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Abstract. This article describes a formula for second variation of generalized Einstein-
Hilbert functional on Riemannian manifolds. This work extends the definition of stable
Einstein manifolds, and we present some properties.
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1. INTRODUCTION

The Einstein-Hilbert functional £ associates to each Riemannian metric g the integral of
its scalar curvature S, that is

EM—R, g»—>5(g):/ Sv9, (1.1)
M

where M is the set of smooth Riemannian metrics on M, and v9 the volume form with re-
spect to g. It is the action functional that defines the dynamics of gravity in general relativity
[3, 4, 5, 6, 8, 16].

One of the simplest modifications to general relativity is the F'(S) gravity in which the La-
grangian density F'is an arbitrary smooth function of the scalar curvature S of a Riemannian
manifold (M, g). When F(s) = s, gives the classical Einstein-Hilbert functional, therefore
the Einstein gravity, corresponds to F'(S) = S. The Euler-Lagrange equation of the general-
ized Einstein-Hilbert functional (it is known by Einstein-Hilbert functional in f(R) gravity,
or briefly F-Einstein-Hilbert functional) with respect to g is proved by A. D. Felice, S. Tsu-
jikawa in [7], and T. P. Sotiriou, V. Faraoni in [17].

The second variation of Einstein-Hilbert functional at Einstein metrics was considered in
[11]. In [9], K. Kroncke study the second variation of the Einstein-Hilbert functional on Ein-
stein metrics, he find some conditions for stability of Einstein manifolds with respect to the
Einstein-Hilbert functional, i.e., that the second variation of the Einstein-Hilbert functional
at the metric is nonpositive in the direction of transverse-traceless tensors. Stability proper-
ties of compact Riemannian Einstein manifold play a role in mathematical general relativity

[1], and in geometric analysis to understand rigidity of Riemannian structures, for example
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the dynamical behaviour of the Ricci flow.

In this paper, we extend the definition of the Einstein tensor, where we calculate the first vari-
ation of the F-Einstein-Hilbert functional, and we conclude the generalized Einstein tensor.
We prove that the generalized Einstein tensor is divergence-free. We study the second varia-
tion of the F-Einstein-Hilbert functional on the Riemannian manifold. The second variation
formula gives a tool/is a prerequisite for the study the stability of any generalized Einstein
manifold, and to see if the F-Finstein-Hilbert functional has extremality properties at some
critical points. The smooth function F' can be chosen for the existence and the stability of

such Riemannian metrics which provide additional information on Riemannian manifolds.

2. F-EINSTEIN-HILBERT FUNCTIONAL

First, we give some definitions. Let (M, g) be an n-dimensional Riemannian manifold, and
let X, X1,...,X¢-1,Y,Z €I'(T'M). By R, Ric and S we denote respectively the Riemannian
curvature tensor, the Ricci tensor and the scalar curvature of (M, g). Thus R, Ric and S are
defined by

R(X,Y)Z =VxVyZ - VyVxZ —Vxy|Z, (2.2)

Ric(X,Y) = g(R(X,e)e;, Y), S = Ric(e;,€;), (2.3)

where V is the Levi-Civita connection with respect to g, {e1, ..., e, } is an orthonormal frame.
Given a smooth function f on M, the gradient of f is defined by

g(grad f, X) = X(f), (2.4)
the Hessian of f is defined by
(Hess f)(X,Y) =g(Vxgrad f,Y), (2.5)
the Laplacian of f is defined by
Af = —Tr(Hess f). (2.6)

The divergence of (0, g)-tensor « on M is defined by
((50[)(X1, ceey qul) == —(Veia)(ei, Xl, ceey qul)- (27)

The formal adjoint of the divergence 6 : I'(®?T*M) — I'(T* M) is the map
§* :T(T*M) — T(®*T*M) defined by

1
(0*)(X,Y) = 5((vm))/ + (Vya)X). (2.8)
The formal adjoint of the Levi-civita connection V is given by
(V*Oé)(Xl, ceey Xq—l) = —(Veia)(ei, Xl, ceey Xq—l)v (29)

where o € T(T*M @ T®D M), and {e1, ..., e, } is an orthonormal frame.
The composition of T,Q € I'(®*T*M) is defined by

