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Abstract. In this paper, first, we introduce and study a new map called a type-1
interpolating sesqui- f-harmonic map. Then, we provide necessary and sufficient conditions
for a differentiable curve in a Riemannian space form to be a type-1 interpolating sesqui-
f-harmonic. These conditions are presented in a main theorem and investigated in several
subcases. Moreover, we analyze type-1 interpolating sesqui- f-harmonic curves on S™(1)
and H"(-1).
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1. INTRODUCTION

There are some physical applications of harmonic and biharmonic maps in differential
geometry. In materials science, harmonic maps are used to study the deformation of materials
under different stresses and strains [2]. Moreover, Branding [3] defined a new functional for
maps between Riemannian manifolds by interpolating harmonic and biharmonic maps with
the motivation of the motion functional for externally curvature bosonic strings used in
physics. This functional is called an interpolating sesqui-harmonic map between Riemannian
manifolds.

Interpolating sesqui-harmonic maps defined between Riemannian manifolds are similar to
harmonic maps, but they also satisfy an additional condition that includes the sesquilinear
form. Sesqui-harmonic maps arise in various physical contexts, such as the diffusion of heat
and electric currents in conductive materials, the dynamics of fluid flows [6]. For instance,
these maps are instrumental in analyzing heat conduction in metallic structures or modeling
the stress-strain relationship in elastic media [10]. Furthermore, sesqui-harmonic maps find

applications in cosmology, where they contribute to understanding the large-scale distribution
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of matter and the universe’s expansion [7]. Finally, this functional, which appears in various
places in the physics literature, is called a bosonic string with external curvature in string
theory [13, 15].

After defining the interpolating sesqui-harmonic maps between Riemannian manifolds,
Branding [4] investigated the analytical results of these maps, especially those with spherical
image sets, and focused on the analytical aspects of interpolated sesqui-harmonic maps,
which were built on the regularity theory developed for biharmonic maps. He introduced
a conservation law for such maps and used it to demonstrate the differentiability of weak
solutions.

After these studies, Karaca et al. [12] studied interpolating sesqui-harmonic Legendre
curves in Sasakian space forms. Following this, Karaca [11] carried this work to generalized
Sasakian space forms. The last study on interpolating sesqui-harmonic maps in the relevant
context is by Igbal et al. [9], where interpolating sesqui-harmonic slant curves are studied
in generalized Sasakian space forms, and a definition of an interpolating sesqui-harmonic
minimal curve is introduced, which is another interesting new concept.

The f-biharmonic and bi- f-harmonic maps in differential geometry have physical applica-
tions similar to those of the harmonic and biharmonic maps. However, adding an f-functional
to these maps provides a more precise and accurate representation of surface features, re-
sulting in more accurate results in these applications. An f-functional is used to map local
properties of a surface to a target space and to minimize the distortion of angles and lengths
during the mapping of the surface to the target space.

In light of all the studies mentioned above, in this paper, we introduce type-1 interpolating
sesqui- f-harmonic maps, which can be considered as an intermediate value for f-harmonic
and bi-f-harmonic maps between Riemann manifolds. We provide a functional, called a
type-1 interpolating sesqui- f-energy integral, which enables the definition of type-1 inter-
polating sesqui- f-harmonic maps, the corresponding Euler-Lagrange equations, and type-1
interpolating sesqui- f-tension field definitions. Then, in the third section, we investigate the
type-1 interpolating sesqui- f-harmonicity conditions for curves on Riemannian manifolds us-
ing the type-1 interpolating sesqui- f-harmonicity equations. We analyze these conditions for
the curves in terms of the special cases of the elements of the Frenet frame and obtain some

absence theorems and results from the data herein.

2. PRELIMINARIES

In this section, we present f-harmonic, bi- f-harmonic, and sesqui-harmonic map equations

between Riemannian manifolds.

