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Abstract. In this article, firstly we introduce pointwise slant and pointwise semi-slant
submanifolds in nearly para-Kaehler manifolds. We demonstrate that there exist pointwise
semi-slant non-trivial warped product submanifold M7T x; M? in nearly para-Kaehler man-
ifolds by giving an example. We get a characterization, give certain theorems depending on
the casual characters and we reach an optimal inequality.

Keywords: Nearly para-Kaehler manifold, pointwise semi-slant submanifold, warped prod-
uct submanifold

2020 Mathematics Subject Classification: 53C43,53C15,53C40.

1. INTRODUCTION

Pointwise slant submanifolds were first introduced by F. Etayo in [I1] as quasi-slant sub-
manifolds. Such submanifolds have been studied extensively by B.-Y. Chen and O.J. Garay
[10]. Then P.Alegre and A.Carriazo studied slant submanifolds in para-Hermitian manifolds
and detailed definitions of types of submanifolds in semi-Riemannian setting were provided
by them [3], 4].

Warped products emerged in the mathematical and physical subjects before 1969, for
example, semi-reducible space, which is utilized for the warped product by Kruchkovich in
1957 [19]. It has been succesfully used in the general theory of relativity, string theory and
black holes. On the other hand, warped product manifolds was introduced and studied by
R.L. Bishop and B. O'Neill [9]. Later, many authors researched on warped product and
submanifolds [T}, 2, [5, [7, 8, 12, 14} [15] 20]

B. Sahin studied warped product pointwise semi-slant submanifolds in Kaehler manifolds
[23]. He researched that there exist of the second form M7T x; M? in Kaehler manifold M.
Also he found a characterization, theorem, interesting results, inequality and he obtained
examples of such submanifolds. Later, S. Ayaz and Y. Giindiizalp studied warped product
pointwise hemi-slant submanifolds whose ambient spaces are nearly para-Kaehler manifolds
[6].
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Nearly Kaehler manifolds were studied by Tachibana in [25]. For example, S® (six dimen-
sional sphere) is a example of nearly Kaehler non-Kaehler manifold.

Every nearly para-Kaehler manifold isn’t a para-Kaehler. But Every para-Kaehler mani-
fold is a nearly para-Kaehler [24]. So, we give some examples for both nearly para-Kaehler
and para-Kaehler manifold and we research pointwise semi-slant warped product submani-
folds in nearly para-Kaehler manifolds in this paper.

This article is organized as follows. In section 2, we recall some fundamental notins for the
paper. In section 3, we introduce pointwise semi-slant submanifolds of nearly para-Kaehler
manifold and give some examples. In section 4, we introduce pointwise semi-slant non-trivial
warped product submanifolds in nearly para-Kaehler manifold. We also provide an example.

In section 5, we obtain an inequality in terms of the second fundamental form.

2. PRELIMINARIES

Let (M, g) be a 2n-dimensional semi-Riemannian manifold. If there is a tensor field P of
type (1,1) on M, such that

G(PXe, PVs) = —3(Xa, Vo), P2Xy= A, (2.1)

for any vector fields &,,)), on M, it is said a para-Hermitian manifold. In addition, it is
called to be para-Kaehler manifold, if it satisfies VP = 0 identically [17].
Let TM be the tangent bundle of M and V, the covariant differential operator on M
with respect to g. If
(Va,P)X, =0 (2.2)
for any 7 M, then an almost para Hermitian manifold is called nearly para-Kaehler struc-

ture. Equation (2) is equivalent to

(Va,P)Vo+ (Vy,P) Xy =0 (2.3)
for any vector fields X,,)), on M

Let M be a submanifold of (M, P, §). The Gauss and Weingarten equations are

Vadb = Va b + (s, Vy), (2.4)

VaVe = —Ap Xa+ Vi Ve, (2.5)
for X, Yo € D(TM) and V. € [(T ML), that h is the second fundamental form of M, Ay,
is the Weingarten endomorphism with V. and V+ is the normal connection. Ay, and h are
related by

g(AVchayb) :g(h(‘){avyb)?VC)? (26)

here g states the semi-Riemannian metric on M. For any tangent vector field X, we denote
PX, = RX, + SA,, (2.7)

that RAX, is the tangential part of PX, and SX), is the normal part.
For any normal vector field V.,
PV, =1V, + sV., (2.8)
that 7). and sV, are the tangential and normal vectors of PV,.
Now, denote by Gy, ), and Ux, ), the tangential and normal parts of (V, P)Vs, i.e.,
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(Va,P)Vs = G, Vs + Ux, Vs, (2.9)
for any X, ), € T'(T M,). Using of (2.7)), (2.8)), (2.9) and the Weingarten and Gauss formu-

las, we obtain

G, Vb = (Va, R)Vs — Asy, Xo — rh(Xa, V) (2.10)
and
Uz, Vo = (Va,8)Vy — h(Xa, RVS) — sh( X, V). (2.11)
Similarly, for any V. € T+ M, denote the tangential and normal parts of (Vx, )V, by Gy, Vs
and Uy, ), respectively, we get