(ToQ)(X,Y) =T(X,e)Q(Y, i), (2.10)



90 A. MOHAMMED CHERIF

where {e1, ..., e, } is an orthonormal frame on M.
For T € I'(®2T*M), we define T° € T'(®2T*M) by

T(X,Y) = é(T(X,Y) L T(Y, X)), (2.11)

We define an endomorphism ;2 T(@*T*M) — T(®*T*M) by
(RT)(X,Y) = T(R(es, X)Y, ¢;). (2.12)
For T € T(®*T*M), we define the Lichnerowicz Laplacian by
ALT = V*VT + RicoT + T o Ric —2RT. (2.13)

(For more details, see for example [4], [15]).

Definition 2.1 ([7], [17]). We let M denote the space of Riemannian metrics on a closed
orientable manifold M. The generalized Einstein-Hilbert functional (or F-FEinstein-Hilbert
functional) is defined by

Er M —R, g—E&p(g) = /M F(S)v?, (2.14)

where S is the scalar curvature of (M, g), and F' : R — R is a non-constant smooth function.

The Definition 2.1, is a natural generalization of Einstein-Hilbert functional or the total
scalar curvature, when F' is the identity map, then £ reduces to the usual Einstein-Hilbert
functional whose second order infinitesimal behaviour is well understood (see [3, 4, 5, 6, 8,
10, 11, 12, 13, 16]).

Let (M, g) be a closed orientable Riemannian manifold. Consider a smooth one-parameter
variation of the metric g, i.e., a smooth family of metrics (g¢) with —e < t < ¢, such that
go = g. Take local coordinates (2') on M, and write the metric on M in the usual way
as gr = gij(t,x)dz’ ® da?. Write h = (8g¢/9t)1=0, then h € ['(®?T*M) is a symmetric
2-covariant tensor field on M, we get the following.

Theorem 2.1 ([7], [17]). The first variation of the F-FEinstein-Hilbert functional in the

direction of h is given by the formula

%5}?(915)‘ - - /M<EF<9>7 h>vg7 (2'15)

t=0

where (,) is the induced Riemannian metric on @*T*M,

Ep(9) = F'(S)Ric—HessF'(S) — (AF'(S) + %F(S))g, (2.16)
and F' is the derivative of the function F.
Definition 2.2. Er(g) is called the generalized Einstein tensor (or F-FEinstein tensor).

For the proof of Theorem 2.1, we need the following lemma.

Lemma 2.1 ([14], [18]). Let (M,g) be a Riemannian manifold. Then, the differential at
g, in the direction of h, of the volume element and the scalar curvature are given by the

following formulas
angt

ot lt=0

1 1
= i(Tr h)vd = §<g,h>vg, (2.17)
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05,

31 oy = A(TrR) +6(0h) — (Ric, h).

Proof of Theorem 2.1. First note that

d B OF(Sy) o, A9t
—E&r (gt)‘to—/M[ o v+ F(S) ,

dt ot li=o
for all t € (—e,€), we have
8F(St) 0S;
TR T
by the Lemma 2.1, we obtain
or C,)(tst) . F'(S)A(Tr h) + F'(S)6(5h)

_F'(S)({Ric, h).

Calculating in a normal frame at x € M we have

F'(S)A(Trh) = —F'(S)e;(e;(Trh))
= —€(F'(S)e;(Trh)) + €;(F'(S))ei(Tr h)
= —¢(F'(S ez(Trh)) el( ))Trh)

_ei(ez )) Trh,

so, the first term in the right-hand side of (2.20), is given by
F'(S)A(Trh) = §(F'(S)d(Trh)) — §((Trh)dF'(S))
+A(EF'(S))(g, h)-
If f € C°°(M) and a € T(T*M), then (see [18], [15])
o(fa) = =(df,a) + foa,
with (df,a) = a(grad f). Applying this formula, gives
F'(S)3(sh) = 6(F'(S)Sh) + (dF'(S), 5h),

by using the following formula (see [18])

(6T)(2) =6(T(-, Z)) + %(T, L79),

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

where Lzg is the Lie-derivative of g along Z € T'(TM) (see [15]), and T € T'(®>*T*M), we

get
(dF'(S),6h) = (Sh)(grad F'(9))

)) <ha £gradF’ S)g>
)+ <h Hess F'(9)),

= 6(h(-,grad F'(S

)
= 6(h(-,grad F'(S))

by equations (2.24) and (2.26), the second term on the left-hand side of (2.20) is

F'(S)6(6h) = 6(F'(S)6h) + 6(h(-,grad F'(S)))
+(h,Hess F'(S)).

