and only if rSX, = —sinh? X, and SRX, = —sSX, for all timelike (spacelike)
vector field X,.

*type-2 if and only if rSX, = sin® X, and SRX, = —sSX, for all timelike (spacelike) vector
field X,.
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3. POINTWISE SEMI-SLANT SUBMANIFOLDS IN NEARLY PARA-KAEHLER MANIFOLDS

In this section, we introduce and study pointwise semi-slant submanifolds in nearly para-

Kaehler manifold. Also we give some examples.

Definition 3.1. A semi-Riemannian submanifold M of a nearly para-Kaehler manifold
(M, P,q) is called pointwise semi-slant submanifold, if there are two orthogonal distribu-
tions DT, DY on M at the point ¢ € M such that the following conditions are satisfied.

1)) TM=DTaD

2) DT is an invariant (para-holomorphic) distribution, PDT = DT,

3) DY is a pointwise slant distribution.

Then, we say the 6 is the semi-slant function with the pointwise slant distribution D?.
The invariant distribution D7 of a pointwise semi-slant submanifold is a pointwise slant dis-
tribution with slant function 6 = 0.

In the above definition, if we suppose that the dimensions a = dimD” and b = dimD?, then
we get

*) If a = 0 and 6 is globally constant, M is a slant submanifold.

*) If a = 0, M is a pointwise slant submanifold.

*) If b = 0, M is an invariant submanifold.

*) If a =0 and 0 = 5, M is an anti-invariant submanifold.

*) If a # 0 and 6 is constant on M, M is a semi-slant submanifold.

*)Ifa#0,b#0and 0 = 5, M is a semi invariant submanifold.

A pointwise semi-slant submanifold M is called proper if its semi-slant function satisfies

0 # 0, 5, also 0 is nonconstant on M.

Remark 3.1. Pointwise slant submanifold is a generalization of slant submanifold.
Using (1),(5),(6), Theorem and Remark we have the following result.

Corollary 3.1. Let M be a pointwise semi-slant submanifold in nearly para-Kaehler man-
ifold (M, P,§) with semi-slant function 6. Then, for any non-null vector fields X,,), €
(DY), we obtain
If M is of type-1, then

G(RX,, RYy) = —cosh?03(X,, V), §(SXa, SVy) = sinh? 0(X,, V). (3.21)
If M is of type-2, then

§(RXa, RYy) = — cos” 03(Xa, V), §(SXa, SVs) = — sin® 03(Xa, V). (3.22)

Now, we give two lemmas for using next section.

Lemma 3.1. Let M be a proper pointwise semi-slant type-1-2 submanifold whose ambient
spaces are nearly para-Kaehler manifold (M,P,g). D? is slant distribution and (DT) is
holomorphic distribution. Then we get

1) (for type-1)
G (Vaadp, 2) = —csch®0{g(h(Xa, PWy), S2) — G(A(Xa, W), SRZ) — §(Ux, Vs, S2)}  (3.23)
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2) (for type-2)

H(Vaads, Z) = es?0{g(h(Xa, PVy), SZ) — §(A(Xa, Vs), SRZ) — §Ux, Vb, SZ)}  (3.24)
for any non-null vector fields X,,), € T(DT), Z € T(DY).

Proof. 1) (for type-1)
ﬁ(vXayan) - _g(P?Xayb;PZ)
= —9(VaaPV, P2) + §((VaaP) Vs, P2)
By using (7),(8) and (9), we get

9(VxaVe, 2) J(PYo. Vo PZ) 4+ §(Gx Vo, RZ) + §Ux Vo, SZ)
(Vo PVxoRZ) + §(PYy, VaoSZ) — §(Vs, Gxo RZ)

+ JUxeds, SZ)
IV, Vo R Z) = §(Vo, VauSRZ) + §( Vs, (VaoP)SZ)
G(PYVp, AszX ) — 4( Vb, GxaRZ) + gUx Vb, SZ).

By using (9),(4),(5),(6),(16) and (17) we get

I(VaaVn 2) = —cosh®05(Vy, Vo Z) + §(h(Xa, V), SRZ)
— G Xa, PY3), SZ) + §(UxaVs, S Z)
= cosh®051(Vaods, Z) + §(M(Xa, V), SRZ)
— G X, PW), SZ) + gUx Vs, SZ).

From the above relation, we get (1) and using similar method, we obtain (2). O

Also, we find the following result.

Corollary 3.2. Let M be a proper pointwise semi-slant type-1,2 submanifold in nearly para-
Kaehler manifold M. Holomorphic distribution DT defines a totally geodesic foliation if and

only if
—AszPX, + AspzX, +Ux,SZ € D’

for any non-null vector fields X, € T'(DT) and Z € T'(D?).
Proof. By using (23), (24) and ms (b), we get corollary. O

Lemma 3.2. Let M be a proper pointwise semi-slant type-1-2 submanifold in nearly para-
Kaehler manifold (M, P, ). The distribution DT is holomorphic distribution and distribution
DY is slant distribution. Then we get

1) (for type-1)
—sinh?05([2, W], X,) = §(AszPXy — AsrzXa, W) — §(Ux, Z, SW)
+ g(UXaWSZ) _g(ASWPXa _ASRWXG7Z)7
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2)(for type-2)
sin? 0g([2, W], Xa) = §(AszPXa — AsrzXe, W) — §(Ux, Z,5W)
+ gUx,W,52) — §(AswPXy — Asrw Xa, Z),
for any non-null vector fields X,, Y, € T'(DT) and Z,W € I'(DY).

Proof. 1)(for type-1)
9([2. W], Xa) = —g(PV W, X,) + Gg(PVWZ, X,) (3.25)
By using the two terms in the right hand side of (25), we obtain
PV, X,) = §(VzPW, X,) — §(VzP)W, X,)
By using (7),(8) and (9), we have
g(PVzW, X,) = §(VzRW,X,) +§(VzSW, X,) - g(GzW, X,)

= —g(PVzRW,PX,) — §(AswZ,X,) — §(GzW, X,)

= cosh*0§(VzW,PX,) — §(VzSRW,PX,)

+ g((VzP)RW,PX,) — §(AswZ, X,) — §(GzW, X,)

= cosh®05(Vz W, PX,) + G(AsrwZ, PX,)

+ 9(GzRW,PX,) — §(AswZ,X,) — g(GzWV, X,,). (3.26)

Interchanging W and Z in (26). We have

g(PVWZ,X,) = cosh*03(VwZ,PX,) + §(AsrzWV,PX,)
+ 9(GWRZ,PX,) — §(AszW, X,) — G(GWZ, X,). (3.27)
By using (25),(26) and (27), we get

—sinh?0§([Z, W], X)) = —§(AspwZ,PX,) — (ngW PX,)
+ G(AswZ,X,) +9(Gz=W, X,)
+ g(AsrzW,PX,) + (QWRZ PX,)

- g(ASZW7 Xa) - g(nga‘){a)

By using the symmetry property of the shape operator and interchanging X and PX, for
any X, € DT, we get

—sinh*051([Z, W), X,) = —G(Aspwia, Z) — §(GzRW, X,,)
9(AswPX,, Z) — 9(GzW, PX,)
+ 9(AsrzXe, W) + G(GWRZ, X,)
+ §(AszPXe, W) + §(GWZ, PX,). (3.28)

Also, by using m4 and ms (b), we find
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g(ng, P‘/Ya) - §(ng, P‘Xa) = _g(gWRZ, Xa) + g(UWXaa SZ)
+ 9(GzRW,X,) — gUzX,, SW). (3.29)
By using (2.14)) and from (3.28]), (3.29), we get proof.
Also, for type-2 the proof is obtained using the same method. O

4. GEOMETRY OF POINTWISE SEMI-SLANT WARPED PRODUCT SUBMANIFOLDS IN
NEARLY PARA-KAEHLER MANIFOLDS

Let (£,g1) and (&, g2) be two semi-Riemannian submanifold, & : £ — (0,00) and ¢ :
LxE = L, a: LxE — & the projection maps obtained by ¢(t,p) = t, a(t,p) = p for
all (t,p) € L x £. The warped product M = L X £ is the manifold £ x £ with the semi-

Riemannian constructure. In that case,

g(Xaa yb) =0 (Q*Xaa Q*yb) + (k © Q)2§2(Q*Xaa Q*yb)

for every X, and )} of M where * denotes the tangent map [9]. The function & is called
the warping function. Especially, if the warping function is constant, M is called to be trivial.

For X,, Y, on £ and V., W, vector fields on €. Later, using Lemma 7.3 of [9], we obtain
Vi Ve=Vy X, = V(Ink) (4.30)

where V is the Levi-Civita connection on /.

Theorem 4.1. Let M be a nearly para-Kaehler manifold. Then, there don’t exist pointwise
semi-slant non-trivial warped product type 1-2 submanifolds M = M? x, M in nearly
para-Kaehler manifold M.

Proof. For type-1, using , , , and , we get
Ve(lnk)§(Xa, Vo) = §(VaaVe, Vo) = §(VaaVe, V)
= —§(VxaPVe, PVs)
= §(VaaRVe + SRV, W) + §(Asv,Xa, PV).
From (Theorem 3.3.) we obtain
Ve(Ilnk)§(Xa,Ys) = §(Vaqcosh® Ve, V) + §(VaaSRVe, Vo) + §(Asy. Xa, PVs)
= sinh 20X, (0)§(V., V) cosh? 03(V x Ve, Vp)
= G(A(Xa, V), SRV.) + (R Xa, PVy), SVs).
Since D? and DT are orthogonal, using , we get

— sinh? OV.(Ink) (X2, Vo) = —G(h(Xa, Vo), SRV.) + §(h(Xa, PVs), SV.).
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In above equation interchanging X, and ), we get
— sinh® OV, (Ink)§(Vo, Xa) = —G(R(Vo, Xa), SRV.) + G(h(Vo, PXa), SVe).
If we substract the last two equations from each other, we have

G(A(Xa, PY), SVe) = §(h(Vy, PXa), SV (4.31)
G X, PY), SV.) = G(VaaPVy, SVe)
= §(PVxod, PVe) = §(PVx Vs, RV)
— §(VxoVe, ) + 3(Vx RV, PWs).
Using (3.22)), we get
G(R(Xa, PYy), SV.) = Ve(Ink)§(Xa, Vo) + RVo(Ink)§(Xa, PVs). (4.32)
Using (23), (1), Theorem 2.1} and for V. = RV,, X, = PX, we have
0 = RV:(Ink)g(X,, PVs)
= R*.(Ink)§(PXa, PYs)
= —cosh? 0V,.(Ink)§( Xy, Vp).

Because of V.(Ink) = 0, Ink is constant. Proof is complete. Also for type-2, we use in a

similar way. O

Remark 4.1. We express that Theorem (4.1) is a generalization of Theorem (3.1) in [22]
and Theorem (4.1) in [23].

It is clear from the above theorem that there don’t exist pointwise semi slant non-trivial
warped product submanifolds of the first form M = M? x;, M7T in nearly para-Kaehler
manifolds. Conversely, we demonstrate that there exist of the second form M = M7T x; M?

in this part.
Now we write an example with related to the second form M = M7 x; MO,

Let M be a semi-Riemannian submanifold of K7 described by the immersion ¢ : M —

I_(f(? with the cartesian coordinates (zy, ..., Z20) and the almost para-complex structure
7’(3%) = axfﬁ j=1(3,4,7,811,12,15,16,19,20) and

P( 621_) = 8;;” i = (1,2,5,6,9,10,13,14,17,18). Let K7 be a semi-Riemannian space of

signature (+,+,—,—,+,+,—,—,+,+,—,—, +,—,—, +,+, —, +, —) with the canonical basis
o)

3
(Gags - Fagg)-

Example 4.1. M be defined by the immersion ¥ as follows

¥(a,b,c,d) = (asinc,acosc,bsinc,bcosc,asind, acosd, bsind,

beosd, z,2a,y,2b,vV2d,V2¢, ¢, d,V3c,V3d, z, Y)



12 S. AYAZ AND Y. GUNDUZALP

Py = simci —I—cosci +sindi +cosdi +2i
a 81‘1 81‘2 61‘5 81176 81710
. 0 0 . 0 0 0
’l/)b = Sl].'lcaix3 + COSCail’4 + sin daiq;? + cos daiajS —+ 28712
P —acosc——asinci—l—bcosci—bsinci—i— 9 + 9 +v3 9
o 8:61 81’2 ang 81’4 6x14 8%15 8:617
0 0 0 0 0 0 0
= d— —asind— +b d— —bsind— 2 3
g = acos o asin Dre + b cos e sin B2s + \faww + B1g + fal'lg

defines a pointwise semi-slant submanifold M with type-1,2 in (I_(f(?, P, §) para-complex man-
ifold with p = R? = (a2_b2)(§2_a2+6)) Actually DY = span{ie, b} is pointwise slant distri-

bution and DT = span{t,, ¥} is invariant distribution.

So, we get that DT and D? distributions are integrable. The induced metric tensor ja on
M = MT x;, M? is given by

gm = 6(da* — dy®) + (2% — %) (d.> + da®). Thus,

*)if 0 < (a2 —b2%) < 2 or 6 > (a2 — b?) > 4, M is a pointwise semi-slant non-trivial
warped product type-1 submanifold in nearly para-Kaehler manifold f(ﬁ? with warping func-

tion k = /(a% — b?).
*) if 2 < (a2 — b?) < 4 M is a pointwise semi-slant non-trivial warped product type-2
submanifold in nearly para-Kaehler manifold K& with warping function k = /(a2 — b2)

We now give below lemmas for later use.