Gx, Ve = (Va,m)Ve+RAY, X, — Asy, X (2.12)
and
Ux, Ve = (Va,8)Ve + h(rV., X,) + SAy, X, (2.13)

where the covariant derivative of R,S,r, s are defined by

(Va,R)Vs =V, RV — RVAYs, (Va,8)Vs =V, SV — SV, D,

(Va,r)Ve=Va,rVe =1V Ve, (Va,s)Ve=Vz, sVe—sVz W

for any X, ), € TM and V. € T(T M)
For the proporties of G and U we refer [18], which we express here for later use.

(ml) ((I) gXa—l-bec = gXa W, + gbec
(b) Ux,+y,We =Ux,We + Uy, Wk

(m2) (a) Gx,(Vp +We) =Gx, Vb + Gx, We
() Ux,(Vp +We) =Ux, Vo +Ux NV,

(m3) (a) G(Ga, Vo, We) = —g(Vp, Ax, We)
(b) gUx, Vo, Vs) = =9V, G, Vy)

(ma) Gx, PV +Ux,PVp = —P(Ga, Vo +Ux, W)

for any X,, Yy, We € T(TM,) and V; € T(T M)
On a nearly para-Kaehler manifold M. by equations (2.2)) and (2.9)), we get

(@)Gx, Vb + Gy, X =0 ()Ux, Vo + Uy, X, =0 (2.14)

for any X, ), € T(TMy)
The mean curvature vector field is defined by

1 v
H = —traceh. (2.15)
n
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We now introduce the following notions in a nearly para-Kaehler manifolds.

Definition 2.1. We call that a submanifold M in a nearly para-Kaehler manifold (M, P, §)
s pointwise slant, if for all timelike or spacelike tangent vector field X,, the ratio

§(RX,, RX,)/§(PX,, PX,) is a function. Moreover, a submanifold M of nearly para-Kaehler
manifold M is said pointwise slant [13], if at each point p € M, the Wirtinger angle PX
between 0(X) and T,M is dependent of the choice of the non-zero X € T,M. In this
instance, the Wirtinger angle causes a real-valued function 0 : TM — {0} — R which is said
slant function or the Wirtinger function.

It is easy to see that a pointwise slant submanifold in nearly para-Kaehler manifold is
said slant, if its Wirtinger function « is globally constant. Also we notice that all slant
submanifolds are pointwise slant submanifolds.

If M is a para-complex (para-holomorphic) submanifold, in that case, PX, = RX, and
the above ratio is equal to 1. Moreover if M is totaly real (anti-invariant), then R = 0,
so PX, = SX, and the above ratio equals 0. Hence, both totally real and para-complex
submanifolds are the private situations of pointwise slant submanifolds. Neither totally real
nor para-complexr pointwise slant submanifold can be called a proper pointwise slant. These

manifolds are proper manifolds.

Definition 2.2. Let M be a proper pointwise slant submanifold in nearly para-Kaehler man-
ifold (M, P,g). We call that it is of

type-1 if for any space-like or time-like vector field X,, RX, is time-like or space-like, and

|RXa|
RN

type-2 if for any space-like or time-like vector field X,, RX, is time-like or space-like, and

|RX, |
. <1

Similar to the way of P. Alegre and A. Carriazo used [4], the following theorem and results

are obtained.

Theorem 2.1. Let M be a pointwise slant submanifold in nearly para-Kaehler manifold
(M, P,q). So,

(a) M is pointwise slant submanifold of type-1 if and only if for any spacelike or timelike
vector field X,, RX, is timelike or spacelike, also arise a function p € (1,+00). Therefore,

R? = uld. (2.16)

If 0 indicates the slant function of M, u = cosh?6.
(b) M is pointwise slant submanifold of type-2 if and only if for any spacelike or timelike
vector field X,, RX, is timelike or spacelike, also arise a function p € (0,1). Therefore,

R? = uld. (2.17)

If 0 indicates the slant function of M , u = cos® 6.
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Proof. Firstly, if M is the pointwise slant submanifold of type-1 for any spacelike tangent
vector field X,, RX, is timelike and by the equation of (2.1]), PX, is too. Furthermore, they
supply |RX,|/|PX,| > 1. Therefore, it follows that the slant function 6. Because of,
|RXa| _ \/_g(RXaaRXa))

PXa|  \/—§(PX,,PX,)

coshf = (2.18)

Using (2.1) and (2.18)), we have

G(R*X,, X,) = cosh? 0§( Xy, X,).
Thus, we get R?X, = X,I. So, from (2.18), we get y = cosh? 6.