(2.26)

(2.27)
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Substituting (2.22) and (2.27) in (2.20), we obtain

OF'(Sy) ‘
ot 1t=0

§(F'(S)d(Trh)) — 6((Tr h)dF'(S))
+A(F'(S))(g, h) + 6 (F'(S)dh)
+6(h(-, grad F'(S))) + (h, Hess F'(S))
—F'(S)(Ric, h). (2.28)
From equation (2.28) and the Lemma 2.1, we have
[P ps) 2] = {B(F(S)a(Ten) — 3((Tm)ar ()
+A(F'(S))(g, h) + 0 (F'(S)oh)
+0(h(-, grad F'(S))) + (h,Hess F'(S))

—F'(S)(Ric, h}}vg + @@, hyos.
(2.29)

Substituting the formula (2.29) in (2.19), and consider the divergence theorem (see [2]), the
Theorem 2.1 follows. O

Remark 2.1. Let X,Y € I'(TM), we have
Hess F'(S)(X,Y) = X(Y(F'(9))) — (VxY)(F'(S5))
(

(
= X(F'(S)Y(S)) — F"(S)(VxY)(S)
X(F"(8)Y (S) + F'(S)X(Y(S)) = F'(S)(VxY)(S)
= F"(S)X(S)Y(S)+ F"(S)(Hess S)(X,Y).

According to this formula, the F'-FEinstein tensor is given by
Er(9) = F'(S)Ric—F"(S)HessS — F"(S)dS ® dS
_(F"(S)AS + F"(S)| grad S| + %F(S)) g (2.30)
Remark 2.2. Let (M, g) be a Riemannian manifold, we get the following

o If F(s) = s, for all s € R, the F-FEinstein tensor is given by the formula (see [4],

[14])

Er(g) = Blg) = Ric—>g (2.31)

s the Einstein tensor.
o If F(s) = s, for all s € R, the F-Einstein tensor is given by (see [4], [5], [6])

2
Er(9) = 2SRic—2HessS — (2AS + i )9 (2.32)
From Theorem 2.1, we deduce.

Theorem 2.2 ([7], [17]). A Riemannian metric g is a critical point of the F'-FEinstein-Hilbert
functional if and only if

F/(S) Ric — Hess F'(S) — (AF'(S) + %F(S)) g=0, (2.33)
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where F : R — R is a non-constant smooth function.

By taking traces in (2.33), we obtain
SF'(S) + (1 —n)AF'(S) — gF(S) = 0. (2.34)

Theorem 2.3. Let (M, g) be a Riemannian manifold. Then, the divergence of the generalized
Finstein tensor is zero (that is, 6Er(g) =0).

Proof. Let F: R — R be a smooth function, calculating in a normal frame {e;} at x € M,
with X = e;, we have

SEp(9)(X) = —(Ve, Er(g))(ei, X) = —ei(Er(g) (e, X)), (2.35)
by the definitions of generalized Einstein tensor, and the Hessian tensor, we get

Ep(g)(ei,X) = F'(S)Ric(e;, X) — g(Ve, grad F'(S), X)
~(AF(8) + 5 F(S))gler, X), (2.36)
substituting (2.36) in (2.35), and consider the definition of gradient operator, we obtain
6Ep(9)(X) = —Ric(grad F'(S), X) — F'(S)e;(Ric(e;, X))
49V Vx grad F'(S),e0) + X(AF/(S)) + 3 X(F(S),

by the definitions of the divergence, and the curvature tensor, with [e;, X] = 0, we conclude
that

SEr(g)(X) = —Ric(grad F'(S), X) + F'(S)(d Ric)(X)

+g(R(ei, X) grad F'(S),e;) + g(Vx Ve, grad F'(9), e;)