Lemma 4.1. Let M = M7 x;;, MY be a pointwise semi-slant non-trivial warped product

type-1,2 submanifold in nearly para-Kaehler manifold M. In that case, we get

v

(i) g(h(Xa, Vp), SVe) =0

(i) §(M(PX,, Z),S8Z) = (Xalnk)cosh?0||Z||% (for type-1)
G(h(PXe, 2),S2) = (Xalnk)cos®0|| Z|[* (for type-2)

(iii) §(( Xy, Z),SZ) = —(PX,Ink)cosh?0||Z||? (for type-1)
(M Xy, 2),82) = —(PX,ink)cos?0||Z||? (for type-2)

for X,V € T(DT) and V., Z € T(D?).

Proof. Using (12.7)), and we get
G Xas ), SVe) = G(Va, PV, Vo) + §(Va, Vi, RVe).
From (30) and because of P))}, with V. and RV, with )}, orthogonality, we obtain

GR(Xa, V), 8Ve) = Xa(Ink)G(PYy, Vo) + Xa(lnk)g(Vy, RV.) = 0.
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Proof is complete and we get proof of equation (ii) and (iii) with smilar way.

If we interchange Z by RZ in (ii) and (iii), we obtain

J(M(PX,, RZ),SRZ) = (X,lnk)cosh®|| Z||*(type — 1), (4.33)
§(h(PX,, RZ),SRZ) = (X,lnk)cos?0|| 2| (type — 2) (4.34)
and
G§(h(Xy, RZ),SRZ) = —(PX,Ink)cosh?0|| Z || (type — 1), (4.35)
§(h(X, RZ),SRE) = —(PX,Ink)cos*0||Z|)* (type — 2). (4.36)
O

Now, using the above lemma, we get the following results.

Corollary 4.1. Let M = M7T x;, M? be pointwise proper semi-slant warped product type-1,2

submanifold in nearly para-Kaehler manifold M. In that case, we obtain

G(M( Xy, RZ),S82) = —§(h(Xy, Z),SRZ) = —é(Xalnk)cosh29|]ZHQ(type —1)  (4.37)
and

(X, RZ),82) = —§(h(X,, Z),SRZ) = —%(Xalnk)cos29|\ZH2(type -2)  (4.38)

for X, e DT and V,, Z e TD’.
If we replace X, by PX, in (37) and (38), we get

y y 1
§(M(PX,, R2),82) = —§(h(PX,, Z),SRZ) = —g(PXalnk)cosh20||Z||2(type —1) (4.39)

and

v v

1
G(h(PXy,R2),82) = —4(h(PX,, 2),SRZ) = —g(PXalnk:)cos29HZ||2(type —2). (4.40)

Theorem 4.2. Let M be a pointwise semi-slant type-1,2 submanifold of nearly para-Kaehler
manifold M. In that case, M is locally a non-trivial warped product submanifold M =
MT x M?, such that, MT is a holomorphic submanifold and M® is a pointwise slant
submanifold in M If the following situation is satisfied

for type-1

AspzX, — AszPX, = (1 — %cosh2 0)X,(7)Z (4.41)
for type-2

AsrzXy — AszPX, = (1 - éCOSQ 0)X,(7)Z (4.42)
where v = Ink is a function on M so that Z(y) = 0 for any X, € T'(DT), Z € T(D?).
Proof. Let M = MT x;, M? be a proper pointwise semi-slant non-trivial warped product

type-1 submanifold in nearly para-Kaehler manifolds M. In that case, from ([2.1)), (2.5), (2.7)
and Lemma 4.4, we get

J(AszP Xy, Vp) =0 (4.43)
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I(AszPXa, 2) = (Xay)l| 2] (4.44)

] 1
9(AsrzX,, Z) = g(Xa’Y) cosh®0||Z||*  (type — 1) (4.45)

V., Z € T(DY) and X,,), € T(DT) which specifies that AszPX, with related to D?. On
the contrary, accept that M is a pointwise semi-slant type-1 submanifold of nearly para-
Kaehler manifold M and using (44) and (45), we get

H(Asrzds — AszPX,) = (1 %coshQ 0) X, (1) Z. (4.46)

So, we get (4.41)). Then from Lemma (2), DY is integrable and from Lemma (1), DT
is totally geodesic. Let M? be the integral manifold of DY. Because of Weingarten operator

Ay is self-adjoint and using ,, and we have
J(Asrv. X — Asv,PXe, Z2) = —§(Vx, SRV, Z) — §(Vpx,SVe, 2)
+ Ux, I, SZ
= (X, VZPSV,)
= —§(Xe, VZR*V:) — §(Xa, V2 Vo).
Using for type-1 we get
G(Asry, Xy — Asy,PX,, Z) = 2cosh@sinh0Z(0)g(Xa, Ve)
+ (=1+cosh?0)§(X,,VzV.)
= sinh?0g§(X,, VzV.).
Using we get
G(Asry. Xy — Asy,PX,, Z) = sinh® 0(X,, hg(Ve, Z)). (4.47)

Then (4.46)) indicate that

v 1 2
he(Ve, Z2) = (§+§cosech29)V7§(VC,Z)

which indicate that MY is a totaly umbilical submanifold in M with the mean curvature
vector field ( % + %cosechze)vV , where V,, is the gradient of 7.

Conversely, by direct calculations, we have

Vei(Vy, Xa) = §(Vy, Vi Xa)]

Ve(Xa()) = Ve, Xa]y = 9(V5, Va, Vo)

= Ve, Xaly + Xa(Ve()Ve(Xa (7)) = Ve, Xaly = §(V5, Va, Ve)]
[Xa(Ve(N)) Vel Xa(7)) = 9(V5, Vi, Ve)l.

9(Vv.Vy, X)) =

Because of V.(y) = 0, we get
§(VVCV7, Xa) = g(v'ya vXaVc)-

Conversely, since V,, € L(TMT) and M7 is totally geodesic in M, it shows that Vx, V. €
L(TM?) for V. € T'(DY), X, € T(DT). So, §(Vy. V., X,) = 0. Then the sphrecial situation
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is also accomplished, that is M? is an extrinsic sphere in M. So, proof is complete.
Using a similar way, the result is also obtained for type-2. O

5. AN OPTIMAL INEQUALITY

We first indicate an orthonormal frame. Let M = M” x; M? be a (m + n) dimensional

pointwise semi-slant warped product submanifold a (m + 2n)-dimensional M nearly para-
Kaehler manifold. We give orthonormal frames according to type-1 and type-2. Firstly for
type-1, we indicate the orthonormal frames respectively;
{E1,.,Em,E1, ..., En, E}, ..., EX} of M so that, restricted to M, {Ei, .., By, Fi, ...,E,} are tan-
gent to M. So {Ej,..,Ey,Eq,..., By} form an orthonormal frame of M. We can indicate
{F),..,En,Eq,...,Eqx} in such a way that {E1,..,Ey} form an orthonormal frame of D’ and
{E,,...,E,} form an orthonormal frame of D?, where dim(DT) = m and dim(D’) = n.
We can indicate {E},...,EX} as an orthonormal frame of S(D?). In that case, n = 2p and
orthonormal frames are {E1, ...,Egp} of (DY) and {E}, ..., Es,} of S(DY).

Ey = sechOREy, ...,Egp = sechREgp_1, (type —1)

E] = cschfSEy, ..., E5,

= ¢schfSEy,, (type — 1)

We assume that
* on DT : orthonormal basis {E,}y=1, m, where m = dim(DT); also, supposed that
é(Ev, Ev) =L
* on DY : orthonormal basis {EX },y—; _n. n = dim(D?) also §(E},Ef) = F1.
* on PDT : orthonormal basis {Ev}v=1,..,m, where d; = dimP(DT) also §(PE,, PE,) = —1.
* on SDY : orthonormal basis {E} },y—;. _n, where n = dimS(D?) also §(E:,Ef) = F1.

wI Tw

Theorem 5.1. Let M be a (m+n) dimensional pointwise semi-slant type-1 warped product
submanifold M = MT x, M? in nearly para-Kaehler manifold M™2" where M? is a
proper pointwise slant submanifold and M™ is a invariant submanifold of M. Assume that
MT is spacelike. So, we get

1)
o 1
[A]]? < 4n(csch®6 + §coth29)||grad(lnk:)|]2, dim(K?) =n (5.48)

where grad(lnk) is the gradient of Ink.
2) If the equality sign of holds the same way, M is totally umbilical and MT is
totally geodesic in M. Also, M is minimal submanifold of M.

Proof. From description ||h1]|?> = [|h1(D?, D9)||? + 2||h (D, DT)||2 + ||h (DT, DT)||2 . We
get,

m+2p m m+2p 2p

AP = > > 9(hEn BB + > D g(h(EnEy), By)?
k=1 v,w=1 k=1 r,s=1
m+2p 2p m

+ 2 3D G(h(Ey B, BY)?

k=1 r=1v=1
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where {E;} is an orthonormal basis of TM=. Accepted the adapted frame, we will indicate
above equation as

2p 2p
1Al = > Z h(Ev,Ew), csch0SEq)? + Y G(h(Ey, Es), cschfSE,)
a=1v,w=1 a,r,s=1
m  2p
+ 22 Z G(h(E,,Ey), cschOSE,)>.
v=1a,r=1
By using( (37) and ( 39), we obtain
2p m  2p
IR = Y G(h(Er,Es), cschfSEL)* +2> Y (cschd)?[(PEy(ink))j(Ey, Ed))?
a,r,s=1 v=1a,r=1

+ 2PE,(Ink)§(Ey, Ea)Eo (Ink)(Ey, REq) + (Eo(ink)§(Ey, REq))?].

Thus
m 2p
> > PE(Ink)§(Er, Ea)Eo(Ink)g(Er, RE,)
v=1a,r=1
m  2p
= > " §lgrad(ink), PE,)j(grad(ink), E,)§(Er, Eq)g(E,, RE,)
v=1a,r=1

By using (33), (35) and lemma 4.4, the above equation will be simlified as

2p
v v 1
I|h|]? = Z G(h(E,, Es), cschBSEq)? + 4n||grad(Ink)||*[csch?6 + §coth29].
a,r,s=1
So, we get the inequality (48). Also the equality sign of (48) gives, we get

Zp  2p

3> G(h(Er Es), eschfSE,)* = 0. (5.49)

a=1r,s=1
Since MT is a totally geodesic in M, equation specifies that M7 is totally geodesic
in M. Also, equation specifies that & vanishes on DY. Because of DY is a spherical
distribution in M, we reach that M? is a totally umbilicial submanifold of M. Also, using
(4.46) and (5.49), we reach that M is minimal in M. O

Remark 5.1. If the manifold M? in the above theorem is timelike, in that case, (48) should
be changed by

v 1
||R||? > 4n(csch®6 + §coth29)\|gmd(lnk)ﬂ2, dim(K?) = n (5.50)
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where grad(lnk) is the gradient of Ink.

Similarly, if pointwise slant submanifold MY is type-2 , we achieve.

Theorem 5.2. Let M be a (m + n)-dimensional pointwise semi-slant warped product sub-
manifold M = MT x, M? in nearly para-Kaehler manifold M™+2" . Assume that, M? is
spacelike and timelike, respectively. In that case, (for type-2)

v 1
|A]]* < 4n(§cot29 + ¢sc®0)||grad(Ink)||? (5.51)

v 1
(respectively, ||h||* > 4n(§cot20 + csc®0)||grad(Ink)||?) (5.52)

where grad(lnk) is the gradient of Ink.
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TRIANGULAR NUMBERS AND CENTERED SQUARE NUMBERS
HIDDEN IN PYTHAGOREAN RUNS
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Abstract.

The Pythagorean theorem, which asserts that in a right triangle, the sum of the squares
of the legs is equal to the square of the hypotenuse and is mathematically expressed as
a? + b% 4 % can be generalized to equations with 5, 7, or more variables. If we seek to
find t consecutive numbers that satisfy such equations, which can be extended infinitely by
increasing the number of variables, and observe the equality of sums of squares for each
case, we encounter what are known as Pythagorean runs. In this study, it was observed
that within Pythagorean runs, which can become increasingly complex as we increase the
number of variables, there exists a strikingly unique solution set when we restrict ourselves
to finding consecutive integers.

By examining the consecutive integers that form these Pythagorean runs, new findings
have emerged. Specifically, Pythagorean runs were analyzed using triangular numbers and
centered square numbers. A hypothesis was formulated, positing that there is a unique
solution involving consecutive integers for Pythagorean runs with figurate numbers. This
hypothesis has been proven using both inductive and geometric proof methods.
Keywords: Consecutive Numbers, Pythagorean Runs, Triangular Numbers, Centered
Square Numbers.