In a similar method for any timelike tangent vector field Z, now, RZ and PZ are spacelike
and therefore, instead of (2.18]) we get

[RZ| _ 9(RZ,RZ))

cosh 6 = =
PZ| 9(PZ,PZ)

Because of R?Z = ;1Z, for any spacelike and timelike Z it further provides for lightlike vector
fields and therefore we get R? = uld. The converse is (a) direct calculation.

Similarly, we have (b).

Finally, for both pointwise slant submanifolds of type-1 and type-2, if X, is space-like, in
that case, PAX, is timelike. Thus, all pointwise slant submanifold of type-1 and type-2 should
be a neutral semi-Riemann manifold.

O

Using (2.1),(2.7) and Theorem we obtain the following corollary.

Corollary 2.4. Let M be a pointwise slant submanifold of a nearly para-Kaehler manifold
(M, P,g) with the slant function . For any non-null vector fields X,,), € ['(TM), we
obtain:

If M is of type-1, then

G(RX,, RY}) = — cosh? 03(X,, Vy), G(SXy, SVy) = sinh? 03(X,, V). (2.19)
If M is of type-2, then
§(RXa, RYy) = — cos” 03(Xa, V), §(SXa, SVp) = — sin® 05(Xa, V). (2.20)
Using ,, and Theorem we get the following corollary.

Corollary 2.1. Let M be a pointwise slant submanifold in nearly para-Kaehler manifold
(M, P,3). M is a pointwise slant submanifold of

*type-1 if and only if rSX, = —sinh? X, and SRX, = —sSX, for all timelike (spacelike)
vector field X,.

*type-2 if and only if rSX, = sin® X, and SRX, = —sSX, for all timelike (spacelike) vector
field X,.
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3. POINTWISE SEMI-SLANT SUBMANIFOLDS IN NEARLY PARA-KAEHLER MANIFOLDS

In this section, we introduce and study pointwise semi-slant submanifolds in nearly para-

Kaehler manifold. Also we give some examples.

Definition 3.1. A semi-Riemannian submanifold M of a nearly para-Kaehler manifold
(M, P,q) is called pointwise semi-slant submanifold, if there are two orthogonal distribu-
tions DT, DY on M at the point ¢ € M such that the following conditions are satisfied.

1)) TM=DTaD

2) DT is an invariant (para-holomorphic) distribution, PDT = DT,

3) DY is a pointwise slant distribution.

Then, we say the 6 is the semi-slant function with the pointwise slant distribution D?.
The invariant distribution D7 of a pointwise semi-slant submanifold is a pointwise slant dis-
tribution with slant function 6 = 0.

In the above definition, if we suppose that the dimensions a = dimD” and b = dimD?, then
we get

*) If a = 0 and 6 is globally constant, M is a slant submanifold.

*) If a = 0, M is a pointwise slant submanifold.

*) If b = 0, M is an invariant submanifold.

*) If a =0 and 0 = 5, M is an anti-invariant submanifold.

*) If a # 0 and 6 is constant on M, M is a semi-slant submanifold.

*)Ifa#0,b#0and 0 = 5, M is a semi invariant submanifold.

A pointwise semi-slant submanifold M is called proper if its semi-slant function satisfies

0 # 0, 5, also 0 is nonconstant on M.

Remark 3.1. Pointwise slant submanifold is a generalization of slant submanifold.
Using (1),(5),(6), Theorem and Remark we have the following result.

Corollary 3.1. Let M be a pointwise semi-slant submanifold in nearly para-Kaehler man-
ifold (M, P,§) with semi-slant function 6. Then, for any non-null vector fields X,,), €
(DY), we obtain
If M is of type-1, then

G(RX,, RYy) = —cosh?03(X,, V), §(SXa, SVy) = sinh? 0(X,, V). (3.21)
If M is of type-2, then

§(RXa, RYy) = — cos” 03(Xa, V), §(SXa, SVs) = — sin® 03(Xa, V). (3.22)

Now, we give two lemmas for using next section.