FX(AF(S)) + 3 X(F(S)) (2.37)
note that

Ric(grad F'(S), X) = g(R(e;, X) grad F'(S), e;), (2.38)
F/(S)(5 Ric)(X) = —%X(F(S)) - —%F’(S)X(S), (2.39)
9(VxVe, grad F'(S),e;) = —X(AF'(9)). (2.40)
Substituting the formulas (2.38), (2.39) and (2.40) in (2.37), the Theorem 2.3 follows. [

Remark 2.3.

o If Ep(g) = fg for some function f on M, then f is constant function on M (because

6ER(g) =0).
e The condition Er(g) = Ag is equivalent to

F'(S)Ric — Hess F'(S) = ug, (2.41)
for some function p on M, it is also equivalent to
F'(S)Ric—F"(S)Hess S — F"(S9)dS ® dS = pug, (2.42)
(see equation (2.30)).
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o If F(s) = s, for all s € R, then Er(g) = A\g if (M, g) is Einstein manifold, that is
Ric = pg for some constant u (see [4]).

Example 2.1. Let M = (0,00) x R? equipped with the Riemannian metric g = dt*> 4> (dz? +
dy? + dz?). Let F(s) = s® for some constant . Then, Er(g) = 0 if and only if o = 1%—\/3

Example 2.2. Let M =S C R and F : R — R a non-constant smooth function. Then,
the induced Riemannian metric ¢°" is a critical point of the F-Einstein-Hilbert functional if

and only if F(so) = 0 and F'(sq) = 0 where sg = n(n—1) is the scalar curvature of (S, g5").

Remark 2.4. The previous examples prove the following results; There is no equivalence
between Er(g) = 0 and E(g) = 0 where F' is a non-constant smooth function. There exist

Riemannian Finstein metrics which are critical points of the F'-Finstein-Hilbert functional
where F(s) # s.

3. THE SECOND VARIATION OF &

Let M be a closed orientable manifold. We denote by
M. ={g € M| Vol(M,g) :/ v9 = ¢},
M

for some constant ¢ > 0. This is a submanifold of M of codimension 1, and its tangent space
at g € M, is given by

TyM.={T € T(&*T*M) | /M<g,T>v9 = 0}.

A Riemannian metric g is a critical point of Ep|pr, if and only if Er(g) is orthogonal to
TyMe, that is Ep(g) = Ag for some constant X. In the following Theorem, we calculate the
second derivative of Ep(g:) at ¢ = 0 where (g¢) (—e < t < €) is a smooth one-parameter
variation of such Riemannian metric g which enables us to know the extremality properties
of €. Write
h = 99 k= @
ot li=0’ ot? li=o’

then h, k € T(®?T*M). Under the notation above we have the following.

(3.43)

Theorem 3.1. Let (M, g) be a closed orientable Riemannian manifold with volume c. Sup-
pose that Er(g) = Mg, for some constant X\, then the second variation of Ep|am, at g in the
direction of h is given by

d2

< ¢ ’ — [ (To(h) + Tu(h), K)o,

Zaerla] = [ (T + 1w,y

where Ty(h), Ti(h) are defined by

To(h) = —F/;S)V*Vh + F’(S)f{h + F'(8)6*(6h) + %F’(S) Hess(Tr h)
+F/;S) [A(Trh) + 6(5h)]g — % A+ %F(S)] (Trh)g,
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Ti(h) = —fRic+Hessf+ (Af)g— h(V.grad F'(S),-)7 — (V.h)(-,grad F'(S))”
5 Vamaprsh— (0h+ Sd(Teh), dF'(S))g - 3 (AF/())(Te h)g
—|—%<HessF'(S),h>g,

and f = F"(S)[A(Trh) + 6(6h) — (Ric, h)].
For the proof of Theorem 3.1, we need the following lemmas.

Lemma 3.1. Let T3, Q¢ € T(®?*T*M) all dependent of time t € (—e,€) with Ty = T and
Qo=Q. Then

P T 00,
Gl (@m0, = (57| B )~ AT Q).

where {,); is the induced Riemannian metric (with respect to g;) on @>*T*M.