2020 Mathematics Subject Classification: 11Dxx.

1. INTRODUCTION

In a right triangle, the Pythagorean theorem states that the square of the hypotenuse
(the longest side) is always equal to the sum of the squares of the other two sides. This

2. By extending this

fundamental principle can be algebraically expressed as a? + b> = ¢
principle with more variables, we can formulate new equations involving sums of squares
with a structure similar to the Pythagorean Theorem:

a®? 4+ b = 2, involving 3 variables.

a? + b2 + % = d? + €2, involving 5 variables.

a? 4+ b2+ 2+ d? =e? + f2 + g2, involving 7 variables.

a’?+ b+ +d?+ e = f2+ g2 + h? + 42, involving 9 variables, and so forth.
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An infinite number of integers satisfy these equations, which initially appear as sums of
squares. But what if we restrict these integers to be consecutive?

For the Pythagorean Theorem, which is the first of these equations, many different integer
combinations like (7, 24, 25), (8, 15, 17), and (9, 40, 41) come to mind. However, when seeking
consecutive integers that satisfy the Pythagorean Theorem, there is only one solution: (3, 4,
5). This can be observed as follows: 3% + 42 = 52 .

In such equations, regardless of the number of variables added, only one set of consecutive
integers forms a solution, just as with the Pythagorean Theorem. For example:

For the equation a? + b? + ¢ = d? + €2, the consecutive numbers are: 102 + 112 + 122 =
13% + 142,

For the equation a?+b% 4 ¢ +d? = e? + f2 + g2, the consecutive numbers are: 2124222 +
232 + 242 = 252 + 262 + 272

The sequences of consecutive integers that satisfy such equations extend as follows:

36% 4+ 377 + 382 + 392 + 40% = 41?7 + 422 + 43% + 447

552 + 562 + 572 + 582 + 592 + 602 = 612 + 622 + 632 + 642 + 65°

782 + 797 + 802 + 812 + 822 4 832 + 847 = 85% + 862 + 877 + 88% + 892 + 90?

According to the literature, these perfect sequences can continue indefinitely, and for any
equation with one term, a unique solution of consecutive integers exists. These sequences,
which appear as sums of squares of consecutive integers, are known in the literature as
”Pythagorean runs”, and various intriguing studies have explored their properties.

This study began by gathering the proofs for special cases of equations with three, five
and seven variables, with the aim of discovering new insights into consecutive integers that
satisfy equations with more variables, and to compare these findings with existing literature.

The discovery of the relationship between triangular numbers and centered square num-
bers, which are well-known for their fascinating properties in number theory, and their con-
nection to consecutive integers forming solutions to the studied equations, constitutes the
original aspect of this research.

At the conclusion of the study, an original algorithm was developed to extend these perfect

sequences indefinitely using figurate numbers.

2. MATERIAL AND METHOD

2.1. The Pythagorean Theorem. The Pythagorean Theorem, which has been proven
and widely known for centuries, from ancient Egypt to the present day, has captivated
the attention of many, including renowned mathematicians such as FEuclid, Archimedes and
Sabit bin Qurra, as well as the 20th president of the United States, James A. Garfield,
who famously provided a simple proof using a trapezoid. The Pythagorean Theorem, which
describes the geometric relationship in right triangles, states that in a right triangle, the
square of the hypotenuse (the side opposite to the right angle) is equal to the sum of the
squares of the other two legs (the sides adjacent to the right angle). This relationship,
expressed algebraically as a® + b?> = ¢2, where a and b are the legs of the right triangle, is
often treated as a fundamental mathematical exercise [1]. Kindly refer to Figure 1 for further

reference.
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FiGure 1. Pythagorean Theorem

Definition 2.1.1: A triple (a, b, c) is called a Pythagorean triple if it satisfies the equation
a’ +b? = 2, ,where a, b and c positive integers [2, p. 4].

The right triangle with side lengths 3, 4, and 5 provides the first integer solution to the
Pythagorean Theorem, forming what is known as the Pythagorean triple (3, 4, 5), as it
satisfies the equation 3% + 42 = 52 . Pythagorean triples can be extended to other integer
combinations, such as (5, 12, 13), where 52 + 122 = 132. These examples demonstrate
the recurring relationship between integer side lengths in right triangles governed by the
Pythagorean theorem.

Definition 2.1.2: A Pythagorean triple (a, b, ¢) is called a primitive Pythagorean triple if
it satisfies the equation ged(a, b, ¢) =1 [2, p. 4].

Many primitive Pythagorean triples can be derived, such as (3, 4, 5), (16, 63 ve 65), (21,
20 ve 29), (55, 48 ve 73), (65, 72 ve 97),(1155, 1292 ve 1733), (20737, 23184 ve 31105) [2].

These triples consist of positive integers that satisfy the equation a? + b = ¢? and have no
common divisor greater than 1, thereby representing primitive solutions to the Pythagorean
theorem.

Proposition 2.1.1: Given that a,b and ¢ € ZT, the only primitive Pythagorean triple
consisting of consecutive integers that satisfy the equation a® + b% = ¢? is (3, 4, 5).

Proof 2.1.1: Let us express a and c in the form of b such that they are consecutive integers.
Thus, we have c=b+ 1 and a = b — 1 . Now let us substitute these into the equation and
solve for equality:

a? +b? =c? (1)
(b—12+0%=(b+1)>?
b-—1)2+*—0b+1)%*=0
b—1+b+1).b-1-b—-1)+b0*=0
2b.(=2) +b* =0
b* —4b=0
b.b—4)=0

From here, we find b = 0 or b = 4. However, since b € Z*, b cannot be 0. Therefore b must
be 4. In this case, a = 3,c = 5 . Substituting these results into the equation a? + b* = ¢2, we
obtain the equality 3% + 42 = 52. As can be understood from this direct proof, the numbers
3, 4 and 5 have a distinct significance as the only consecutive integers that solve the equation

a? + v = 2.
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Let us examine Figure 2 for the visual geometric proof found in literature. The proof by
Michael Boardman, which resperents 32 + 42 = 52 by diving it into squares, is illustrated in

Figure 2:

32 42 52
FIGURE 2. Boardman’s dissection of squares for 3% + 42 = 52 [3]

Boardman sliced the 4-square into four congruent rectangles that fit against the four sides
of the 3-square to produce the 5-square [3, p.323]. As illustrated in Figure 2, this trans-
formation demonstrates how a square can be restructured into a larger square by breaking
it down and incorporating it with smaller square. By dividing the 4-square into four equal
parts and placing them around the sides of 3-square, as shown in the figure, we produce a

5-square. This geometric process leads to the vertification of the equation 3% + 42 = 52.

2.2. Extending the Pythagorean Equation With Additional Variables While Pre-

serving Its Fundamental Principle.

The problem is to determine, if possible, two consecutive integers the sum of whose squares
equals the sum of the squares of three conse- cutive integers; three consecutive integers, the
sum of whose squares equals the sum of the squares of four consecutive integers; and so on
[4, p.155].

The problem Alfred mentioned is to expand the equation a? + b*> = ¢? by adding more
variables while preserving its fundamental principle, thereby creating new equations that
maintain a structure similar to the Pythagorean Theorem:

a’® + b? = 2, with 3 variables,

a’® 4+ b? + ¢ = d? + €2, with 5 variables,

a? +b* + 2+ d? =e? + f? + g%, with 7 variables,

a2+ b2+ 2+ d?+e? = f2+ g%+ h?+ 52, with 9 variables,

A+ 0P+ +d?+ e+ 24 = ¢? + h?+ j2 + k? + m?, with 11 variables, and so on.

Let us proceed by analyzing the equation with five variables and attempt to find consec-
utive numbers that satisfy the equation a® + b + ¢ = d? + €2.

For example; 132 + 142 = 102 + 112 + 122

1332 + 1342 = 1082 + 1092 + 1102

13212 + 13222 = 10782 + 10792 + 1080% ” [4, p.155].

When we examine the individual examples in this study, we observe that only the first
example consists entirely of consecutive numbers. This observation supports the second

proposition that we aim to prove in our research.



CALCULATION (2025) 1(1):19-34 / TRIANGULAR AND CENTERED SQUARE NUMBERS 23

Proposition 2.2.1: The only solution set composed of consecutive integers for the five-
variable equation a? + b? + ¢ = d? + €2 , where a,b,c,d,e € ZT,is(10,11,12,13,14).

Proof 2.2.1: The fact that the numbers a, b, ¢, d and e in the equation a?+b%+c? = d? +e?
are consecutive allows us to express these numbers in terms of a single variable. Let the
middle number be c =z. In thiscasea =2z —-2,b=x—1,d=2+1 and e = = + 2. Now,

substituting these expressions into the equation, we can proceed to solve for equality.

(x -2+ (-1 422 =(x+1)*+ (z+2)
2 —dr+d4+2t -2 41422 =22+ 22+ 1+2°+42+4
327 — 62 +5 = 22"+ 62+ 5
22— 120 =0
z.(r—12)=0

Thus, x = 0 or x = 12 are the solutions.

Since ¢ € ZT | ¢ cannot be 0 (¢ # 0) , so we conclude that ¢ = 12. Therefore a = 10,b =
11,d = 12,e = 13. Substituting these values into the equation a? + b? + ¢? = d? + €2 we
obtain: 10? + 11% 4 122 = 13% + 142,

Let us examine Figure 3 for the visual geometric proof referenced in the literature. The
proof by Michael Boardman, which decomposes 102 4 112 4+ 122 = 132 4 142 into squares, is

illustrated in Figure 3:
122. : ““ + ““““

: + ““ : D )
i + ““““ : D i

FIGURE 3. Boardman’s dissection of squares for 102 4 112 4 122 = 132 + 142 [5]

The geometric proof in Figure 3 demonstrates that if we divide a square with side length 12
into 12 parts and distribute them evenly along the edges of the 11-unit and 10-unit squares,
we can transform these squares into 13-unit and 14-unit squares. This confirms the equation
102 + 112 4 122 = 132 + 142 [5]. From this, it can be inferred that the middle number, 12,
plays a crucial role in the geometric proof of the equation.

Let us now find the consecutive numbers that satisfy the seven-variable equation a? + b +
A+ d? = e+ f? + g%. Refer to Figure 4 for the geometric proof found in the literature. The
proof by Michael Boardman, which divides the equation 212 +222 42324242 = 2524262 +272

into squares, is illustrated in Figure 4:
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FIGURE 4. Boardman’s dissection of squares for 212 + 222 4 232 4 242 =
252 + 262 + 272 [6]
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In Figure 4, a 24-unit square is divided into 24 equal parts, which are subsequently grouped
as 24 = 4 + 8 + 12. By arranging these groups neatly along the edges of the squares with
side lengths of 23,22 and 21 units, respectively, we can transform them into squares with
side lengths of 25, 26 and 27 units [6]. The geometric proof presented in Figure 4 illustrates
that the middle number,24, is essential in establishing the equation 212 + 222 4 232 + 242 =
25% + 262 + 272

At this juncture, let us enumerate the equations for the sum of consecutive squares that

we have examined in detail, involving three, five, and seven variable:
3 +4% =5
10% 4+ 112 +12% = 13% 4 142
212 +22% 4232 + 24% = 25% 4 262 + 277

Boardman termed these identities Pythagorean runs, because they involve consecutive
positive integers, just like 32 + 42 = 52, the simplest of the Pythagorean triples [5, p.21] .

T, =1+2+..+n,4T, —n)*+ ...+ (4T,)? = 4T, + 1)? + ... + (4T, + n)? [6].

Thanks to Boardman, we can now readily construct any equation that satisfies the condi-

tions we are seeking:

For n = 3, with T3 = 6, we have (4.6 — 3)? + ... + (4.6)> = (4.6 + 1)2 + ... + (4.6 + 3)2.
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This results in the equation: 212 + 222 + 232 4+ 242 = 252 4 262 4 272

For n = 4, with Ty = 10, we have 362 + 372 + 382 + 392 + 40% = 412 + 422 + 432 + 442

For n = 5, with T5 = 15, we have 5524+562+572+582+4+592+602 = 612+622+632+642+652.

Boardman’s research demostrates that if we establish the appropriate equations for each
n > 1 according to the equality (4T, —n)? + ... + (4T,)% = (4T, + 1)® + ... + (4T,, + n)?,
where T, = 14 2 + ... + n, there exists a specific rhythmic arrangement that is evident not
only horizontally but also vertically.

Refer to Figure 5 for the Pythagorean runs composed of consecutive squares:

32 4 47 = 52

+4 |". “-' ‘ }

108+ 117+ 127 =132+ 14

UL

4 212420240324 247 = 257 + 267 2T

L]

+4 I 3P +IF I AR =417+ 427+ 437 + 447

+4 % 5574 560+ 37+ 582+ 307+ 60F =61 + 627 + 63% + 647 + 65°

BV A A A A

T8+ T+ 80+ B1%+ B2 + B3 + B4° =85 + BO* + BT + BB* + 0% + OO

+15

FIGURE 5. Pythagorean Runs of Consecutive Numbers

These Pythagorean sequences, with their astonishing and captivating mathematical essence,
represent merely the tip of the iceberg. The technique of determining the identities of such
equations by consecutive sums of squares was first discovered by Georges Dostor. [7, p. 44].
” Are there other relationships hidden within Pythagorean runs waiting to be uncovered?” has
engaged mathematicians for quite some time and continues to be a pertinent question among
them. The findings, proofs, and relationships we have compiled thus far are of considerable
significance to our research, guiding us to explore how these non-coincidental equations can
be solved with greater ease, under what conditions they hold validity, and concentrating
on their mathematical properties to unveil the profound mathematical structure inherent in

these equations.