Lemma 3.1. Let M be a proper pointwise semi-slant type-1-2 submanifold whose ambient
spaces are nearly para-Kaehler manifold (M,P,g). D? is slant distribution and (DT) is
holomorphic distribution. Then we get

1) (for type-1)
G (Vaadp, 2) = —csch®0{g(h(Xa, PWy), S2) — G(A(Xa, W), SRZ) — §(Ux, Vs, S2)}  (3.23)
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2) (for type-2)

H(Vaads, Z) = es?0{g(h(Xa, PVy), SZ) — §(A(Xa, Vs), SRZ) — §Ux, Vb, SZ)}  (3.24)
for any non-null vector fields X,,), € T(DT), Z € T(DY).

Proof. 1) (for type-1)
ﬁ(vXayan) - _g(P?Xayb;PZ)
= —9(VaaPV, P2) + §((VaaP) Vs, P2)
By using (7),(8) and (9), we get

9(VxaVe, 2) J(PYo. Vo PZ) 4+ §(Gx Vo, RZ) + §Ux Vo, SZ)
(Vo PVxoRZ) + §(PYy, VaoSZ) — §(Vs, Gxo RZ)

+ JUxeds, SZ)
IV, Vo R Z) = §(Vo, VauSRZ) + §( Vs, (VaoP)SZ)
G(PYVp, AszX ) — 4( Vb, GxaRZ) + gUx Vb, SZ).

By using (9),(4),(5),(6),(16) and (17) we get

I(VaaVn 2) = —cosh®05(Vy, Vo Z) + §(h(Xa, V), SRZ)
— G Xa, PY3), SZ) + §(UxaVs, S Z)
= cosh®051(Vaods, Z) + §(M(Xa, V), SRZ)
— G X, PW), SZ) + gUx Vs, SZ).

From the above relation, we get (1) and using similar method, we obtain (2). O

Also, we find the following result.

Corollary 3.2. Let M be a proper pointwise semi-slant type-1,2 submanifold in nearly para-
Kaehler manifold M. Holomorphic distribution DT defines a totally geodesic foliation if and

only if
—AszPX, + AspzX, +Ux,SZ € D’

for any non-null vector fields X, € T'(DT) and Z € T'(D?).
Proof. By using (23), (24) and ms (b), we get corollary. O

Lemma 3.2. Let M be a proper pointwise semi-slant type-1-2 submanifold in nearly para-
Kaehler manifold (M, P, ). The distribution DT is holomorphic distribution and distribution
DY is slant distribution. Then we get

1) (for type-1)
—sinh?05([2, W], X,) = §(AszPXy — AsrzXa, W) — §(Ux, Z, SW)
+ g(UXaWSZ) _g(ASWPXa _ASRWXG7Z)7
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2)(for type-2)
sin? 0g([2, W], Xa) = §(AszPXa — AsrzXe, W) — §(Ux, Z,5W)
+ gUx,W,52) — §(AswPXy — Asrw Xa, Z),
for any non-null vector fields X,, Y, € T'(DT) and Z,W € I'(DY).

Proof. 1)(for type-1)
9([2. W], Xa) = —g(PV W, X,) + Gg(PVWZ, X,) (3.25)
By using the two terms in the right hand side of (25), we obtain
PV, X,) = §(VzPW, X,) — §(VzP)W, X,)
By using (7),(8) and (9), we have
g(PVzW, X,) = §(VzRW,X,) +§(VzSW, X,) - g(GzW, X,)

= —g(PVzRW,PX,) — §(AswZ,X,) — §(GzW, X,)

= cosh*0§(VzW,PX,) — §(VzSRW,PX,)

+ g((VzP)RW,PX,) — §(AswZ, X,) — §(GzW, X,)

= cosh®05(Vz W, PX,) + G(AsrwZ, PX,)

+ 9(GzRW,PX,) — §(AswZ,X,) — g(GzWV, X,,). (3.26)

Interchanging W and Z in (26). We have

g(PVWZ,X,) = cosh*03(VwZ,PX,) + §(AsrzWV,PX,)
+ 9(GWRZ,PX,) — §(AszW, X,) — G(GWZ, X,). (3.27)
By using (25),(26) and (27), we get

—sinh?0§([Z, W], X)) = —§(AspwZ,PX,) — (ngW PX,)
+ G(AswZ,X,) +9(Gz=W, X,)
+ g(AsrzW,PX,) + (QWRZ PX,)

- g(ASZW7 Xa) - g(nga‘){a)

By using the symmetry property of the shape operator and interchanging X and PX, for
any X, € DT, we get

—sinh*051([Z, W), X,) = —G(Aspwia, Z) — §(GzRW, X,,)
9(AswPX,, Z) — 9(GzW, PX,)
+ 9(AsrzXe, W) + G(GWRZ, X,)
+ §(AszPXe, W) + §(GWZ, PX,). (3.28)