K Q)+ (T,

Proof. We have
<Tt7 Qt>t = th‘]Q?bgzU«gib?

so that
oTY o o lers o
e T — t ab ia jb T t ia . jb
8t)t:0< 0 Q) ot t:OQ grg ot limo? I
Y . g - Ogl?
4T ab ¥ It ]b+sz ab ia YIt ’ ’
@ ot le=o” @ ot li=o0
since 2% | = _giugwp,, and 2| = _giughvp, 14 t
ot lt=0 — —9 9 Nuw and —5~ |,y = —9° 9" Nuy (see [14]), we ge
0 Ty 0Qy
ar Ta = YR ) Ta 7)
8t‘t=0< ! Qt>t { ot lt=0 Q) +( ot t:O>
_Tianbgiugavhuvgjb _ Tianbgngugb”hw,
note that

~T9Q™g" g hung” = TQ g g7 g huy = —2T7Q% g™ 4" hung””,
on the other hand
= 2T g, Qg g,
0

Lemma 3.2. Let (f;) (—e < t < €) be a time dependent family of smooth functions on M
with fo = f. Then, the first variation of the Hessian and the Laplacian are given by

O Hess; fi of, o
T‘t:o Hess (E‘t:()) - (V.h)(-,grad f) + §Vgradfh,
OA fi O fi 1
ot ‘t:o A(E)t:() - <5h + §d(TT h), df> + <Hess 1, h>,

where Hess; fi (resp. Ayfi) is the Hessian (resp. Laplacian) of f; with respect to the metric
at-
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Proof. By the definition of Hessian (2.5), we obtain

CEltxy) = SXO() - (VRG]
= 2 [XO () — oV grad )]
= X O) (S Y ) (9 Yiraa )

(3.44)

where V! is the Levi-Civita connection with respect to g;. The first variation of the Levi-

Civita connection in the direction of A is given by the formula

0 1
95 VRY| . 2) = 5[(Vxh)(Y, 2) + (Vyh)(X. 2) = (Vzh)(X.Y)),
(see [4]). Here XY, Z € T(TM) (all independent of time ¢). We conclude that
O Hess, f; dft s, 1
oty = e (G |y) — (VM 8rad )7+ 5 Viraa ph

By the Lemma 3.1, the first variation of A;f; is given by

OAf; 0
8:& t‘t:o T T t:0<HeSSt ft’gt>t
= <§tHesstft‘ ,g>—<Hessf,h>+2<Hessf,hog>,

by equations (3.46), (3.47), with h o g = h, we have

"o heo = 25

—% Tr Vgrad fh + <Hess 1, h>,

’t:o) + T(V.R)(-, grad f)°

and note that
Te(V.h) (-, grad )7 = —(oh, df),

1 1
_QTrvgradfh = —§<d(TI'h),df>

The proof is completed.
Proof of Theorem 3.1. First note that

d2 d 8gt
Bl - _ v B Yaty gt
dt2gF(gt)L:o dt lt=o /M< Flge) ™

by the variational formulas in Lemma 3.1, we have

d2
ﬁgF(gt)L

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)
(3.50)

(3.51)

(3.52)
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Since EFr(g) = Ag, we obtain

2/ (Er(g),hoh)vd = 2)\/ R%EE (3.53)
M M
1 pY )
—— | (Ep(g9),h)(Trh)v? = == [ (Trh)“v7. (3.54)
2J/m 2 Jm
Since Vol(M, g;) = ¢ , we have

d? 029t
L VoM, g) = | £
dt? )t:O © ( ,gt) /M ot?

by equation (3.55), and Lemma 2.1, we get

1 0 8gt
2 [ 2t gt} =0, 3.56
2/M 3t‘t:0{( vk (3.56)
where Try % is the trace of % with respect to g, from equation (3.56), and the Lemmas
2.1 and 3.1, we obtain
0 dgy Ov9t
0 = [7 v, 2% ‘ 94 (Trh }
/M ot T )| (TP =5
0 0g: g 1 2
- 2 (g, 2L S (Tr k)2 |
/M [3t<gt’ ot >t‘t:0v +5(Trh)

= [P+ ()~ 2(g o by + (T
M

=0 3.55
=0 (3.55)