26 H. BUYANKARA

2.3. Figured Numbers Hidden in Consecutive Pythagorean Runs.

Upon a meticulous examination of the equations presented in Figure 5, it becomes evident
that there exist certain critical prerequisites within the unique solutions that facilitate the
indefinite continuation of the equations found in the Pythagorean runs of consecutive squares.

Condition 2.3.1: The initial terms in all Pythagorean runs are triangular numbers.

3 +47 =5
10% + 112 + 12% = 137 + 14
212 +22% 4 232 + 247 = 25% 4 262 + 277
362 + 372 + 382 + 392 + 40 = 412 + 422 + 43? 4 442
55% + 562 + 577 + 587 + 59% + 607 = 617 + 627 + 63% + 642 + 657
782 4+ 797 + 80? + 81% 4 82% + 832 + 84% = 857 + 862 4 872 + 887 + 892 4 90?
105241062 4107241082 4+1092+110%+111%+112% = 1132 +114%+115%+116>+1172 411824119

The numbers 3, 10, 21, 36, 55, 78,105 are known as triangular numbers. Consequently, it
has been found that triangular numbers are embedded within the solution sets of the equa-
tions analyzed in our research.

These numbers are termed triangular numbers because they can be represented by arrang-
ing equal-diameter spheres in the shape of an equilateral triangle. Each triangular number
is generated by adding an additional row to the preceding triangular number, meaning that
successive row contains one more unit than the previous one. Therefore, when a series of

equal-diameter spheres is organized in the configuration of an equilateral triangle, triangular

numbers are produced. [8, p. 9]. To further elucidate triangular numbers, let us consider

Figure 6:
®
) ®Q
@) ® Q ® e Q
® ® Q ® 09 o009

F1GURE 6. The representation of triangular numbers in an equilateral triangle figure

Starting from a point, add to it two points, so that to obtain an equilateral triangle.
Six-points equilateral triangle can be obtained from three-points triangle by adding to it
three points; adding to it four points gives ten-points triangle, etc. So, by adding to a
point two, three, four etc. points, then organizing the points in the form of an equilateral
triangle and counting the number of points in each such triangle, one can obtain the num-
bersl,3,6,10,15,21,28,36,45,55 which are called triangular number [9, p. 58]. Based on this,
we can extend the sequence of triangular numbers indefinitely as follows: 1, 3, 6, 10, 15, 21,
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28, 36, 45, 55, 66, 78, 91, 105, 120, 136, 153, 171, 190, 210, 231, 253, 276, 300, 325, 351, 378,
405, 435, and so on.
If we closely examine the initial terms of the Pythagorean runs, we observe the following

equations:

3 +47 =5
102 + 112 +12% = 13% 4 14?
217 4 222 + 232 + 24% = 257 4 262 + 27*
362 4 377 + 382 + 39% 4 407 = 412 4 427 + 437 4 44°
55% 4 56% + 577 + 58% + 597 + 60 = 617 + 627 + 63% + 64 + 65
78% 4+ 797 + 807 + 81% 4 827 + 837 + 847 = 857 + 86° + 87% + 88 + 89* + 907

From the triangular numbers, a discernible pattern emerges, wherein the numbers 1, 3,
6, 10, 15, 21, 28, 36, 45, 55, 66, 78, 91, and so forth alternate between being present and
absent. Specifically, among the triangular numbers, we find the following sequence: 1 is
absent,3 is present, 6 is absent, 10 is present, 15 is absent, 21 is present, 28 is absent, 36 is
present, 45 is absent, 55 is present, 66 is absent, 78 is present, 91 is absent, and so on. This
conclusion indicates that within the triangular number sequence 1, 3, 6, 10, 15, 21, 28, 36,
45, 55, 66, 78, 91, 105, 120, 136, 153, 171, 190, 210, 231, 253, 276, 300, 325, 351, 378, 405,
435, 465, the numbers highlighted in red are particularly significant. Consequently, these
red triangular numbers also constitute the initial terms of consecutive Pythagorean runs.
The pattern observed with triangular numbers is indeed intriguing and may lead to valuable
mathematical insights.

Condition 2.3.2: In the Pythagorean runs, the initial terms on the right side of the equa-

tions are centered square numbers.

3 +47 =5
10% + 11% + 122 = 132 4 14?
212 + 222 + 232 + 242 = 25% + 26% + 27*
362 + 372 + 387 + 397 4+ 40% = 412 + 42% + 437 + 44
55% + 562 + 577 + 58% + 59% + 60 = 612 + 627 + 63% + 642 + 65°
78% + 797 + 802 + 817 + 82% + 832 4 847 = 857 + 862 + 872 + 887 + 897 + 90?

Thus, within the solution sets of the Pythagorean runs we have examined, it has been
revealed that the centered square numbers, which can be arranged into a centered square
configuration, are present.

Centered Square Number is a centered polygonal number consisting of a central dot with
four dots around it, and then additional dots in the gaps between adjacent dots [10]. To
enhance our understanding of centered square numbers, let us consider Figure 7:

If we enumerate the centered square numbers, 1, 5, 13, 25, 41, 61, 85, 113, 145, 181, 221,
265, 313, 365, 421, 481, 545, 613, 685, 761, 841, 925... [11].
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FIGURE 7. Arranging centered square numbers in a centered square figure

Centered square numbers are the sum of two consecutive square numbers and are congruent
to 1 (mod 4) and the general term is [n? + (n + 1)2] [10].

Examples of obtaining some centered square numbers include:

Forn=1,12+22=5

Forn=2,22+32=13

Forn=3,3>+42 =25

For n =4,4%> + 52 =41

For n = 5,52 + 62 = 61

As can be observed; all centered square numbers, with the exception of 1, constitute the
first terms on the right side of the equations in the Pythagorean runs, respectively. However,
some triangular numbers are included in the Pythagorean runs.

Building upon this, the original Proposition 2.3.1 is developed. Figure 8 was discovered
as the original non-verbal proof to validate this proposition. In Figure 8, the objective is to
derive the triangular numbers relevant to the Pythagorean runs from the figures of centered
square numbers.

Proposition 2.3.1: In the equations of Pythagorean runs, for V. n € NT | the first term on
the right side of the equation is a centered square number, expressible as [n? + (n+1)?]. The
triangular number derived from these square numbers, which can be represented using the
formula [(n 4+ n + 1).n], yields the first term on the left side of the equation.

Proof 2.3.1: The innovative approach we seek to explore involves deriving the triangular
configuration illustrated in Figure 6 from the centered square numbers depicted in Figure 7,

utilizing the geometric proof method. To facilitate comprehension, let us examine Figure 8:
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Centered Square Number General Term Cnrrespunding Spheres Triangular Number
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41 41=4"+5° (4+5).4=36 36
61 61 = 5% + 6° (5+6).5=55 55
85 85=6"+7° (6+7).6=78 78

FiGURE 8. Geometric proof. Derivation of triangular numbers belonging to
Pythagorean runs from centered square numbers

The original geometric proof presented in Figure 8 illustrates that certain triangular
numbers can be derived from all centered square numbers expressible by the general term
[n? + (n + 1)?] within Pythagorean runs. Furthermore, these triangular numbers can be
represented by the specific term [(n + n + 1).n]. Rearranging the equations yields;

For the centered square numbers, n? + (n + 1) = 2n? +2n + 1,

For the triangular numbers, (n +n + 1).n = 2n? + n.

Condition 2.3.3: In equations associated with Pythagorean runs, for V n € N* | the first
term on the left side of the equation is a triangular number expressible as (2n? + n), while

the first term on the right side is a centered square number expressible as (2n? + 2n + 1).

32 442 =52
10% 4+ 112 + 122 = 132 + 142
212 + 222 4+ 232 + 242 = 252 4 26% + 272
362 + 372 + 382 + 392 + 40? = 412 4 422 4 43% 4 442
552 + 562 + 572 + 582 + 592 4+ 602 = 612 + 622 + 632 + 642 + 65°
782 4+ 792 4+ 802 + 812 + 822 4 832 + 842 = 852 + 862 4 872 + 882 + 892 4 90?
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Conditions 2.3.1, 2.3.2, and 2.3.3, along with the original geometric proof presented in
Figure 8, collectively provide highly significant validations for Pythagorean runs that can
be extended indefinitely. No studies have been identified in the literature that establish a
connection between the Pythagorean runs and centered square numbers or triangular num-
bers, highlighting the originality of this research. As a result of the investigation, a novel
model has been developed encompassing all centered square numbers and triangular numbers
hidden within the Pythagorean runs. Proposition 2.3.2, an original proposition pertaining to
Pythagorean runs, was formulated using Figure 8 and Condition 2.3.3, and was subsequently
proven through the method of induction, which is one of the recognized mathematical proof
techniques.

Proposition 2.3.2: The Pythagorean runs, for V n € NT | are represented by consecutive
terms expressed in the form (2n% 4+ n)? + ... = (2n? +2n + 1)% + ..., where (2n? + 2n + 1)
denotes a centered square number and (2n? + n) signifies a triangular number. The total
number of consecutive terms in the equation is (2n 4 1), with the left side containing one
additional term compared to the right side.

Proof 2.3.2: For n = 1, the first equation Sy is: (2.12+1)?+... = (2.124+2.1+1)?+... and
the total number of terms is 2.141 = 3. Therefore, the three-term equation with consecutive
terms is 3% + 42 = 52

For n = 2, the second equation Sy is : (2.22 +2)? + ... = (2.22 + 2.2 + 1)? + ... and the
total number of terms is 2.2 + 1 = 5.

102 +... =132+ ...

The equation 10% 4+ 112 + 122 = 132 + 142 consists of five consecutive terms.

Let the k-th equation St be true for n = k.

Assume Sy has consecutive terms in the form (2k% + k)% +... = (2k%2 +2k +1)2+ ... and let
the total number of consecutive terms in the equation be (2k+1) with the left side containing
one additional term compared to the right side. Thus, we can express Sj as follows:

Sk (2K + k)2 + .. = (2k2+2k+1)2 + ...

To explicitly illustrate the consecutive terms of the proposition Sj , we have:

Sk (2K + k)2 + 2k +k+1)2 + (2K + k +2)? + ... + (2K + 2k)? = (2k* + 2k + 1)? +
(2k2 + 2k +2)2 + ... + (2k? + 3k)?

To express the sum of the consecutive terms on both sides of this equation using the
summation symbol ¥ we introduce the variable z:

Thus, Si can be rewritten as:

Sk 2P 02k + k4 2)2 = X5 (2k2 + 2k + 2)?
Sk XF_ (2K + k4 2)2 = X5 (2k2 + 2k + 2)?
(2K2 4+ k)2 + 25 _ (2K 4+ 2k 4+ 2)2 = 25 (2K + k + 2)?
(2K* 4+ k) = SF_ (2K 4+ 2k 4 2)2 — B (2K + K + 2)?
To utilize the difference of squares identity a? — b = (a —b).(a + b) we will arrange similar

terms side by side as follows:
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(k2K = (2K + 2k + 1)° — (2K + k+ 1)° + (2% + 2k + 2)° — (2K° + k+ 2)* +..

_f:rri‘.:i fur"z='_'.

L +H(2K 4 3K)% — (2K + 2K)%

f:rr'z=k

Utilizing the difference of squares identity a? — b*> = (a — b).(a + b), we can derive the

following:
(2K + k) =k (43 +3k+2) = k (4% +3k+4) =+ k (4k+ 3k +2K)

P+ =k [4+3k+2 + 4K +3k+4 + .. + 2K +3k+ 2Kk]

2K+ k) =k [4 + .+ 4k*+3k + - + 3k+2 +4 + .. + 2k ]

There are k terms Thers are k terms There are k terms

RE+E*=k[k4k® + k3k + 2+ 4 + .. + 2k ]
TE a2z

K (2k+ 1) =k [45 + 3K+ ¥E_,22]
.2k + 1P =k [4K° + 3K5+ T%_,22]. k=0
k(2k + 1) =4k + 37+ Tk_ 27
k (4K% + 4k + 1) = 4K° + 3K%+ Y&, 27
4 + 4K+ k= 45 + 3K%+ TE_ 2z
P+ 4k + k= 3K + 3KE+ ¥E_ 2z
4% + k= 3K°+ YE_, 22
4% + k — 3KE =Tk 2z
The equality k2 + k = X¥_ 22 ...(1) is established. This equality holds true and is a

consequence of the equation accepted as valid for n = k.
Now, we need to verify whether the proposition Sy for n = k + 1 is correct. Specifically,

we examine
Sk S+ 1)2 +k+142)2 = S (2(k+1)2 + k+142)? | Ts this statement valid?

[2(k+1)° + k+ 1P +REH(2(k+ )P+ k+ 1 +2)" =REH(2(k + 1)* + 2(k + 1) + 2)°

for z=0
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2+ 1) +E+1P) =2k + 12+ 2+ 1)+ 2)2 =2k + 12+ k 4+ 1+ 2)?