Definition 2.1. [8] Let (M, g) and (N, h) be Riemannian manifolds. Then, a harmonic map
w: (M, g) — (N,h) is defined as the critical point of the energy functional

1
E(w) = 5 /M |dw|*dv,

where vy is the volume element of (M,g). Then, by using Euler-Lagrange equation 7(w) of

the energy functional E(w), where it is the tension field of the map w, the map is called as



58 S. YUKSEL PERKTAS, F. E. ERDOGAN, S. N. BOZDAG, AND B. E. ACET

harmonic if
T(w) = trVdw = 0

Definition 2.2. [8] A map w : (M,g) — (N, h) is defined as a biharmonic map if it is a
critical point of the bienergy functional

Baw) = [ Ir(=)Pdv,

for all variations. Then, for the bienergy functional Es(w), the Euler-Lagrange equation

To(w) equals to
mo(w) = t(VFV® — VE)7(w) — tr(RN (dw, 7(w))dw) = 0

where To(ww) is the bitension field of the map w, if @ is a biharmonic map where RN is the
curvature tensor field of N defined as

RN(X,Y)Z = VYVYZ - VYVRZ - VX Z
for all X,Y,Z € T'(T'N). Here, V¥ is the pull-back connection.

Definition 2.3. [1, 5] A map w : (M,g) — (N,h) is said to be an f-harmonic if it is a
critical point of the f-energy functional

1
By(w) = | flawld,

where f € C°(M,R) is a positive smooth function. Then, the f-harmonic map equation

obtained by using Fuler-Lagrange equation as follows:
7(w) = fr(w) + dw(gradf) = 0
where T¢(w) is the f-tension field of the map w.

Definition 2.4. [16] A map w : (M,g) — (N,h) is said to be a bi-f-harmonic if it is a
critical point of the bi-f-energy functional

1
Bay(@) =5 [ Iryle)Pde,
M
The Fuler-Lagrange equation for the bi-f-harmonic map is defined by
T p(w) = tr(VZ f (Vo7 (w)) — [VEnT(w) + FRY (14(w), dw)dw) =0

where Ty (w) is the bi-f-tension field of the map w.

Furthermore, Branding [3] defined an interpolating sesqui-harmonic map between Rie-
mannian manifolds. He introduced an action functional that interpolates between the actions

for harmonic and biharmonic maps.

Definition 2.5. [3, 12] A map w is called as interpolating sesqui-harmonic if it is a critical
point of the following action functional that interpolates between the actions for harmonic
and bitharmonic maps:

B, 5,() = &1 / |deo 2, + 52 / ()|,
M M
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where 01,02 € R. Then, the interpolating sesqui-harmonic equation is provided as follows:
For 61,60 € R,
Ts,,05 () = dam2(w) — 617(w) = 0.

For more information about interpolating sesqui-harmonic maps, see [3, 4, 12].

3. INTERPOLATING SESQUI- f-HARMONIC CURVES ON RIEMANNIAN MANIFOLDS

Branding [3] has obtained a functional by associating the critical points of the energy
integral, which is crucial for harmonic maps, with the bi-energy integral that provides rise
to biharmonic maps, enabling the definition of interpolated sesqui-harmonic maps between
Riemann manifolds. Biharmonic maps are maps that roughly solve the Laplace equation in a
space. Moreover, f-biharmonic maps emerge as maps satisfying the multivariable f-Laplace
equation. The difference between these two maps arises from how these equations are solved
and which properties are emphasized. In this study, we extend Branding’s work [3] to a
broader class of maps, including f-harmonic and bi- f-harmonic maps. We introduce and
thoroughly study the type-1 interpolating sesqui- f-harmonic map, an intermediate concept

between f-harmonic and bi- f-harmonic maps on Riemannian manifolds.