N /M [ = |h)? + (Trk) + %(Trh)ﬂvg, (3.57)

by equation (3.57), the second term on the left-hand side of (3.52) is

- [ Bt = <3 [ (i
- /[—/\\h|2+)\(Trh)2]vg. (3.58)
M 2

We compute

8F,(St) . /
t=0 ot ’t:O Ric +F7(5) ot ‘t:o

_0Hesst F/(St) ‘ - aAtF/(St) ‘
ot t=0 ot 1=0”

10F(S 1
_AF'(S)h — 23(75%09 ~ SF(S)h, (3.59)

0 RiCt

note that, from the Lemma 2.1, we have
OF(Sy) ‘

ot li=o
8F’(St) ‘

ot  li=o

= F'(S)[A(Tr h) + 5(6h) — (Ric, )], (3.60)

= F"(S)[A(Tr h) + 6(6h) — (Ric, h)], (3.61)
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by Lemma 3.1, and the definition of Lichnerowicz Laplacian, we get
5 o = iALh —0*(6h) — 3 Hess(Tr h)
1 ° 1 1
= §V*Vh—Rh+§Ricoh+§hoRic

1
—0*(6h) — 5 Hess(Tr h), (3.62)
from equations (3.59), (3.60), (3.61), (3.62), and the Lemma 3.2, we have
0 . / 1. ° 1. 1 .
5 Erlo)| = fRic+F(S) bv Vh— Rh+ 5 Ricoh + Jho Ric

—0*(6h) — %Hess(Tr h)} — Hess f + (V.h) (-, grad F'(S))°

1 1
_§VgradF’(S)h - (Af)g + <(5h + id(T‘r h)v dF/(S)>g

—(Hess F'(S), h)g — (AF'(S))h — F(5) [A(Tr h)
+6(5h) — {Ric, )] g - %F(S)h, (3.63)

where f = F"(S)[A(Trh) 4+ 6(6h) — (Ric, h)].
Note that, from the definitions of the composition (2.10) and the F-Einstein tensor (2.16),
and the condition Er(g) = A\g, we get

F’éS’) (Ricoh+hoRic) = [A+AF'(S)+ %F(S)]h
+h(V. grad F'(S),-)?, (3.64)
Flés) (Ric,h)g = %[)\ + AF'(S) + %F(S)] (Trh)g
—l—%(Hess F'(S),h)g. (3.65)
From equations (3.52), (3.53), (3.54), (3.58), (3.63), (3.64) and (3.65), we have
2 / o
%&(gt)\tzo — /M (- fRic —Fés)v*wz + F'(S)Rh

—h(V.grad F'(S),-)7 + F'(S)5*(6h)
+%F’(S) Hess(Tr h) + Hess f — (V.h)(-, grad F'(S))?

1 1
+5 Veraa pr(s)h + (Af)g = (6h + 5d(Tr h), dF'(S))g

F'(S)

+ 22l A(Ten) + 6wl - %[)\ +AF(S)

+%F(S)] (Trh)g + %(Hess F’(S),h)g,h>vg, (3.66)

the Theorem follows from equation (3.66).

Remark 3.1. If F(s) = s, for all s € R. Note that, the condition Er(g) = A\g is equivalent
to Ric = [)\ + %]g That is, g is Finstein Riemannian metric with constant p = A + % In
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this case, we have
1 ° 1
To(h) = —iv*w + Rh + 6 (0h) + 5 Hess(Tr h)

% [A(Trh) + 6(6R)]g — g(Tr h)g,

and Ty (h) = 0. From the formula
(Trh)é(6h) = 8((Trh)éh) + §(h(-, grad(Tr h))) + ( Hess(Tr k), h),
and the divergence theorem (see [2]|), the second variation of Ep|m, at g in the direction of

h is given by (see [4], [9])

d? 1_, o .
@gp(gt)]tzo = /M<—2v Vh + Rh + 6*(5h)

1
+§A(Tr h)g + §(6h)g — g(Tr h)g, h)vd.
Definition 3.1. A Riemannian manifold (M, g) is said to be F-FEinstein if Er(g) = \g for
some constant A\, where F' : R — R is a non-constant smooth function. We call \ the F-
FEinstein constant of g. We say that a closed orientable F-Einstein manifold is stable (resp.

strictly stable) if for any h € TT = Tr=1(0) N 671(0) (such tensors are called transverse

traceless or TT-tensors)
E1(h) = / (To(h) + o (h), h)v9 <O (resp. <0),
M

where fg, ﬁ are the restrictions of Ty, T1 to TT respectively, given by

~ F'(S o
To(h) = —é)[V*Vh—2Rh],
~ ~ 1

Ti(h) = —fRic +§vgradF’(S)ha

and f = flrr = —F"(S)(Ric, h).