Utilizing the difference of squares identity a? — b*> = (a — b).(a +b) , we can derive the

following;:

[(k+ D&+ 1D+ DF=[2(k+1)° + 2(k+ ) +1]° — [2(k+1)* + k+ 1)+ 1]+

forz=1

+2(k+ 1) + 2+ 1)+ 21 — 2(k+1)* + (k+ 1)+ 2P+

forz=2

[k 17+ 3+ 1) - [2k+ 1 + 2k 4+ 1))°
forz=k+1 ’

(k12 [0 = (k+1) [HE+12 + 3(k+1) + 2 + Hk+1P + 3(k+1) + 4+
AR+ k) + 2k 1]
(k=17 (2k+3)* = (k+1). [(k+1)4k+17 + (k+ 13 (k1) + 2+ 4 + - + 2k + 2(k+1]]

Z§=L2:’{
| wiw . qu ]

K+ k+2(k+1)
kk+1D)+2k+1)
k+1).(k+2)

(k+ 17, (2k+3P = (k+1). [(k+ D40+ 17+ (k+ 1).30k + 1) +{k + 1).(k + 2)]
(k+1)%(2k+3)% = (k+1).(k+1).[4(k+1)* + 3(k+ 1) +k+2]

(k+1)%(2k+3)% = (k+ D24k +1)> + 3(k+1) + k+ 2]

(K-+1)%(2k+3)° = (K+12%[4(k+1)° + 3(k+ 1) +k+ 2L k=—1

(2k+3)% = 4(k+1)* + 3(k+1)+k+2
(2k+3)% = 43+ 2k+1) + 3(k+ 1) +k+2

(2k+3)* = 4k +8k+4 + 3k+3 + k+2

(2k+3)% = 4k* + 12k+ 9

As seen, according to the method of induction, the result (1) obtained from the assumption
Sy, which is accepted to be true for n = k, has been substituted into the equation for
n = k + 1 to prove that the proposition Si4; is also valid. In all the equations related to
the Pythagorean runs, for V n € N7T, the first term on the left side of the equation is a
triangular number that can be expressed as (2n? 4 n), and the first term on the right side
of the equation is a centered square number expressible as (2n? + 2n + 1). The relationship

between the centered square numbers and triangular numbers, which are embedded in the
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Pythagorean runs, was first discovered in this study and was formulated in Proposition 2.3.1,
with a visual proof provided in Figure 8. Building on this, Proposition 2.3.2, developed to
further address such equations, was proven using the method of mathematical induction.
Table demonstrates the mathematical relationship between the triangular numbers,
which appear as the first terms on the left side of the Pythagorean sequence equations, and
the centered square numbers, which serve as the first terms on the right side, for the first ten

natural numbers

n. Pythagorean runs | 2 + n, Triangular number | 2n% + 2n + 1, Centered square number | 2n + 1, Number of consecutive terms Equations related to Pythagorean sequences
1 3 5 3 32+47=5
2 10 13 5 10% + 112 + 122 = 132 + 142
3 21 25 7 212 4 222 + 232 4 24% = 252 4 26% + 272
4 36 41 9 362 + 372 + 38% + 397 + 407 = 412 + 422 + 43% + 442
5 55 61 11 552 4+ 56% + -+ 60% = 612 + -+ - + 65>
6 78 85 13 782 4 79% 4. + 847 = 852 + .. 4+ 90%
7 105 113 15 1052 + 106% + -+ + 1122 = 113 + - 4 119%
8 136 145 17 1362 + 1372 + -+ + 144% = 145% + - .- + 1522
9 171 181 19 1712 4+ 172% + -+ + 180% = 181% + - - 4 189>
10 210 221 21 210% +211% + - +220% = 2212 + - - + 2307

TABLE 2.1. Pythagorean runs and related equations.

3. RESULTS AND DISCUSSION

As a result of the research, a creative and original Proposition 2.3.1, establishing a sig-
nificant connection between figurate numbers specifically triangular numbers and centered
square numbers and Pythagorean sequences, was developed and proven through the visual
proof in Figure 8. Building upon this original visual proof, Proposition 2.3.2 was formulated

and subsequently proven using the method of mathematical induction.

4. CONCLUSION AND SUGGESTIONS

By investigating the applications of Pythagorean sequences in fields such as physics, engi-
neering, computer science, and others, further research could explore the contributions and
practical applications that the developed proposition might offer in areas like wave theory,
optics, sound analysis, or artificial intelligence. In this way, it may become possible to uncover
real-world applications of the Pythagorean Theorem and similar mathematical equalities.
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Abstract. In this paper we introduce a new manifold, namely potent manifolds. We give
examples and investigate the integrability conditions. We also check the curvature relations
of Kaehler potent manifolds and show that such manifolds are flat when it has constant
sectional curvature. Then we introduce potent sectional curvature and obtain a spacial form
of the curvature tensor field when its potent sectional curvature is a constant.

Keywords: Almost potent structure, almost potent manifold, Hermitian potent manifold,
Kaehler potent,sectional curvature, holomorphic sectional curvature, real space form, potent
sectional curvature, potent space form
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1. INTRODUCTION

Manifolds on which extra structures are defined present a geometrically rich structure. In
this sense, the first structures are complex structures [29] and contact structures [2]. In the
process, many new structures have been defined on manifolds and have received new names
accordingly. These manifolds can be listed as product manifolds [29], quaternion manifolds
[13], biproduct complex manifolds [6], para-contact manifolds [25], para-quaternionic mani-
folds [9], [11], [26], hyper Kaehler manifolds [3], metric mixed 3-structures [14], [27], almost
tangent manifolds, [20], [28] and the like. Recently, with the definition of Golden manifolds
[5] in the literature, new manifold classes such as metallic manifolds [10], poly-Norden man-
ifolds [23], meta-Golden manifolds [21], meta-Metallic manifolds [7], bi-tangent quaternion

manifolds [16], [18] have been introduced and their geometric properties have been examined.

In this paper, inspired by the concept of idempotent transformation, we introduce almost
potent manifolds and investigate the geometric properties of such manifolds. We also intro-

duce Hermitian potent manifolds, Kaehler potent manifolds and potent space forms.

The paper is organized as follows. First, the definition of an almost potent manifold
is presented and examples are given. In addition, the Nijenhuis tensor field of an almost

potent manifold is calculated and the integrability condition is given accordingly. In this
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case, the concept of a Kaehler potent manifold is given. In the third section, the constant
sectional curvature of a Kaehler potent manifold is considered and it is shown that it is flat
if it has constant sectional curvature. For this reason, holomorphic-like sectional curvature
and holomorphic bisectional-like curvatures are investigated, but it turns out that these are
also zero. Therefore, the notion of potent sectional curvature of a Kaehler potent manifold,
is given. In the case that the potent sectional curvature is constant, a special case of the
curvature tensor field of a Kaehler potent manifold is obtained.

2. ALMOST POTENT MANIFOLDS

In this section we introduce almost potent manifolds and almost Hermitian potent man-
ifolds. We then investigate the integrability of almost potent manifolds and define Kaehler
potent manifolds.

Definition 2.1. Let M be a differentiable manifold and F an endomorphism on M. If F is
idempotent, i.e.

F’X =FX (2.1)
for all X € x(M), then F is called an almost potent structure on M. In this case (M, F) is

called an almost potent manifold.

Example 2.1. Consider R? with the map A(z,y) = (3(z +y), 3(z +y)). Then (R% A) is
an almost potent manifold.

Example 2.2. Consider the right circular cylinder M given by
X (u,v) = (cos u,sinu,v).

Then the matriz of the shape operator of M is

1 0
S = [0 0]‘ (2.2)

Then it is easy to see that S*> = S. Thus (M, S) is an almost potent manifold.

Example 2.3. Consider the Clifford algebra C1(2,0) with the basis e1, eg such that €2 = 3 =
1. Cl(2,0) can be represented by the algebra M(2,R) of all real matrices by taking

10 0 1 0 -1
I = , €2 = ,€3 = .
(o 1)e=(10)=(13)
Now consider an idempotent matriz B and define F as
F = Bei

Then F' is also an idempotent matriz and C1(2,0), F') is an almost potent manifold.

Example 2.4. Let M be a Riemannian manifold and {e1,ea,e3} an orthonormal frame of
M. Assume that there is an endomorphism F on M such that Fe; = e, Fes = ey and
Fes =0. Then (M, F) is an almost potent manifold.

We now define Hermitian potent manifold.



CALCULATION (2025) 1(1):35-43 / ALMOST POTENT MANIFOLDS 37

Definition 2.2. Let (M, F) be an almost potent manifold. If there is a Riemannian metric
g on M such that

g(FX,Y) =g(X,FY) (2.3)
for X, Y € x(M), then (M, F,g) is called almost Hermitian potent manifold. In this case we

have
g(FX,FY)=g(FX,Y)=g(X,FY). (2.4)

Example 2.5. Right circular cylinder given in Example with the shape operator is an

example of an almost Hermitian potent manifold.

We now investigate the integrability of almost potent structure F. We first note that the
Nijenhuis tensor field of an endomorphism or (1,1) tensor field is given by

Np(X,Y)=[FX,FY]+ F%X,Y] - F[FX,Y] - F[X,FY] (2.5)
for X,Y € x(M). Using and we obtain the following

Np(X,Y)=[FX,FY]|+ F[X,Y]- F[FX,Y] - F[X,FY]. (2.6)
From , by direct computation, we have the following lemma.
Lemma 2.1. Let (M, F,g) be almost Hermitian potent manifold. Then we have

Np(X,Y)=(VpxF)Y — F(VxF)Y — (Vpy F)X + F(VyF)X (2.7)
for X, Y € x(M).
Thus from , we have the following result.

Proposition 2.1. Let (M, F, g) be almost Hermitian potent manifold. Then an almost potent

structure is integrable if it is parallel.
Thus we give the following definition.

Definition 2.3. Let (M, F, g) be almost Hermitian potent manifold. If F is parallel, i.e.
(VxF)Y =0 (2.8)
for X, Y € x(M), then (M, F,g) is called Kaehler potent manifold.

Example 2.6. Right circular cylinder given in Example [2.2 with the shape operator S is an

example of a Kaehler potent manifold.

We note the following properties from linear algebra [19] of inner product spaces with an
idempotent map. For any idempotent operator F, its only possible eigenvalues are 0 and
1. An idempotent operator on almost Hermitian potent manifold is typically a projection
operator. It projects vector fields onto a subspace of the space. If F' is an idempotent

operator, then the image I'm(F') is a subspace of x(M). Thus we have
X(M) =Im(F) & Ker(F) (2.9)
where KerF is the kernel of F. Moreover if F' = F* (where F* is the adjoint of F, Im(F)

and Ker(F) are orthogonal complement to each other. From now on, we will denote the
vector fields belonging to the image space of the endomorphism F on almost Hermitian
potent manifold M by x(ImF(M)).
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3. CURVATURE RELATIONS OF A KAEHLER POTENT MANIFOLD

In this section, we are going to investigate the curvature tensor fields of a Kaehler potent
manifold and show that it is a flat when it is a real space form. We also check holomorphic-like
and holomorphic bi-sectional like curvature. We first give the following algebraic properties
of curvature tensor fields.

Lemma 3.1. Let (M, F,g) a Kaehler potent manifold and R the curvature tensor field of
M. Then we have

R(X,Y)FZ = FR(X,Y)Z (3.10)
g(R(X,Y)FZ,FW) = g(R(X,Y)Z,FW) (3.11)
R(FX,FY) = R(X,FY)=R(FX,Y) (3.12)

for X, Y, Z, W € x(ImF(M)).
Proof. is clear from . For , using we have

g(R(IX,Y)FZ, FW) =g(FR(X,Y)Z,FWV).
Then from we get .For we first have

g(R(FX,FY)Z W) =g(R(Z,W)FX,FY).
Using (3.11]) we obtain

g(R(FX,FY)Z W) =g(R(Z,W)X,FY) =g(R(X,FY)Z, W)

which gives the first part of . Second part follows from . O

If the Kaehler potent manifold has constant sectional curvature, the following situation

occurs.

Proposition 3.1. Let M be an n— dimensional Kaehler potent manifold. If M has constant

sectional curvature ¢ at every point p € M, then M is flat provided n > 2.

Proof. Since M has constant sectional curvature ¢, the curvature tensor field of the manifold
is
RX,)Y)Z =c{g(Y,2)X —g(X,2)Y}
for X,Y,Z € x(M). Using we get
A9V, F2O)X —g(X, F2)Y} =c{g(Y,Z)FX — g(X,Z)FY}

for X,Y,Z € x(ImF(M)). Taking Y = F'X and using we arrive at

Ag(FX,2)X —g( X, F2)FX} =c{9(FX,Z)FX — g(X,Z)FX}.
Using we have

A9 FX,2)FX —g(X,F2)FX} =c{g9(FX,Z)FX — g(X,Z)FX}.
Hence using we derive

0=c{g(FX,2)FX —g(X,Z)FX}.
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Thus taking Z 1 X such that F'X and Z are not ortgonal to each other, we get
0=cg(FX,Z)FX.
This implies that ¢ = 0. U

Remark 3.1. The choice of vector fields used in the proof is very crucial. It is easy to see
that this is valid in (E? = (R?,<,>). For example, if X = (1,1), Z = (—1,1) are chosen

1
and the idempotent matrix is chosen as F = 00 ) it is seen that this situation is valid.

As in complex geometry, for a Kaehler potent manifold, the holomorphic-like sectional

curvature and the holomorphic-like bi-sectional curvature can be defined as
H(X)=g(R(X,FX)FX, X)

and
H(X,Y) = g(R(X, FX)FY,Y)
for X,Y € x(ImF(M)). However, the following propositions will show us that these notions

do not work for Kaehler potent manifolds.