Also, by using m4 and ms (b), we find
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g(ng, P‘/Ya) - §(ng, P‘Xa) = _g(gWRZ, Xa) + g(UWXaa SZ)
+ 9(GzRW,X,) — gUzX,, SW). (3.29)
By using (2.14)) and from (3.28]), (3.29), we get proof.
Also, for type-2 the proof is obtained using the same method. O

4. GEOMETRY OF POINTWISE SEMI-SLANT WARPED PRODUCT SUBMANIFOLDS IN
NEARLY PARA-KAEHLER MANIFOLDS

Let (£,g1) and (&, g2) be two semi-Riemannian submanifold, & : £ — (0,00) and ¢ :
LxE = L, a: LxE — & the projection maps obtained by ¢(t,p) = t, a(t,p) = p for
all (t,p) € L x £. The warped product M = L X £ is the manifold £ x £ with the semi-

Riemannian constructure. In that case,

g(Xaa yb) =0 (Q*Xaa Q*yb) + (k © Q)2§2(Q*Xaa Q*yb)

for every X, and )} of M where * denotes the tangent map [9]. The function & is called
the warping function. Especially, if the warping function is constant, M is called to be trivial.

For X,, Y, on £ and V., W, vector fields on €. Later, using Lemma 7.3 of [9], we obtain
Vi Ve=Vy X, = V(Ink) (4.30)

where V is the Levi-Civita connection on /.

Theorem 4.1. Let M be a nearly para-Kaehler manifold. Then, there don’t exist pointwise
semi-slant non-trivial warped product type 1-2 submanifolds M = M? x, M in nearly
para-Kaehler manifold M.

Proof. For type-1, using , , , and , we get
Ve(lnk)§(Xa, Vo) = §(VaaVe, Vo) = §(VaaVe, V)
= —§(VxaPVe, PVs)
= §(VaaRVe + SRV, W) + §(Asv,Xa, PV).
From (Theorem 3.3.) we obtain
Ve(Ilnk)§(Xa,Ys) = §(Vaqcosh® Ve, V) + §(VaaSRVe, Vo) + §(Asy. Xa, PVs)
= sinh 20X, (0)§(V., V) cosh? 03(V x Ve, Vp)
= G(A(Xa, V), SRV.) + (R Xa, PVy), SVs).
Since D? and DT are orthogonal, using , we get

— sinh? OV.(Ink) (X2, Vo) = —G(h(Xa, Vo), SRV.) + §(h(Xa, PVs), SV.).
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In above equation interchanging X, and ), we get
— sinh® OV, (Ink)§(Vo, Xa) = —G(R(Vo, Xa), SRV.) + G(h(Vo, PXa), SVe).
If we substract the last two equations from each other, we have

G(A(Xa, PY), SVe) = §(h(Vy, PXa), SV (4.31)
G X, PY), SV.) = G(VaaPVy, SVe)
= §(PVxod, PVe) = §(PVx Vs, RV)
— §(VxoVe, ) + 3(Vx RV, PWs).
Using (3.22)), we get
G(R(Xa, PYy), SV.) = Ve(Ink)§(Xa, Vo) + RVo(Ink)§(Xa, PVs). (4.32)
Using (23), (1), Theorem 2.1} and for V. = RV,, X, = PX, we have
0 = RV:(Ink)g(X,, PVs)
= R*.(Ink)§(PXa, PYs)
= —cosh? 0V,.(Ink)§( Xy, Vp).

Because of V.(Ink) = 0, Ink is constant. Proof is complete. Also for type-2, we use in a

similar way. O

Remark 4.1. We express that Theorem (4.1) is a generalization of Theorem (3.1) in [22]
and Theorem (4.1) in [23].

It is clear from the above theorem that there don’t exist pointwise semi slant non-trivial
warped product submanifolds of the first form M = M? x;, M7T in nearly para-Kaehler
manifolds. Conversely, we demonstrate that there exist of the second form M = M7T x; M?

in this part.
Now we write an example with related to the second form M = M7 x; MO,

Let M be a semi-Riemannian submanifold of K7 described by the immersion ¢ : M —

I_(f(? with the cartesian coordinates (zy, ..., Z20) and the almost para-complex structure
7’(3%) = axfﬁ j=1(3,4,7,811,12,15,16,19,20) and

P( 621_) = 8;;” i = (1,2,5,6,9,10,13,14,17,18). Let K7 be a semi-Riemannian space of

signature (+,+,—,—,+,+,—,—,+,+,—,—, +,—,—, +,+, —, +, —) with the canonical basis
o)