3.1. Type-1 Interpolating Sesqui-f-Harmonic Maps on Riemannian Manifolds. In

this section, first, we define the following functional

E%Mmfuw:=p3/fkwﬂ%wg+p2/Wn«wn%wg
M M

where p1, p2 € R\ {0}. Let
m: M x(—€e€) > N
(z,t) — mw(z,t) = wi(x)
be a smooth variation of @w with variation vector fields v, where (M,g) and (N,h) are
Riemannian manifolds. Denote the pull-back connection on the vector bundle 7=! : TN —

M x (—e€,€) by V™. Since any vector field X € I'(T'M) can be considered as a vector field on
M x (—e€,€), then [%, X] = 0. As a first step, we calculate the following equality:

d 1d 1d
73 B, (@6 M)le—o = p1 th/f!d@\%g\to + p2 th/\Tf(wt)Pdvg\to
M M
It is well known from [14] that
1d )
o7 fldw|“dvgli—o = — [ h(1¢(w), v)dvg (3.1)
M M
and 14
51 | r(@0Pduglec = = [ hras (), )y 32
M M
where
7f(w) = fr(w) + dw(gradf)
and

T, f(w) = tr(wa(Vwa(w)) - ngNTf(w) + fRN(Tf(w), dw)dw).
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By using (3.1) and (3.2),

d
B (@Ml = =p1 [ bry(@),0)dey — po [ hiras (), v}y
M M

which implies
d

aEm,pz,f(wt; M)|i=0 = _/ < p17f(@) + para, (@), v) > dug. (3.3)

M

Definition 3.1. A map w : (M,g) — (N,h) between Riemannian manifolds is called a

type-1 interpolating sesqui-f-harmonic map if it is a critical point of the functional
Bt =1 [ fldslduy + p2 [ Iry() P,
M M

The Euler-Lagrange equation associated with (3.3) is

Tp1.po,f (@) = p17p (@) + paa ()

where T¢(w) and T ¢(w) are the f-tension and bi-f-tension field of w, respectively, and
p1,p2 € R\ {0}.

Theorem 3.1. A map w : (M, g) — (N, h) is a type-1 interpolating sesqui-f-harmonic map
if and only if p17¢(w) + pa7af(w) = 0.

Remark 3.1. From the relevant definitions, the following hold:

If f is a constant, then f-harmonicity induces to harmonicity. In this case, interpolating
sesqui-f -harmonic maps overlap with interpolating sesqui-harmonic maps defined by Brand-
ing [3] such that 6y = —p1f and 62 = —paf.

It is well known from [14] that any f-harmonic map is bi-f-harmonic. Thus, f-harmonic

maps are always interpolating sesqui- f-harmonic maps, for any p1,p2 € R.

Let a : I — (N,h) be a differentiable curve on an n-dimensional Riemannian manifold
(N, h) parametrized by the arclength s, where I is an open interval and o = 7. Considering
the f-tension field and bi- f-tension field equations in [16],

(@) = fVrT + f'T
and
rop(@) = (Ff7 + £ 1T+ Bff +2(f))VeT + 4f f VET + V4T + fPRN (Vo T, T)T
which imply

Torpof (@) = (p1f +p2(ff +F £ N+ (prf + p23(Ff +2(f)2))VrT + 4paf f VT
+p2 f2VET + po f?RN (V4 T, T)T.

Thus, the following proposition can be obtained:
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Proposition 3.1. Let a: I — (N, h) be a differentiable curve parametrized by its arclength.
Then, a is a type-1 interpolating sesqui-f-harmonic curve if and only if

0= (prf" +p2(f 1"+ L INT + (1 f + p23(f 1" +2(f)) VT +4paf ' VET

(3.4)
+p2 f2VET + p2 f2RN (V1 T, T)T.