Proposition 3.2. Fvery Kaehler potent manifold has zero holomorphic-like sectional curva-
ture.

Proof. From ([3.10) we have
g(R(X,FX)FX,X) = g(FR(X, FX)X, X).

Then ([2.3)) gives
g(R(X, FX)FX,X) = g(R(X, FX)X, FX).
Hence g(R(X,FX)FX,X) = —g(R(X, FX)FX, X) which completes proof. O

Proposition 3.3. Every Kaehler potent manifold has zero holomorphic-like bi-sectional cur-
vature.

Proof. From and we have
H(X)Y) = g(R(X,FX)FY,)Y)

= g(F(R(X, FX)Y,Y)

= g(R(X,FX)Y,FY)
for X, Y € x(ImF(M)). Hence we derive

H(X)Y) = g(R(X,FX)FY)Y)
=—g(R(X,FX)FY,Y).
Thus H(X,Y) = 0. O
4. POTENT SECTIONAL CURVATURE AND POTENT SPACE FORMS

From the previous section, it was seen that the Kaehler potent manifold with constant
sectional curvature is flat and the concepts of holomorphic-like sectional curvature and holo-
morphic bi-sectional curvature do not work. Therefore, in this section, the notion of potent
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sectional curvature is introduced, an example is given, and a special expression is given for
the curvature tensor field of Kaehler potent manifolds with constant potent section curvature.
We present the following definition.

Definition 4.1. Let (M, F,g) be a Kaehler potent manifold. For X,Y € x(ImF(M)) the
potent sectional curvature is defined by

g(R(X,FY)FY, X)
9(X, X)g(FY,FY) — g(X,FY)?

If the potent sectional curvature is constant for arbitrary vector fields X andY and arbitrary

K(X ANFY) = (4.13)

point p € M, then the Kaehler potent manifold is said to have constant sectional curvature,

or simply a potent space form.

Example 4.1. Consider half space H = {(z*,22,2%) € R3 | 2! > 0} endowed with the
Riemannian metric
1 det @ dzt + d2? @ da? + do® @ da®

g = K( ($1)2 ) (4-14)
for K € R. We define an idempotent map by Fe; = e1, Feas = ey and Fes = 0 where
e = a?m i=1,2,3. Since [e;,e;] =0 we have

Ve, €1 = ppsiet Ve, 62 = ;61,V5162 = —;eg,vqel =
Thus we get
1 1 1 1
g(R(e1, Pea)Pey,e1) = _EW’Q(R(QQ’PQ)PQ’@) =K @)

Hence we obtain
K(61 /\PGQ) :K(eg/\Pel) =—-K.

Thus (H, g, F) is a potent space form.
We now obtain a special expression of the curvature tensor field of a potent space form.

Theorem 4.1. Let (M(c), g, F') be a potent space form. Then we have
R(X,FY)FZ = c{g(Y,FZ)FX — g(FX, Z)FY} (4.15)

X,Y,Z € x(ImF(M)).

Proof. Since M is a potent space form, we have
9(R(X, FY)FY, X) = c{g(X, X)g(Y, FY) — g(X, FY)?}. (4.16)
Replacing Y by Y + Z in , we get
JRX, FY')X,FZ)=c{—9(X,X)g(Y,FZ)+ g(X,FY)g(X,FZ)} (4.17)
Using and we derive
R(X,FY)FX =c{—¢g(X,X)FY + g(X,FY)FX}. (4.18)
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Substituting X by X + Z in (4.18) we obtain
R(X,FY)FZ + R(Z,FY)FX = c{-29(X,Z)FY + g(X,FY)FZ

+9(Z,FY)FX}. (4.19)
Replacing X by X + Z in we get
9(R(X, FY)FY, Z) = {g(X, Z)g(Y, FY) — g(X, FY)g(Z, FY)}. (4.20)
Hence we have
R(X,FY)FY =c{g(Y,FY)X —g(X,FY)FY}. (4.21)

If Y + Z is written instead of Y in we arrive at
2R(X,FY)FZ - R(Z,FY)X = {29(Y,FZ2)X —g(X,FY)FZ
—g(X,FZ)FY}. (4.22)
Substituting F'X instead of X in and using , and we get
2R(X,FY)FZ — R(Z,FY)FX = c{29(Y,FZ)FX —g(X,FY)FZ
—g9(X,FZ)FY}. (4.23)

Thus from (4.21]) and (4.23)) we conclude that

3R(X,FY)FZ = c{3g(Y,FZ)FX — g(X,FZ)FY — 29(X,Z)FY}. (4.24)

Finally substituting F'X instead of X in (4.24]), and using (3.12) and (2.4)) we obtain
R(X,FY)FZ = c{g(Y,FZ)FX — g(FX, Z)FY}

which is (4.16). O

5. CONCLUDING REMARKS

This paper presents a new class of manifolds. This manifold class is quite different from the
manifold classes in the literature. In the paper, examples of the existence of such manifolds
are presented, their properties are examined and their sectional curvatures are investigated.
When it is seen that the classical sectional curvatures do not work, a new sectional curvature
notion is introduced, an example is given and accordingly the curvature tensor field of the
manifold is specifically expressed. As can be seen, this presented manifold class shows that
it will have a rich geometry. Therefore, we invite researchers to explore this manifold class.

In the first stage, we especially propose the following research problems.

Open Problem 1. As it is well known, submanifolds of manifolds endowed with extra
structures on them offer a very rich research [4]. Therefore, the investigation of submanifolds
(such as invariant, anti-invariant, semi-invariant, slant) that will be defined depending on

the potent structure of an almost potent manifold may produce interesting results.

Open Problem 2. Harmonic maps between manifolds are one of the most important re-
search topics in differential geometry. For example, it is well known that holomorphic maps

between two Kaehler manifolds are harmonic [I]. It would be an interesting research problem
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to investigate the harmonicity of the map defined between a Kaehler potent manifold (potent

maps may be defined similarly to holomorphic maps).

Open Problem 3. Riemannian submersions defined on manifolds with a special structure

have interesting geometric properties [8], [24]. Therefore, studying the geometric properties

of a Riemannian submersion defined on a Kaehler potent manifold will produce rich research

results.

Open Problem 4. Special curves on a manifold begin with Nomizu and Yano’s definition

of the notion of a circle on a manifold [I7]. After this concept, helices and similar concepts

were also defined [12],[15], [22]. The geometry of special curves on a Kaehler potent manifold

will produce interesting geometric results.
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MOTION OF GALILEAN PARTICLES WITH CURVATURE AND
TORSION
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Abstract. This paper examines the motion of particles governed by an action that
depends on the curvature and torsion of their trajectories in the Galilean 3-space G3. We

derive the Euler-Lagrange equation corresponding to the action H(y) = [ f(k,7)ds in
Y

G3. We present examples to clarify the solutions of the system, clearly explaining their
properties and relevance. With examples specifically focusing on the natural Hamiltonian
problem derived from the Frenet frame of the curve and a generalization of these natural
Hamiltonians, we aim to illustrate their key features and underlying principles.
Keywords: Curvature, Euler-Lagrange equations, Galilean geometry, Torsion, Variational
calculus
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1. INTRODUCTION

The study of particle motion governed by geometric properties such as curvature and tor-
sion provides an understanding of underlying physical and mathematical principles. The
interplay between curvature and torsion in defining particle trajectories has long been a
subject of interest in both classical mechanics and modern theoretical studies. These geo-
metric properties not only characterize the shape and behavior of curves in space but also
play a critical role in variational principles, where the goal is often to identify extremal tra-
jectories that satisfy specific physical constraints. Such analyses have applications across
disciplines, including physics, where they model the dynamics of systems, and mathematics,
where they enrich the theory of differential geometry and the calculus of variations (see,
[1, [4L (51 [6l, @ 10, 1T}, 2], 15, 17], etc.).

Building on these foundations, variational problems emerge as a central framework for an-
alyzing particle motion and other systems. Deeply rooted in the calculus of variations, they
hold an essential role in mathematical analysis and find extensive applications across disci-
plines such as physics and engineering. These problems aim to identify extrema (minimum

or maximum values) of functionals, which are mappings from a space of functions to real
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numbers. The objective of a typical variational problem is to find a function that optimizes
a specific quantity, often expressed as an integral. For instance, the Hamiltonian of a space
curve, defined as H = [ f(k,7,r/,7',...)ds, where f is a real arbitrary function, depends
on the curvature (k) and torsion (7) of the curve. A simplified form of this Hamiltonian,
expressed as [ f(k)ds, depends solely on curvature, offering a more tractable framework for
analyzing specific classes of variational problems. This reduction highlights the significance
of curvature in determining the geometry and behavior of particle trajectories, particularly
in cases where torsion does not contribute to the dynamics. Such models are widely used
in applications ranging from the study of elastic rods and thin filaments to the analysis of
geodesics and other naturally occurring curves. By focusing exclusively on curvature, these
simplified Hamiltonians allow for deeper insights into the fundamental principles governing
the shape and stability of particle paths. Extending this concept, a more general form of
the Hamiltonian, [ f(x,7)ds, incorporates both curvature and torsion as central variables.
This generalization captures a broader range of geometric and physical phenomena, enabling
the study of more complex particle trajectories. The inclusion of torsion reflects the three-
dimensional twisting of the trajectory, adding a critical layer of complexity that is essential
for understanding systems where both bending and twisting motions play a role. This formu-
lation is particularly useful in problems involving helical structures, dynamical systems, and
energy-minimizing configurations in elastic and physical systems. By considering both curva-
ture and torsion, [ f(k,7)ds provides a comprehensive framework for exploring the interplay
between these geometric properties in shaping particle motion. Capovilla et al. [4] examined
the equilibrium conditions of space curves under local energy penalties associated with their
curvature and torsion. They derived the Euler—Lagrange equations using the Frenet—Serret
frame and exploited Noether’s theorem to identify conservation laws tied to FEuclidean in-
variance. The study highlighted specific integrable cases of the Hamiltonian H = [ f(k,7)ds
connecting the results to physical applications like polymer stiffness and elastic properties
of DNA. Following this, Ferrdndez et al. [9] explored the motion of relativistic particles in
3D pseudo-Riemannian spaces, governed by a Lagrangian as a general function of curva-
ture and torsion. They derived Euler-Lagrange equations, identified dynamical invariants
using Killing vector fields, and provided moduli spaces of solutions through integrable crit-
ical curves, extending the study of geometrically constrained motions. On the other hand,
Tiikel [19] contributed to this field by adopting a variational approach to determine critical
points of the total squared torsion functional for curves in Euclidean and Minkowski 3-space,
further enriching the understanding of these intricate geometric structures.

Shifting focus to Galilean geometry, we enter a framework where space is treated as a
rigid, three-dimensional entity and time flows uniformly for all observers, independent of
motion. Unlike the relativistic interplay of space and time, the Galilean model offers a sim-
pler, classical foundation for understanding motion and forces, making it a natural setting to
explore the mechanics of particles influenced by curvature and torsion. Bilir et al. [7] study
investigates the classical variational problem of elastic curves in the Galilean plane, deriv-
ing Euler-Lagrange equations, determining the curvature of arc-length parameterized curves,
and providing explicit examples. Tiikel and Turhan [20] examined elastic curves in Galilean

3—space (3, deriving the FEuler-Lagrange equations for the bending energy functional under
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boundary conditions. They solved the resulting differential equations and provided explicit
examples to characterize elastic curves within this geometric framework. They examined nat-
ural Hamiltonians derived from the derivatives of the principal normal and binormal vectors
of Frenet curves in Galilean and pseudo Galilean 3-space, solving the variational problem for
the total squared torsion functional and identifying critical points characterized by constant
torsion or curvature [16, 21]. Turhan, in his latest work [18], investigated hyperelastic curves
in G3, focusing on their characterization as extremals of a curvature energy functional, which
is also a specific case of a natural Hamiltonian functional. By deriving Euler-Lagrange equa-
tions, he provided insights into the geometric behavior of these curves under the Galilean
metric structure and illustrated their applications through detailed examples.

This paper focuses on the variational problem defined by the functional [ f(k,7)ds repre-
senting the curvature and torsion of curves in G3. By employing the principles of the calculus
of variations, we derive the associated Euler-Lagrange equations to characterize critical points
of this functional under specific boundary conditions. We provide examples to highlight their
key properties and potential applications. We center our analysis on natural Hamiltonian
systems derived from the Frenet frame of curves and extend it to a generalization of these

Hamiltonians.

2. PRELIMINARIES

Let © = (x1,22,23) and y = (y1,¥y2,y3) vectors in G3. So, the Galilean scalar product of

vectors is given as

r1y1, if x1 #0 or y; # 0,

<x,Y >G3= .
Y~=Gs {xgyg—i—xgyg, if x4 =0 and y; = 0.

The vectors  and y are said to be perpendicular in the Galilean sense if < x,y >= 0. The
vector x = (z1,%2,x3) is known as isotropic (non-isotropic) if 1 = 0 (21 # 0). Any unit

non-isotropic vector has the form x = (1,x2,x3). For the vector x, the Galilean norm is

written as
H H ‘x1’7 1fx17é07
€T pry
Gs \/x%—l—xg, if z;1 =0,
[22].