3
(Gags - Fagg)-

Example 4.1. M be defined by the immersion ¥ as follows

¥(a,b,c,d) = (asinc,acosc,bsinc,bcosc,asind, acosd, bsind,

beosd, z,2a,y,2b,vV2d,V2¢, ¢, d,V3c,V3d, z, Y)
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Py = simci —I—cosci +sindi +cosdi +2i
a 81‘1 81‘2 61‘5 81176 81710
. 0 0 . 0 0 0
’l/)b = Sl].'lcaix3 + COSCail’4 + sin daiq;? + cos daiajS —+ 28712
P —acosc——asinci—l—bcosci—bsinci—i— 9 + 9 +v3 9
o 8:61 81’2 ang 81’4 6x14 8%15 8:617
0 0 0 0 0 0 0
= d— —asind— +b d— —bsind— 2 3
g = acos o asin Dre + b cos e sin B2s + \faww + B1g + fal'lg

defines a pointwise semi-slant submanifold M with type-1,2 in (I_(f(?, P, §) para-complex man-
ifold with p = R? = (a2_b2)(§2_a2+6)) Actually DY = span{ie, b} is pointwise slant distri-

bution and DT = span{t,, ¥} is invariant distribution.

So, we get that DT and D? distributions are integrable. The induced metric tensor ja on
M = MT x;, M? is given by

gm = 6(da* — dy®) + (2% — %) (d.> + da®). Thus,

*)if 0 < (a2 —b2%) < 2 or 6 > (a2 — b?) > 4, M is a pointwise semi-slant non-trivial
warped product type-1 submanifold in nearly para-Kaehler manifold f(ﬁ? with warping func-

tion k = /(a% — b?).
*) if 2 < (a2 — b?) < 4 M is a pointwise semi-slant non-trivial warped product type-2
submanifold in nearly para-Kaehler manifold K& with warping function k = /(a2 — b2)

We now give below lemmas for later use.

Lemma 4.1. Let M = M7 x;;, MY be a pointwise semi-slant non-trivial warped product

type-1,2 submanifold in nearly para-Kaehler manifold M. In that case, we get

v

(i) g(h(Xa, Vp), SVe) =0

(i) §(M(PX,, Z),S8Z) = (Xalnk)cosh?0||Z||% (for type-1)
G(h(PXe, 2),S2) = (Xalnk)cos®0|| Z|[* (for type-2)

(iii) §(( Xy, Z),SZ) = —(PX,Ink)cosh?0||Z||? (for type-1)
(M Xy, 2),82) = —(PX,ink)cos?0||Z||? (for type-2)

for X,V € T(DT) and V., Z € T(D?).

Proof. Using (12.7)), and we get
G Xas ), SVe) = G(Va, PV, Vo) + §(Va, Vi, RVe).
From (30) and because of P))}, with V. and RV, with )}, orthogonality, we obtain

GR(Xa, V), 8Ve) = Xa(Ink)G(PYy, Vo) + Xa(lnk)g(Vy, RV.) = 0.
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Proof is complete and we get proof of equation (ii) and (iii) with smilar way.

If we interchange Z by RZ in (ii) and (iii), we obtain

J(M(PX,, RZ),SRZ) = (X,lnk)cosh®|| Z||*(type — 1), (4.33)
§(h(PX,, RZ),SRZ) = (X,lnk)cos?0|| 2| (type — 2) (4.34)
and
G§(h(Xy, RZ),SRZ) = —(PX,Ink)cosh?0|| Z || (type — 1), (4.35)
§(h(X, RZ),SRE) = —(PX,Ink)cos*0||Z|)* (type — 2). (4.36)
O

Now, using the above lemma, we get the following results.

Corollary 4.1. Let M = M7T x;, M? be pointwise proper semi-slant warped product type-1,2

submanifold in nearly para-Kaehler manifold M. In that case, we obtain

G(M( Xy, RZ),S82) = —§(h(Xy, Z),SRZ) = —é(Xalnk)cosh29|]ZHQ(type —1)  (4.37)
and

(X, RZ),82) = —§(h(X,, Z),SRZ) = —%(Xalnk)cos29|\ZH2(type -2)  (4.38)

for X, e DT and V,, Z e TD’.
If we replace X, by PX, in (37) and (38), we get

y y 1
§(M(PX,, R2),82) = —§(h(PX,, Z),SRZ) = —g(PXalnk)cosh20||Z||2(type —1) (4.39)