Let {Ey = T, Es,...,E,} be a Frenet frame along o defined an n-dimensional Riemann-
ian manifold (N, h), where FEj is the unit normal vector field along a and for every j €
{3,4,5,...,n}, E; is a unit vector field such that

VT = k1B,
VrEy = —kiT + ko E3
VB, = —ky1Er_y + keEryy, 7€{3,4,..,n—1}
VrEy, = —kn-1En1
Here, k1 = ||V7T|| and ko, ..., k,—1 are nonnegative real-valued functions. Following the

equations calculated in [16],

VAT = —k3T + k) Ey + k1 ko Es (3.5)
VAT = —3kikyT + (k) — k3 — k1k3) By + (2k ko + kyko) B3 + kikoksEy (3.6)

and
RN(VyT,T)T = ky RN (Ey, T)T. (3.7)

In view of (3.5)-(3.7) in (3.4), the following theorem can be obtained:

Theorem 3.2. A differentiable curve o : I — (N, h) parametrized by its arclength is a type-1
interpolating sesqui-f-harmonic map if and only if

1ol

0= (of +p2(ff" + £ 1) = dpaf fk} —3pafkik))T + (prfh1 + paka BFf 4+ 2(f)?)
+apa ff Ky + paf?(K) — k3 — kik3))EBo + (4pof f kika + paf?(2K ko + kky)) Es
+(paf?kikoks)Ey + paf?ki RN (Ey, T)T.

If (N,h) is a Riemannian manifold of constant sectional curvature, then the following
theorem can be obtained:

Theorem 3.3. Let o : I — (N(c),h) be a differentiable curve on a Riemannian space form
N(c), parametrized by its arclength. Then, « is a type-1 interpolating sesqui-f-harmonic

curve if and only if

(p1f + p2(f 1" + £ f7) = Apaf KT = 3pafhaky = 0
pLfkr+ paki (31 F" +2(f)2) + dpaf fK) + paf?(ky — K} — kk3) + cpaf?hy = 0
Apaf f kika + paf?(2k Ky + kiky) = 0 '
paf2kikoks =0

(3.8)

From the first equation in (3.8), we consider the case in which « is a geodesic as follows:
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Theorem 3.4. A geodesic curve on a Riemannian manifold is a type-1 interpolating sesqui-

f-harmonic curve if and only if
p_ (1)
P2 f

Assume that o : I — E™ is a differentiable curve on the n-dimensional Euclidean space

parametrized by its arclength, where I C R is an open interval. We investigate the following
special cases:
Case I. Let k1 € R\ {0} and k2 = 0. Then, (3.8) reduces to

pif +p2(ff" + ) —4paffk2=0
p1fk1 + paki(Bff" +2(f)?) — p2f?k3 =0

which implies

pif = p(Aff K — (7))
pif = p2(=3ff —2(f )%+ k)

From the second equation in (3.9),

v paf?ki—pif — 202(f)?
ff - 3p2 ’

By putting the last equation into the first equation in (3.9),

f (5P2fkif +2p0f " — P1) = 0.

Thus, the following theorem can be obtained:

Theorem 3.5. Let o : I — E™ be a differentiable circle in the n-dimensional Euclidean space
parametrized by its arclength with ki € R\ {0} and ko = 0. Then, « is a type-1 interpolating

sesqui- f -harmonic curve if and only if

5 5
f(s) = c1 cos (\/;]ﬁS) + ¢osin (\/;k15> + 5}5%1[)2.

Case II. Let ki, k2 € R\ {0}. In this case, (3.8) reduces to

ol +pa(FF7+ 1 1") = 4paf [k =0

prfk+ paki(BF f" +2(f")%) + paf? (=i — kak3) = 0
4paf f'kiks =0

L2 f2kikoks =0

which implies
pr+ paf(—ki —k3) =0

f=0
ks=20

Since f is a positive real-valued and nonconstant function, we obtain the following theorem:

Theorem 3.6. There does not exist a type-1 interpolating sesqui-f-harmonic heliz in the

n-dimensional Euclidean space.
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Case IIIL. Let k; € R\ {0} and k2 be a nonconstant and positive real-valued function.
Then, by using (3.8),