A curve a : I C R — G3 is called as admissible if it has no inflection points and no

isotropic tangents (see, [3 8, 23]). For a unit speed admissible curve a(s) parametrized by

a(s) = (s, a2(s), as(s)),

where s is the arclength parameter of a, we can give the curvature x(s) and the torsion 7(s)
as follows
r(s) =/ ag(s) + a5(s)

and

() = UL, )
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On the other hand, the Frenet frame of the curve a(s) in G3 is given by

T(s) = o'(s),
1 /i
N(S) - H,(S)a (8)7
B(s) = ——(0,~all(s),al(s)).

k(s)
where T', N, and B are respectively known as the tangent vector, principal normal vector

and binormal vectors of a(s). So, the Frenet equations of a(s) are written in matrix form

T'(s) 0 k(s) 0 T(s)
Ns)y =10 0 7(s) N(s) |, (2.1)
B'(s) 0 —7(s) B(s)

8, 20].

3. PARTICLES WITH GALILEAN CURVATURE AND TORSION

Let G3 be the Galilean 3-space and 7 be an admissible curve with speed v = ||7/(¢)||,
curvature , torsion 7 and Frenet frame {7', N, B}. This section concerns the model, whose
action is given by the functional H(y) = fﬂ/ f(k,7)ds in Gs. Let I' = T'(¢,7) be a variation
of v :[0,¢] — G3 with I'(t,0) = ~(t). Associated with I', we consider the variation vector
field W along ~(t). The vector fields V (¢t,7), W (t,r) can be defined, where V(0,t) = ~/(¢)
and W (t) = W(0,t) is a variational vector field along () (see, [2, 9, [18]). If s denotes the
arclength parameter, then v(s,7), x%(s,r), V(s,7), etc. can be written for the corresponding
reparametrizations, where s € [0, ¢] and ¢ is arc length of ~.

We arrive at the following Lemma from the Frenet equations in .

Lemma 3.1 ([21]). Let y(t,r) be a variation of curve v € Gs. Then the following formulas
are satified:

i) W) =<W'T >v,

i) W(k) =<W'" N> =2k <W'T >,

iii) W(r) = (L(<« W",B>)) = < W/, 7T > .

Now we assume that v is a stationary point of the functional H (7). Then, we have

_ OH(y+eW)

=0.
e e=0

OH(W)
Thus, we obtain

or
e

¢
_ / (F W (K) + £, W (r)+ < W', T >) ds.
=0
0

e=

Taking into consideration Lemma [3.1] we find

OH

1
<W" fuN >+ < W', 2kf.T >+fr <W",-B >
_ K
Oe

= ds.
1
e=0 O/ + < W”,fT(;B)’ >+ < W, —fr7T >+ < W, fT >
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Then, by using standard arguments involving the above formulas and integration by parts,
the first variation of H () along « in the direction of W is given by

oH
— :/<E,W>ds+ BIW, 15,
e e=0
0
where N
!
E = <(—f+TfT+2f<;f,i)T+(f,.@N)/— ("23) )
and
f f ! £
BWAly = <W", B> + <W f.N—-*B>
0 K K
0 0

/ / ¢
+ < W, (f =7fr —2f) T — (fN) + (;B) >

0

Point out that, we used f, and f; to denote the partial derivatives of f with respect to x and
T, respectively. Also, we restrict ourselves to variations with fixed endpoints having the same
Frenet frames on them. Then, the boundary term B[W, 'y]\f) = 0, so that the critical curves
are characterized by the vanishing of the Euler-Lagrange operator E’ = 0. If the necessary

calculations are made and the Frenet equations are used, we have

(—f+7fr +2rf:) =0, (3.2)
2 " 2 f; / f;T /
_fﬁ+TﬁfT+2/€ f/{‘{’fH_Tf/i“‘(;)T‘F(T):O (33)
and
f/ !
fir+ (fer) — (f)" + fTQ =0. (3.4)
From (3.2)), we obtain
f=1fr+26fc + A, (3.5)
where A constant. Substituting (3.5)) into (3.3)), we obtain
! !
—kA4 =12 f + (%)'T + (f%;)/ =0. (3.6)

Theorem 3.1. The motion equations of the action, defined by the functional H(y) =
f,y f(k,7)ds in Gs are characterized by the Euler-Lagrange equations and .

To further illustrate this theory, we now provide examples that demonstrate the application
of the Euler-Lagrange equations and highlight the geometric and physical implications of the
solutions.

In the Galilean 3-space ('3, curves can be classified based on their curvature and torsion
values, as outlined in [I4]. This classification includes special cases such as straight lines,
plane curves, circular helices, generalized helices, Salkowski curves, and anti-Salkowski curves,
each defined by specific geometric properties. In the following examples, we will refer to this

classification as a basis for analyzing critical curves

Example 3.1. Let v is an admissible curve in Gs. We examine whether ~ is critical for
H based on its curvature and torsion values, as outlined in the cases below to illustrate its

geometric properties:
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i) Straight line. A straight line v in Gs is a critical point of the functional H.

i1) Planar curve. Let v be a planar curve in Gs. If v is is a critical point of the functional
H, then, v satisfies the equation —kA + f}! = 0.

iii) Circular helices (W-curves). Any circular heliz or W —curve in G is a solution of the
functional H when the function f(k,7) = 0.

iv) Salkowski and anti Salkowski curves. A Salkowski curve in G3 is critical for the func-

tional H if it satisfies the following Euler-Lagrange equation

f///
—K2A+ flr 4+ () =0.
T

Moreover, it is evident from the Fuler-Lagrange equations and (@), that there is no

anti-Salkowski curve in Gs that is critical for H.

o . 2 .2
Example 3.2. Let v(s) = (s, (s — sin s cos s)’ (sms4 i )) be a regular curve in Gz with

k(s) =sins and 7(s) = 1 [14]. If the values of curvature and torsion are incorporated into the
Euler-Lagrange equations, it can be observed that the curve in question serves as an example
for the derwed results for s = 5 +km, k € Z.

We know that a simple model for the Hamiltonian is in the form [ f(x)ds which depends
on the curvature. Especially, a natural Hamiltonian [ k2ds generated by < T'.T" > is
known as a bending energy functional and critical points of this functional under suitable
condition are called as elastic curves [13]. Elastic curves and its generalization under given
first order boundary data have been worked and developed by many authors up to now. In
his study, Turhan characterized hyperelastic curves in G3 by addressing a generalization of
the functional formed by the inner product of first derivative of the tangent vector of the
curve, which is known as a natural Hamiltonian [I8]. Upon examining the derived Euler-
Lagrange equation, it is an undeniable fact that the results serve as an example for the
problem addressed in this study. Beyond this, another obvious question arises: how can
the critical points of the natural Hamiltonian functional formed by other frame elements
(produced by < N', N’ > and < B’, B’ >) of the Frenet frame be determined? In another
example, the critical points of the natural Hamiltonian constructed using the binormal vector
field of the curve are examined.

Example 3.3. We consider an admissible curve vy with Galilean Frenet frame {T, N, B} and
curvature K and torsion T in Gs. A generalization of the natural Hamiltonian is considered
as the functional [ < B', B’ >"2 ds. This functional is a generalized torsion energy action
given by f 7"ds. The critical points of this functional are characterized by the following Euler-

Lagrange equations

n(n— 1)1 =0, (3.7)

ot (MY (sl g

and
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(3.9)

K K
From , we get T is a constant value. If T is zero, then Eqgs. (@ and (@) are satisfied

for any value of k. If 7 # 0, then T is constant and from (@, we obtain K is zero.

n(n — 1)1’ B <n(n — 1)7’”_27">// _0
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Abstract. In this paper, we consider the homotopy types of independence complexes
of some graphs. Moreover, we study the homotopy types of graphs which are expanded
from a given graph via certain operations. For any graph whose independence complex
is contractible, we calculate the homotopy type of clique complex of its central graph. In
addition to these, we build a complex from a bipartite graph to calculate homotopy types
of some complexes.

Keywords: Independence complex, Clique complex, Homotopy type, Central graph.
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1. INTRODUCTION

Let G = (V(G),E(G)) be a graph with vertex set V(G) and edge set E(G). A set
S C V(QG) is called independent set if any two vertices x and y in S are non-adjacent in
G. The independence complex of a simple undirected graph G is the simplicial complex
whose simplices are the independent sets of G. It is denoted by Ind(G). If any two edges in
M C E(E) are non-adjacent, then M is called a matching. The matching complez M(G) of a
graph G is a simplicial complex with vertices are the edges of G and faces are the matchings
of G. The clique complex A(G) of a graph G is the simplicial complex whose vertex set is the
vertices of G and faces are the cliques of G. The independence complex of a graph G is the
clique complex of its complement. Also, the independence complex of the line graph of G is
the matching complex of G. These arguments justify the study of independence complexes
of graphs in relation to their clique and matching complexes. Numerous papers have been
written on the topic of independence complexes of graphs from an algebraic perspective
[8, 9] 16], and topological perspective [1I, [5, [6l [7, 10, 11]. Main studies about the complexes
arising from the graphs are to determine the its homotopy types.

In [13], D. Kozlov calculated homotopy types of independence complexes of cycle and path
graphs. Engstrom studied the homotopy types of claw-free graphs [6]. In [11I], Kawamura
investigated homotopy types of independence complexes of chordal graphs. Ehrenborg and

Hetyei studied the independence complexes of forests [5]. In [4], Csorba investigated the
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homotopy types of independence complexes of graphs whose edges are subdivided. Jonsson
proved that the independence complexes of bipartite graphs have the same homotopy type
as those of the suspensions of simplicial complexes [I0]. Also, in [I] Barmak introduced a
notion called star cluster and provided a novel tool to study the topology of independence
complexes. Many of our proofs are based on this notion. In addition to these, many authors
studied the face enumeration of independence complexes [9] 12].

In this paper, we deal with graph complexes such as independence, clique and matching
complexes. The paper is organized as follows: Section 2 focuses on fundamental definitions
and previously established results that will serve as the foundation for the remainder of the
paper. In Section 3, we study the topology of Lozin transformation of a graph. Also, we
computed the homotopy types of the clique complex of central graphs for any contractible
graph. In the last section, we introduced a complex arising from a bipartite graph and

calculated homotopy types of some complexes arising from bipartite graphs.

2. PRELIMINARIES

Given a graph G = (V, E), the set Ng(u) = {v € V(G) : wv € E(G)} is called the open
neighborhood of v in G and Nglu] = Ng(u) U {u} is called the closed neighborhood of w.
The induced subgraph of G on S C V(G) is the graph consists of vertex set V(S) and two
vertices in S are adjacent if and only if they are adjacent in GG, this subgraph is denoted by
G[S]. The subgraph G\U is obtained by deleting the vertices of U and remove all the edges
connecting the vertices of U. A complete graph K, on n vertices is a graph in which for every
vertices u and v, there is an edge uv in K.

A finite (abstract) simplicial complex A on the vertex set V(A) is a collection of subsets
of V(A) which satisfies; o € A and y C o, then 7 € A. The elements of A are called faces or
simplices. The maximal faces of A with respect to inclusion are called facets. The dimension
of a face o of A is defined by dim(c) =| o | —1.

The k-skeleton of a simplcial complex A is a simplicial complex which consisting of -
simplices of A with i < k.

A subcomplex A’ of a complex A is called an induced subcomplex of A; if o € A and
o C V(A'), then o € A’. The induced subcomplex of A on U C V(A) is denoted by A[U].
Let A and I' are simplicial complexes with disjoint vertex sets. Then the join of A and I is
the simplicial complex whose faces consists of ¢ U7 such that o € A and 7 € I'. The join of
A and T is denoted by A T

Next we give definitions of star, link and deletion of a face of a simplicial complex.

Definition 2.1. If ¢ is a face of A, then the link, deletion and star of o are defined as

follows:
lka(o)={reA:cUT e A,onT =0} is called link of o,
dela(o) ={r € A:onN7 =0} is called deletion of o,
sta(o) ={r € A:ocUT € A} is called star of o.

The definitions of link and deletion of a vertex x of a graph G can be translated for

independence complexes as follows:

lking(@) () = Ind(G\Ng[z]) and delyq(q)(z) = Ind(G\7).
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In the following, the definitions of cone and suspension of a simplicial complex are given.
Definition 2.2. The cone C(A) of a simplicial complex A with apex v € V(A) is v * A.
Definition 2.3. The suspension £(A) of a simplicial complex A is {u,v} x A.

In the following, the definitions of independence complex, clique complex and matching

complex will be given.

Definition 2.4. Let G = (V, E) be a graph. The independence complex of G is the simplicial
complex on 'V whose faces are the independent sets of G and denoted by Ind(G).

Definition 2.5. Let G = (V, E) be a graph. The clique complez of G is the simplicial complex
on V whose faces are the cliques of G and denoted by A(G).

Definition 2.6. Let G = (V, E) be a graph. The matching complex of G is the simplicial
complex on V' whose vertices are the edges and faces are the matchings of G. This complex
is denoted by M(G).

Definition 2.7. Let A be a simplicial complex. A is said to be a flag complex if and only if
every missing face of A is of size two.

From the above definitions, the following proposition can be given.