and

v v

1
G(h(PXy,R2),82) = —4(h(PX,, 2),SRZ) = —g(PXalnk:)cos29HZ||2(type —2). (4.40)

Theorem 4.2. Let M be a pointwise semi-slant type-1,2 submanifold of nearly para-Kaehler
manifold M. In that case, M is locally a non-trivial warped product submanifold M =
MT x M?, such that, MT is a holomorphic submanifold and M® is a pointwise slant
submanifold in M If the following situation is satisfied

for type-1

AspzX, — AszPX, = (1 — %cosh2 0)X,(7)Z (4.41)
for type-2

AsrzXy — AszPX, = (1 - éCOSQ 0)X,(7)Z (4.42)
where v = Ink is a function on M so that Z(y) = 0 for any X, € T'(DT), Z € T(D?).
Proof. Let M = MT x;, M? be a proper pointwise semi-slant non-trivial warped product

type-1 submanifold in nearly para-Kaehler manifolds M. In that case, from ([2.1)), (2.5), (2.7)
and Lemma 4.4, we get

J(AszP Xy, Vp) =0 (4.43)
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I(AszPXa, 2) = (Xay)l| 2] (4.44)

] 1
9(AsrzX,, Z) = g(Xa’Y) cosh®0||Z||*  (type — 1) (4.45)

V., Z € T(DY) and X,,), € T(DT) which specifies that AszPX, with related to D?. On
the contrary, accept that M is a pointwise semi-slant type-1 submanifold of nearly para-
Kaehler manifold M and using (44) and (45), we get

H(Asrzds — AszPX,) = (1 %coshQ 0) X, (1) Z. (4.46)

So, we get (4.41)). Then from Lemma (2), DY is integrable and from Lemma (1), DT
is totally geodesic. Let M? be the integral manifold of DY. Because of Weingarten operator

Ay is self-adjoint and using ,, and we have
J(Asrv. X — Asv,PXe, Z2) = —§(Vx, SRV, Z) — §(Vpx,SVe, 2)
+ Ux, I, SZ
= (X, VZPSV,)
= —§(Xe, VZR*V:) — §(Xa, V2 Vo).
Using for type-1 we get
G(Asry, Xy — Asy,PX,, Z) = 2cosh@sinh0Z(0)g(Xa, Ve)
+ (=1+cosh?0)§(X,,VzV.)
= sinh?0g§(X,, VzV.).
Using we get
G(Asry. Xy — Asy,PX,, Z) = sinh® 0(X,, hg(Ve, Z)). (4.47)

Then (4.46)) indicate that

v 1 2
he(Ve, Z2) = (§+§cosech29)V7§(VC,Z)

which indicate that MY is a totaly umbilical submanifold in M with the mean curvature
vector field ( % + %cosechze)vV , where V,, is the gradient of 7.

Conversely, by direct calculations, we have

Vei(Vy, Xa) = §(Vy, Vi Xa)]

Ve(Xa()) = Ve, Xa]y = 9(V5, Va, Vo)

= Ve, Xaly + Xa(Ve()Ve(Xa (7)) = Ve, Xaly = §(V5, Va, Ve)]
[Xa(Ve(N)) Vel Xa(7)) = 9(V5, Vi, Ve)l.

9(Vv.Vy, X)) =

Because of V.(y) = 0, we get
§(VVCV7, Xa) = g(v'ya vXaVc)-

Conversely, since V,, € L(TMT) and M7 is totally geodesic in M, it shows that Vx, V. €
L(TM?) for V. € T'(DY), X, € T(DT). So, §(Vy. V., X,) = 0. Then the sphrecial situation
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is also accomplished, that is M? is an extrinsic sphere in M. So, proof is complete.
Using a similar way, the result is also obtained for type-2. O

5. AN OPTIMAL INEQUALITY

We first indicate an orthonormal frame. Let M = M” x; M? be a (m + n) dimensional

pointwise semi-slant warped product submanifold a (m + 2n)-dimensional M nearly para-
Kaehler manifold. We give orthonormal frames according to type-1 and type-2. Firstly for
type-1, we indicate the orthonormal frames respectively;
{E1,.,Em,E1, ..., En, E}, ..., EX} of M so that, restricted to M, {Ei, .., By, Fi, ...,E,} are tan-
gent to M. So {Ej,..,Ey,Eq,..., By} form an orthonormal frame of M. We can indicate
{F),..,En,Eq,...,Eqx} in such a way that {E1,..,Ey} form an orthonormal frame of D’ and
{E,,...,E,} form an orthonormal frame of D?, where dim(DT) = m and dim(D’) = n.
We can indicate {E},...,EX} as an orthonormal frame of S(D?). In that case, n = 2p and
orthonormal frames are {E1, ...,Egp} of (DY) and {E}, ..., Es,} of S(DY).