(p1f +p2(ff + £ F) —4paf f =0
prfky+ pakiBFF" +2(F)%) + paf? (=K — kak3) = 0
4paf f aka + pof?hiky = 0
p2.f?kikoks =0

which implies

pof +oa(ff + Ff —Aff kD) =0

prf+ 2L +2(1)? = f2( + k3)) =0
p2(4f kiky + fhiky) =0

\kgkg =0

Therefore, the following theorem can be obtained:

Theorem 3.7. Let o : I — E™ be a differentiable curve in the n-dimensional Euclidean
space parametrized by its arclength with k1 € R\ {0} and the nonconstant and positive real-
valued function ko. Then, « is a type-1 interpolating sesqui-f-harmonic curve if and only if
fls) = clk:g(s)*i such that ¢y is a positive integral constant, ks =0, and

’ 1" "

33(ky)® — 52kokoky + 16k3ky — 48k2k3ky + 16koks = 0.

Case IV. Let k1 be a nonconstant and nonnegative real-valued function and ko = 0. Then,

the following theorem can be obtained:

Theorem 3.8. Let o : I — E™ be a differentiable curve in the n-dimensional Euclidean space
parametrized by its arclength with the nonconstant and nonnegative real-valued function kq

and ko = 0. Then, a is a type-1 interpolating sesqui-f-harmonic curve if and only if

pif +p2(ff" + £ ) = dpaf £k} = 3pafhiki =0
and
pifki+ paki B +2(F)%) + dpof f ky + paf?(ky —k3) =0

Case V. Let k1 be a nonconstant and nonnegative real-valued function and ko € R\ {0}.
By using (3.8),

(o1f +pa(Ff + £ ) —dpaff ki —3pafihkiky =0
p1fk+ pakiBFF +2(F)%) +dpof £ ky + paf?(ky — k3 — kik2) =0

Apo f f ko + 202 f ki ko = 0

| Kiks =0
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which implies

prf + o2 F "+ 1) = Apaf £ K = Bpafhik; =0
prfk+ ook (BEF +2(f)) + dpaf £ k) + paf?(ky — kY — kak3) =0

2f ki + fky =0

ks =0

Thus, the following theorem can be obtained:

Theorem 3.9. Let o : I — E™ be a differentiable curve in the n-dimensional Euclidean space
parametrized by its arclength with the nonconstant and nonnegative real-valued function kq
and ko € R\ {0}. Then, a is a type-1 interpolating sesqui-f-harmonic curve if and only if
fls) = Cle(S)ié such that cy is a positive integral constant, ks =0, and

/ 17

15(ky)> — 18k1kyky + 4k2 k) + 12k} k) + 4k K2k, =0

CASE VI: Let k1 and k2 be nonconstant and nonnegative real-valued functions. From
the third equation in (3.8),

Af ko + f(2k ko + k1ky) = 0

which implies
F(5) = esha(s) "2 ha(s) 7

where c3 is a positive integral constant. Therefore, the following theorem can be obtained:

Theorem 3.10. Let a : I — E™ be a differentiable curve in the n-dimensional Euclidean
space parametrized by its arclength with nonconstant and nonnegative real-valued functions
k1 and ko. Then, o is a type-1 interpolating sesqui-f-harmonic curve if and only if f(s) =
03k1(s)7%k2(5)7% such that c3 is a positive constant, ks = 0,

pif +p2(ff + ) —dpaf R} — 3pafhiky =0
and

p1fkr+ pakiBLf +2(F)%) +dpof f ky + paf?(ky — k3 — k1k2) =0

3.2. Type-1 Interpolating Sesqui-f-Harmonic Curves in S"(1) and H™(—1). This
section presents type-1 interpolating sesqui- f-harmonic curves in S™(1) and H"(—1). In
view of (3.8), we have the following theorem:

Theorem 3.11. Let o : I — S™(1) be a differentiable curve parametrized by its arclength.