Proposition 2.1. Let G be a simple undirected graph. Then the complezes Ind(G), A(G)
and M(G) are flag complexes.

Star cluster of a face is defined by Barmak in [I], we recall its definition in the following:

Definition 2.8. [1] Let o be a simplex of a simplicial complex A. The star cluster of o in
A as the subcomplexr SCa(0) = U, e, sta(v).

The following lemma is very important for the rest of the paper and proved in [1].

Lemma 2.1. (Theorem 3.6, [1]) Let G be a graph and let v € G be a non-isolated vertex
which is contained in no triangle i.e. no two vertices of Ng(v) are adjacent. Then Ng(v) is

a simplex of Ind(G) and Ind(G) =~ X(strua(a) (v) N SCrmaa)(Na(v)))-
The next theorem is about the homotopy types of triangle-free graphs.

Theorem 2.1. (Theorem 3.5,[1]) Let G be a graph such that there exits a vertex v € G which
is contained in no triangle. Then the independence complex of G has the homotopy type of a

SUSPENSIOn.

Remark 2.1. Let x be a vertex of a graph G which is contained in no triangle. Then the
faces of the simplicial complex stinq(a) () NSCra(a)(Na(x)) consist of the independent sets o
such that cU{z} and cU{y} are independent for y € Ng(x). If the independent set o consists
of only vertices in Ng(y)\{z} for y € Ng(z), then o is the boundary of (| o — 1 |)-simplex
in stma(e) (2) N SChaq) (Na(z)).

Definition 2.9. A space X is called contractible, if X is homotopy equivalent to a point.

The next lemma is about homotopy types of the suspension of a contractible space.
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Lemma 2.2. [5] If A is a contractible complex, then ¥(A) is a contractible complez.

Proposition 2.2. [5,[I5] The homotopy types of the suspension of wedge sum of spheres are

as follows;

¥ (S vskz v v Ski) Skl y skatly Ly skt

3. GRAPH OPERATIONS AND ITS TOPOLOGY

In this section we study the topology of complexes of graphs expand from a graph via a
particular operation. The Lozin transformation of a graph is an operation when applied it
increases graphs induced matching number and introduced in [14]. The homotopy type of
independence complex of Lozin transformed graph studied by the authors in [2]. We study
this by the notion star cluster.

Definition 3.1. Let G be a graph and z be a vertex of G. The Lozin’s transformation L, (G)
of G with respect to x is defined as follows:

(1) Partition the neighborhood Ng(x) of the vertex x into two subsets Y and Z in arbitrary

way,
(ii) add a Py = ({y,a,b, z},{ya,ab,bz}) to the rest of the graph,
(iii) connect vertex y of the Py to each vertex in'Y, and connect z to each vertex in Z.
The following figure shows Lozin transformation of G with respect to vertex x. The parti-

tion was done with respect to vertex x, the edge uv forms the partition Y and vertices p and
w form the partition Z.

FiGURE 1. A graph G

Sy
@

FIGURE 2. £,(G)
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The Lozin transtormation expands a graph from one vertex. In the following theorem, we

give the homotopy type of the Lozin transformed graph by means of the original graph.

Theorem 3.1. ([2]) Let G be a graph and L,(G) be its Lozin transformation with respect to
x. Then Ind(L;(G)) is homotopy equivalent to ¥(Ind(G)).

Proof. Let L,(G) be the Lozin transformation of G with respect to the vertex z. If we
partition Ng(z) into two subsets namely Y and Z i.e. Ng(x) =Y U Z. Then the vertices a
and b are contained in no triangle, since y — a — b — z is a path. We prove this for a and by
symmetry it is similar for . The complex Ind._ () (N (a)) is the 1-simplex yb. It is enough
to show that struq(z, (@) (@) N SChacc, @) (Ve (@)(a)) = Ind(G). Let o € styace,(a)(a) N
SCind,, () (N, (c)(a)) be a maximal face. Then o is a maximal independent set of L;(G)
which can be extended to a and also can be extended to y or b. If 0 U {a} and o U {y} are
independent sets and o U {b} is not independent. Then o U {z} is an independent set. Thus
onNY =0and onNZ = 0. If o U{a} and o U {b} are independent sets and o U {y} and
o U {z} are not independent. Then c NY # () or 0 N Z # () or both. Thus one can conclude
that o is a maximum independent set of Ind(G). Conversely, let o € Ind(G) be a maximum
independent set. If x € o then 0 N Ng(z) = 0. So o can be extended to a and y or o can be
extended to a and b in L, (G). Thus o € styyq(z, (@) (@) N SCha(z. @) (Ne.(a)(@))-

|

If a graph contains an induced path Py, then we can contract endpoints of P, into one

vertex. In other words, we can reverse the Lozin operation of a graph if the graph has P;.

Corollary 3.1. Let G be a graph. If G has a subgraph Py whose internal vertices are of degree
two and end vertices are not adjacent. Then Ind(H) is homotopy equivalent to X(Ind(G))

where H is formed by contracting the end vertices of Py into one vertex.

Proof. The contraction of a P4 from end vertices into one vertex in a graph is clearly reversing

the Lozin operation. O

When applying the Lozin transformation to a graph G with respect to the vertex z, we
partition the vertex set of Ng(x) into two disjoint sets Y and Z. However, the next theorem
states that if there exists a vertex t € Y N Z, then the Corrollary still applies.

[

\

X any edge Y

FI1GURE 3. Adding Ps to any edge of a graph
Theorem 3.2. Let G be a graph and G’ is obtained by attaching a P3 by adding edges from

endpoints of P to endpoints of any edge from end vertices to make a Cs. Then Ind(G') ~
Y(Ind(G)).
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Proof. Let u—v—w be a path attached to the edge zy of a graph G. Then x —u—v—w—yisa
C5. So v is in no-triangle and N¢(v) is a 1-simplex uw. So Theorem 3.1 implies that Ind(G") ~
Y(stma(e) (v) NSCra(a) (Na(v))). Now we show that stinq(q)(v) NSCraey(Na(v)) = Ind(G).
Let 0 € stiua(q)(v) N SCra(a)(Na(v)) be a face. Then o is an independent set which can be
extended to independent set o U{v}. Also o can be extended to o U {u} or o U{w} or both.
Thus o € Ind(G).

Now assume that o € Ind(G) is an independent set. If 2 € 0 and y ¢ o then o U {v} and
oU{w} is independent. If x ¢ ¢ and y € o then cU{v} and o U{u} is independent. Suppose
that both x and y are not in o. Then o U {v} and o U {u,w} are independent sets of G'.
Thus o € stpq(e)(v) N SCraa)(Na(v)). Therefore stiyqq)(v) N SCra(a)(Na(v)) = Ind(G),
this completes proof. O

Example 3.1. Let G,, be the graph constructed by gluing cycles Cs as described in Figure
. Then the homotopy type of Ind(Gy,) can be calculated by Theorem . Thus Ind(G,,) =~
¥(SY) ~ sn.

G3

FIGURE 4. Ind(G,)
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In the following we give the definition of central graph of an undirected simple graph. This

operation increases the number of vertices of the original graph.

Definition 3.2. Let G be a simple and undirected graph and let V(G) and E(G) are vertex
and edge sets of G, respectively. The central graph of G, denoted by C(G), is obtained by

subdividing each edge of G exactly once and joining all the non-adjacent vertices of G in

C(G).

FIGURE 5. A graph G

Example 3.2. The graph depicted in Figure[f] is the central graph of G which is depicted in
Figure[J]

FIGURE 6. Central graph of G
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Theorem 3.3. [3] Let A be a simplicial complex with vertex V. If there exits a subset A CV
such that dim(A[A]) = 0 and A[V\A] is contractible, then A ~\/ ., S(lka(z)).

Proposition 3.1. Let G = (V, E) be a graph and C(G) be its central graph. If Ind(G) is
contractible, then A(C(G)) =V g, St.

Proof. Assume that S is the set of vertices added to V(G) when subdividing the edges. It is
clear that the complex A(C(G)[V\S]) is Ind(G). So it is contractible by assumption. Since
A(C(G)[S]) is a discrete set of vertices, this implies that dim A(C(G)[S]) = 0. Then, by
Theorem one can decude that A(C(G)) =~V cg X(lka(c(a)) (7). In A(C(G)), for every
vertex z € S, the complex lkac(q) (x) consists of two disjoint vertices, since they are adjacent
to vertices which form an edge in G. Thus lka o)) (7) =~ SY for every o € S. Therefore we

have Ag(g) ~ V\E(G)l S by Proposition 0

In [I1], the author stated that for each wedge \/ S¥* of finitely many spheres, there exists a
chordal graph G such that Ind(G) is homotopy equivalent to \/ S¥* for k; > +(G) — 1, where
v(G) is the domination number of G. In the following theorem, spheres are 1-dimensional

and graph is arbitrary.

Theorem 3.4. For each \/S' of finitely many I1-spheres, there exists a graph G such that
Ind(G) is homotopy equivalent to \/ S!.

Proof. Our proof is based on the construction of a complex which has homotopy type \/ S!
and homotopy equivalent to an independence complex of a graph. Assume that the number
of 1-spheres in the product S! v S!... Vv S! equals to m. Let H be a graph consists of two
connected components; a vertex x and a path Pp,+1. Since Ind(H) is a contractible graph
with m edges, then the clique complex of its central graph A(C(H)) is homotopy equivalent
to \/,,S' by Proposition Therefore Ind(G) = A(C(H)) 2 V/,,S! with G =C(H). O

Example 3.3. Given a graph P, which is contractible, its central graph and complement
shown in Figure@ and B So Ind(C(Py)) = A(C(Py)) is homotopy equivalent to St VS v S!.

y
b c
e S
a d

FIGURE 7. Graph Pj and its central graph C(FPy)
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FIGURE 8. Complement of C'(Fy).

4. BUILDING A COMPLEX FROM A BIPARTITE GRAPH

A complex is homeomorphic to its barycentric subdivision and this subdivision is an in-
dependence complex of a graph. Thus it is a well-known fact that every simplicial complex
is homotopy equivalent to an independence complex Ind(G) of a graph G.

In [10], Jonsson defined a complex I'¢yy C 2V as follows:

Let G = V UW be a bipartite graph. A set o C V belongs to I'g y if and only if there is a
vertex w € W such that o U {w} is an independent set in G.

The following theorem states that the suspension of this complex is homotopy equivalent

to independence complex of bipartite graph G.

Theorem 4.1. [10] Let G be a bipartite graph with nonempty parts V and W. Then Ind(G) ~
Y(Tav)-

From above arguments, we can define a simplicial complex on a bipartite graph B as

follows:

Definition 4.1. Let B be a bipartite graph with bipartition U and W. Then the simplicial
complex associated to this graph B is a complexr whose vertex set is U and faces are the
subsets 0 C U such that o U {v} is an independent set of B for some uw € W. This complex
is denoted by Ap.

Remark 4.1. The complez Ind(B) is homotopy equivalent to X(Ap).

Proposition 4.1. If B=UUW is a complete bipartite graph K, , then Ap is an empty
complex. Moreover, Ind(B) ~ ¥(Ap) ~ SY.

Proof. Since for any u € U there exits no o C W such that ¢ U {u} is an independent set of
B, this implies that Ap is an empty complex. From Proposition 2.17, one can conclude that
Ind(B) ~ S°. O

Proposition 4.2. If the graph B consists of n disjoint edges, then Ap is the boundary
complez of a (n — 1)-simplez and Ind(G) ~ S"~1.

Proof. Since, for any x;, the set {x1, zo, ..., &;, ..., T, }, obtained by omitting, forms a facet of
Ap, it follows that Ap is the boundary complex of a (n — 1)-simplex. Then by Proposition
2.17, one can therefore conclude that Ind(G) ~ X(Ap) ~ S~ O
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I T2 I

n Y2 Yn

FIGURE 9. n disjoint edges

Definition 4.2. Let A be a simplicial complex on vertex set V(A). The Alexander dual of
A is the simplicial complex A* ={A C V(A) : V(A)\A ¢ A}.

a a
dg b d b
[ ]
c c

FicURE 10. A simplicial complex and its Alexander dual

In [4], Csorba showed that the independence complex of a graph whose edges are sub-
divided exactly once is homotopy equivalent to the suspension of Alexander dual of the
independence complex of that graph. In the next theorem, we will build a complex and give
its homotopy type. It provides a different method.

Theorem 4.2. ([4], Theorem 5) Let Go be the edge subdivision of a graph G. Then the
independence complex of Gy has the same homotopy type of X(Ind(G)*).

Proof. Let V(G) = X = {x1, ...,z }. If the set {y1,y2, ..., ym} consists of the vertices added
to G when subdividing the edges, then we have V(Ga) = V(G) U {y1,y2, ..., ym}. If we
set Y = {y1,y2,...,Ym}, then Go is a bipartite graph with bipartition Go = X UY. Thus
Ag, ={F; C X : F; U{y,} is independent set for some y; € Y'}. Since V'\ F; is an edge of G
and not a face of Ind(G). Therefore we have Ind(G2) ~ X(Ind(G)*). O

5. CONCLUSION

We use the star cluster notion to determine the homotopy types of complexes arising from
triangle-free graphs. We construct a complex from a bipartite graph which is a triangle-free
graph. Further studies may be a concern to construct new methodologies for other graph

complexes such as matching and clique complexes.
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