Remark 3.2.
e In the Definition 3.1, Tr=1(0) (resp. §71(0)) denotes the space of symmetric (0,2)-

tensor fields, whose trace (resp. divergence) vanishes on (M, g).
e By using 0h = 0 and symmetry of h, we obtain the following formulas

<Hessf, h) = —5[h(gradf, )],
—(h(V.grad F'(S),-)?, h) — ((V.h)(-,grad F'(S))?, h)
= 6 [(hoh)(grad F'(S),")] .

This explains the disappearance of these terms in <f1(h), h) after integration over M.
e The Definition 3.1, is a natural generalization of stable Finstein manifold (see [4, 9,
11, 12]).
e We call the operator AL(h) = 72(7/1\0(11) +Ti(h)) the F-Einstein operator. Thus, an
F-FEinstein manifold (M, g) is stable, if the F-Einstein operator is nonnegative on
TT-tensors, and strictly stable if it is positive on TT-tensors. If F(s) = s for all



100 A. MOHAMMED CHERIF

s € R, then the F-FEinstein operator reduces to the usual Einstein operator Ag(h) =
V*Vh —2Rh.

Theorem 3.2. Let F € C*®°(R). We assume that F'(s) > 0 (resp. F'(s) > 0) for all s € R.
Then, any Einstein manifold of negative sectional curvature is stable (resp. strictly stable)

F-FEinstein manifold.

Proof. Let (M, g) be an Einstein manifold with Einstein constant p, i.e., Ric = pug. Thus,
(M, g) is F-Einstein manifold with F-Einstein constant A = pF’(S) — 1F(S). Moreover,

~

f =0 and the F-Einstein operator becomes
AL (h) = F'(S)[V*Vh — 2Rh].

Hence, if F'(S) > 0 (resp. F'(S) > 0) and the sectional curvature of (M, g) is negative, then
(M, g) is stable (resp. strictly stable) F-Einstein manifold (see [9, 10]). O

Remark 3.3. Let (M, g) be an F-Einstein manifold with F-FEinstein constant \. We assume
that (M, g) has constant scalar curvature. If F'(S) > 0, according to (2.16), the Riemannian
manifold (M, g) is Einstein with Einstein constant p = F'(S)~1 (A4 3F(S)). Moreover,
if the sectional curvature of (M,g) is negative, then (M, g) is strictly stable. Here, if the
manifold M is even-dimensional, by using (2.34) with Er(g) = A\g, we can consider the
smooth function F(s) = =2\ + c¢s™/? for some c € R.

Theorem 3.3. Let F € C®(R) and (M,g) be a closed orientable F-FEinstein manifold of
constant sectional curvature ¢ > 0. We assume that F'(s) > 0 and F"(s) <0 for all s € R.
Then, (M, g) is stable. Moreover, if F'(s) > 0 for all s € R, then (M, g) is strictly stable.

Proof. A straightforward calculation shows that if h € TT,

FI(S) . 1 1
LN Thn) = LA PSR (T )
/
) i h,vny, (3.67)
By using Tr h = 0, we find that
F'(S)(Rh, h) = —c F'(S)|h2. (3.68)

From equations (3.67) and (3.69), we conclude that

En(h) = /M [—%F’(S)Tr(V.h,V.h)—cF’(S)|h|2

L F"(S)(Ric, h>2] . (3.69)
Theorem 3.3 follows from equation (3.69), the assumptions F/ >0, F” <0,and ¢>0. O

Corollary 3.1. The n-dimensional unit sphere S™ is a strictly stable F'-Einstein manifold
for all F € C*(R) such that F' >0 and F" <0.
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