Then, a is a type-1 interpolating sesqui-f-harmonic curve if and only if
prf +o2(ff A+ F L)~ Apaf £ k] — 3p2fhiky =0

prfk1 + paki(BFF +2(f)2) +dpaf £ k) + paf?(ky — kS — kuk3) + paf?hy = 0
Apof f kika + pof2(2k ko + kiky) = 0
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and
p2f2kikoks = 0

Theorem 3.12. Let av: I — S™(1) be a differentiable curve parametrized by its arclength.

AN

If k1 = 0, then « is a type-1 interpolating sesqui-f -harmonic curve if and only i % = —%.
If k1 € R\ {0} and ko = 0, then « is a type-1 interpolating sesqui-f-harmonic curve if and

only if
[5k2 +1 , [5k% +1 o1
f(s) = ¢y cos ( 712 s) —+ c281n ( 12 s |+ (51{;% T m

If ki, ko € R\ {0}, then « is a type-1 interpolating sesqui-f-harmonic curve if and only if

P19
§)=-—8"+c18+c¢
fs)= -5 +asta

where —5k? + k3 =1, or

__ [—5k?+ k3 —1 . [—5k?+ k3 —1 p1
f(s) = c1cos ( 5 s | + casin 5 s |+ G — K2 + )pa

where —5k3 + k3 > 1, or

(512 2 (512 2
5k1 _2k2+15 B 5k1 _2k2+15 p1
+

f(S) = (e + coe (5]{:% — k% + 1),02

where —5k3 + k3 < 1.
In view of (3.8), the following theorem can be obtained:

Theorem 3.13. Let o : [ — H™(—1) be a differentiable curve parametrized by its arclength.

Then, « is a type-1 interpolating sesqui- f-harmonic curve if and only if
prf + o2 F "+ F) = dpaf £ I = Bpafhik; =0
prfky + pokiBFF 4 2(F)%) + dpaf £y + paf? (k) — kY — kk3) — pof?hy =0
4pof f ks + p2f?(2hkykz + kiky) = 0

and
p2fkikaks = 0

Theorem 3.14. Let o : I — H™(—1) be a differentiable curve parametrized by its arclength.

AN

If k1 = 0, then « is a type-1 interpolating sesqui-f-harmonic curve if and only if% = —%.
If ky € R\ {0} and ko = 0, then « is a type-1 interpolating sesqui-f-harmonic curve if and
only if
fls) = P2y €15+ c2
4p2

— 4+ 1
where k1 = :I:\/g,

B -1 k2 —1
f(s) :clcos< o 12 3) —i—cQsin( o 12 s) + (5k%p—11)p2

or
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where k1 € (—oo, —%) U (%,oo), or

[1-5k2 [1-5k2 )
—z V= P
+

f(s) = C1€ + coe m

where k1 € <—%, %)
If ki, ko € R\ {0}, then « is a type-1 interpolating sesqui-f-harmonic curve if and only if

fls) = A2y c15 + c2

4p2
where 5k% — k3 =1, or
5k? — k3 —1 5k? — k3 —1 p1
f(s) = c1cos T2 "5 4+ egsin okt ML S
2 2 (5k% — k3 — 1)pa
where 5k? — k3 > 1, or
,5k§+k§+1s B —5k%+k%+ls o1

s) = cye 2 + coe
fer=a : G~

where 5k — k3 < 1.

4. CONCLUSION

In this paper, we focus on type-1 interpolating sesqui- f-harmonic maps. Moreover, we ob-
tain necessary and sufficient conditions for a differentiable curve in a Riemannian space form
to be type-1 interpolating sesqui- f-harmonic. While the results establish a consistent theo-
retical framework for sesqui- f-harmonic maps, further investigations may focus on different
space forms and possible applications in mathematical physics and mechanics, following the
geometric approaches discussed in this paper. Additionally, future studies can investigate
similar intermediate concepts between f-harmonic and f-biharmonic maps on Riemannian

manifolds.
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