Ey = sechOREy, ...,Egp = sechREgp_1, (type —1)

E] = cschfSEy, ..., E5,

= ¢schfSEy,, (type — 1)

We assume that
* on DT : orthonormal basis {E,}y=1, m, where m = dim(DT); also, supposed that
é(Ev, Ev) =L
* on DY : orthonormal basis {EX },y—; _n. n = dim(D?) also §(E},Ef) = F1.
* on PDT : orthonormal basis {Ev}v=1,..,m, where d; = dimP(DT) also §(PE,, PE,) = —1.
* on SDY : orthonormal basis {E} },y—;. _n, where n = dimS(D?) also §(E:,Ef) = F1.

wI Tw

Theorem 5.1. Let M be a (m+n) dimensional pointwise semi-slant type-1 warped product
submanifold M = MT x, M? in nearly para-Kaehler manifold M™2" where M? is a
proper pointwise slant submanifold and M™ is a invariant submanifold of M. Assume that
MT is spacelike. So, we get

1)
o 1
[A]]? < 4n(csch®6 + §coth29)||grad(lnk:)|]2, dim(K?) =n (5.48)

where grad(lnk) is the gradient of Ink.
2) If the equality sign of holds the same way, M is totally umbilical and MT is
totally geodesic in M. Also, M is minimal submanifold of M.

Proof. From description ||h1]|?> = [|h1(D?, D9)||? + 2||h (D, DT)||2 + ||h (DT, DT)||2 . We
get,

m+2p m m+2p 2p

AP = > > 9(hEn BB + > D g(h(EnEy), By)?
k=1 v,w=1 k=1 r,s=1
m+2p 2p m

+ 2 3D G(h(Ey B, BY)?

k=1 r=1v=1
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where {E;} is an orthonormal basis of TM=. Accepted the adapted frame, we will indicate
above equation as

2p 2p
1Al = > Z h(Ev,Ew), csch0SEq)? + Y G(h(Ey, Es), cschfSE,)
a=1v,w=1 a,r,s=1
m  2p
+ 22 Z G(h(E,,Ey), cschOSE,)>.
v=1a,r=1
By using( (37) and ( 39), we obtain
2p m  2p
IR = Y G(h(Er,Es), cschfSEL)* +2> Y (cschd)?[(PEy(ink))j(Ey, Ed))?
a,r,s=1 v=1a,r=1

+ 2PE,(Ink)§(Ey, Ea)Eo (Ink)(Ey, REq) + (Eo(ink)§(Ey, REq))?].

Thus
m 2p
> > PE(Ink)§(Er, Ea)Eo(Ink)g(Er, RE,)
v=1a,r=1
m  2p
= > " §lgrad(ink), PE,)j(grad(ink), E,)§(Er, Eq)g(E,, RE,)
v=1a,r=1

By using (33), (35) and lemma 4.4, the above equation will be simlified as

2p
v v 1
I|h|]? = Z G(h(E,, Es), cschBSEq)? + 4n||grad(Ink)||*[csch?6 + §coth29].
a,r,s=1
So, we get the inequality (48). Also the equality sign of (48) gives, we get

Zp  2p

3> G(h(Er Es), eschfSE,)* = 0. (5.49)

a=1r,s=1
Since MT is a totally geodesic in M, equation specifies that M7 is totally geodesic
in M. Also, equation specifies that & vanishes on DY. Because of DY is a spherical
distribution in M, we reach that M? is a totally umbilicial submanifold of M. Also, using
(4.46) and (5.49), we reach that M is minimal in M. O

Remark 5.1. If the manifold M? in the above theorem is timelike, in that case, (48) should
be changed by

v 1
||R||? > 4n(csch®6 + §coth29)\|gmd(lnk)ﬂ2, dim(K?) = n (5.50)
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where grad(lnk) is the gradient of Ink.

Similarly, if pointwise slant submanifold MY is type-2 , we achieve.

Theorem 5.2. Let M be a (m + n)-dimensional pointwise semi-slant warped product sub-
manifold M = MT x, M? in nearly para-Kaehler manifold M™+2" . Assume that, M? is
spacelike and timelike, respectively. In that case, (for type-2)

v 1
|A]]* < 4n(§cot29 + ¢sc®0)||grad(Ink)||? (5.51)

v 1
(respectively, ||h||* > 4n(§cot20 + csc®0)||grad(Ink)||?) (5.52)

where grad(lnk) is the gradient of Ink.
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